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= Preface

ent because of the use of MATLAB for circuit computations, simulations,

waveform plots, and spectrum analysis. The mathematical problems of
power electronics are typically numerical. Many of the equations that arise have no
algebraic solution. The engineer must seek either a numerical or graphical solution.
MATLAB is a natural for power electronics because the circuit equations transport
readily to the scripted code of an m-file. In addition to the numerical capabilities of
MATLAB, the variety of graphical features greatly assists in the understanding of a
circuit problem.

Why use MATLAB instead of time-honored and capable PSpice? This is a good
question that, fortunately, has some good answers. Numerical and graphical talents
aside, MATLAB is an excellent pedagogical tool that bridges the gap between circuit
analysis and circuit simulation. PSpice has no such quality because the circuit in-
formation must be entered either as a netlist (a list of terminal and node names) or
as a drafted schematic. With MATLAB, the circuit equations are entered into a
script file with little more alteration of the equation text than the insertion of the
mathematical operators. PSpice is a clear choice for circuit simulation at the com-
ponent level. If an engineer must know how a specific transistor, for example,
affects the behavior of a circuit, PSpice provides the solution because the transistor
model is part of the simulation. From a circuit functional point of view, however,
MATLAB far excels in terms of ease of use and speed of simulation, without the in-
famous convergence problems so often encountered with PSpice. Admittedly,
MATLAB requires programming, while PSpice does not. However, the toolbox
provided on the companion CD-ROM greatly eases the programming task. Many
computations and simulations are reduced to a simple function call.

The approach to the subject of power electronics in this text is also new. The
periodic waveforms of the circuits are modeled as angular functions rather than as
time functions. This notation provides concise mathematical elegance in that @t is
shortened to 6, and all waveform periods become 21. The material on DC-DC con-
verters is also new. A new body of theory for two-voltage-level DC-DC converters

The approach to the subject of this text is both different and new. It is differ-

Xv




xvi

Preface

is developed on the introduction of the A-ratio. The A-ratio is the ratio of the cir-
cuit storage inductance to the inductance required for continuous inductor current
operation. The ratio not only defines the boundary between the continuous and
discontinuous conduction modes, but the DC-DC converter equations are also a
function of A. The equations for capacitance, ripple voltage, output voltage, and
duty ratio are greatly simplified when expressed in terms of A. Complicated qua-
dratic equations for the output voltages of DC-DC converters operating in the dis-
continuous current mode are obsolete with the A-ratio. The output voltage of the
buck converter with discontinuous inductor current expressed as

V.D?
= RV.D 1+8L):—l,

ALf RD?

4]

now becomes

DV,
V,=—=

o \/z‘

The A-ratio effectively normalizes the DC-DC converter equations with respect
to the circuit inductance. Specific values of inductance are no longer required to
fully observe and understand the behavior of a two-level DC-DC converter. In ad-
dition to the A-ratio, a unifying theory of two-level DC-DC converters is presented.
Instead of a separate analysis for each converter, a new theory is developed for a
general converter with a two-level inductor-voltage waveform. The two-level volt-
age waveform leads to a general inductor-current waveform from which general
equations for duty ratio, minimum inductance, capacitance, ripple voltage, and
output voltage are derived. The circuit equations for the buck, boost, and
buck/boost converters are merely subsets of the general equations. When the con-
verter-specific voltages are substituted into the general equations, the formulas are
immediately transformed to those of the specific converter.

It is hoped that the student will find the text easy to read, that the practicing
engineer will find the information and programs readily applicable, and that the
instructor of power electronics will welcome the pedagogical value that begins with
analysis and ends with simulation. This book, therefore, is intended for the prac-
ticing engineer, the engineering student, and the professor who guided the former
and now works with the latter.

Randall A. Shaffer, Ph.D.
Embry-Riddle Aeronautical University
Prescott, Arizona
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= Electrical Energy
and Power

he principles of electrical energy and power are presented in the first chapter
to lay a foundation for the study of the fundamentals of power electronics.
Power Electronics is the subdiscipline of electrical engineering that involves

electrical energy conversion by the control of semiconductor devices. The subject
encompasses simple rectifier circuits to sophisticated motor control systems.

The energy and power principles lead to mathematical descriptions of the cru-

cially important circuit qualities of power delivery and efficiency.
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= Principles of Electrical Power

In This Chapter
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Power Computations
Chapter Summary

The MATLAB Toolbox
Problems

INTRODUCTION

The subject of power electronics is the merger of the field of electrical power engi-
neering and the technology of solid-state electronic devices. It is the discipline that
involves the study, analysis, and design of circuits that convert electrical energy
from one form to another.

Power electronic circuitry is needed because electrical devices require different
forms of electricity. Some require an alternating current (AC) source, such as a
transformer or AC motor; some require a direct current (DC) source, for example,
the logic circuitry in a computer. When the appropriate form of electricity required
by a device is not readily available, a power electronic circuit is needed to convert
the available source into the form required by the device.
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The study of power electronics begins with a review of the fundamental circuit
laws and their application in the computation of electrical power.

ELECTRICAL POWER AND ENERGY

The instantaneous voltage across a linear resistance is governed by Ohm’s law:
v(t)=i(t)R. (1.1)

The instantaneous current through the resistance is
i(t)=—=. (1.2)

The product of instantaneous voltage and instantaneous current is the instan-
taneous power absorbed by the resistance:

p(t)=v(t)i(t). (1.3)

Equation 1.3 applies not only to resistances, but to any electrical device. The in-
stantaneous power represents the rate at which energy is absorbed or the rate at
which work is performed. The unit of power is the joule per second, or watt (W):

dw(t)

P(f)=7 (1.4)

The total energy absorbed by a device in a time interval from ¢, to t, is the in-
tegral of the instantaneous power:

w:j'” p(t)d. (1.5)

Example 1.1 illustrates how the total absorbed energy is computed for a com-
mon incandescent light bulb over a specified time period.

ExampLE 1.1

A typical 100 W light bulb has a resistance of approximately 144 Q. Find the
rate at which energy is absorbed by the bulb when the voltage across it is
v(t)= IZO\ECOS(IZOK t). How much energy is absorbed by the bulb in 1 hour?
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Solution
The current through the bulb is
y(t) 12072 cos(120mt) 52

. 2
it)=——
) R 144 6

cos(120mt) A

The instantaneous power absorbed by the bulb is

S\ECOS(IZOR I)}
6

p(t) = v(1)i(t) =[ 120\/5cos(120m)] [ = 200c0s>(12071) W.

The instantaneous power is plotted in Figure 1.1.

250

t{ms)

FIGURE 1.1 Instantaneous power absorbed by a 100 W light bulb.

There are 3600 seconds in an hour; therefore, the energy absorbed is

3600

3600 5 t 1 .
w:_[ 200cos(1207 ¢ )dt = 200| —+——sin(240m 1)
0 2" 480

0

W =(200)(1800) = 360,000 ]
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Conclusion

When the voltage across a resistance is time varying, the rate at which energy is
absorbed is also time varying. The instantaneous power in this example represents
the rate at which energy is absorbed by a 100 W light bulb supplied by a typical 120
VAC (voltage alternating current) household source. As shown in Figure 1.1, the
instantaneous power absorbed by a resistance is always positive, that is, a resistance
cannot store energy but can only consume energy. The energy absorbed by the bulb
is radiated as light and dissipated as heat. Unfortunately, about 95% of the energy
is wasted as heat.

Exercise 1.1

Compute the cost to operate a 100 W light bulb for 8 hours a day for 30 days if the
price of electricity is $0.12 for 3.6 million joules.

Answer
The cost is $2.88.

Average Values and Harmonics

As illustrated in Example 1.1, a periodic voltage applied across a linear resistance
produces a periodic current of the same frequency. The same is true for all linear
circuit elements. Power electronic circuits, however, contain nonlinear circuit ele-
ments that produce current components of frequencies in addition to that of the
applied voltage source. Knowledge of these higher frequency components is essen-
tial in the design and analysis of power electronic circuits.

A periodic waveform has the property x(t)= x(t +T). The fundamental period
T is the shortest time interval over which the function x(t) repeats itself. The fun-
damental frequency of the waveform is

(1.6)

N|=

f:

The unit for T is seconds; the unit for fis cycles per second, or hertz (Hz). A
periodic waveform is expressed by a trigonometric Fourier series in the form of

x(t)=X3.+z[a,,cos(nmﬂt)+b” cos(nmﬂf)], (1.7)

n=1
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in which
5T
a, = ?j x(t)cos(nwyt)dt (1.8)
0
and
;
2 ]
b, = ?j x(t)sin(nmot ) dt. (1.9)
0

With the trigonometric identity,
acos@+bsin0=+a’ +b’ sin{8+arctan(§ﬂ, (1.10)

the Fourier series is more compactly expressed as

x(r)z)(g+ix”sin(nmgr+q),,), (1.11)
n=l
in which
x, =+ ar+b; (1.12)
and

"

O, =arctan[%). (1.13)

The terms inside the summation of Equation 1.11 are called the harmonices of
x(t). The first harmonic (n = 1) is the fundamental component of the waveform. The
term @, is the fundamental angular frequency with units of radians per second:

(1.14)

The term outside the summation in Equation 1.11 is the average value of x(t)
and is commonly known as the DC component of the waveform. The average value,
or DC component, is computed from the integral equation




Fundamentals of Power Electronics with MATLAB

T
1
Xasz-{[x(t)dr. (1.15)

Since the integral represents the area between x(#) and the time axis over one
period, the average value is also determined from the bounded area divided by the
period:

Area
Xo=—
1

(1.16)

In electrical applications, the function x(t) in Equation 1.15 represents instan-
taneous voltage or current. The zero subscript indicates that the average value is the
zero-frequency component of x(t). For nonlinear circuits supplied by a sinusoidal
source, the harmonics of x(t) are the source frequency and the higher frequency
components that are multiples of the source frequency.

The DC component is an important waveform parameter because of the ways
that circuit elements respond to it. An inductor behaves as a short circuit to the av-
erage value, while a capacitor behaves as an open circuit. When a battery is charged,
only the average value of the charging current causes the battery to absorb energy.
In a DC power supply, it is the average value of the output voltage that is of inter-
est. In the case of a DC motor, the average applied voltage produces an average cur-
rent that generates torque.

ExampLE 1.2

Find the average value of v(8) = v, cos(ne -, ), in which # is a positive integer. The
period of the waveform is 2m/n.

Solution

Application of Equation 1.15 results in the integral equation:

2
Vi = % ‘{[ Vi cos(ne—q)”)dﬁ.

Evaluation of the integral is as follows:
n n

= ;—;sin(ne—qJ” ):i

"

Vi = %[%sin(nﬂ—q)”):i

0
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Vo= [;—;’[sin(Qﬂ —¢,,)+sin((|),, )}

vl?

Vo=— —sin(t])” )+ sin[q),,)] =0.

2n

Conclusion

Any sinusoid of any frequency and phase has an average value of zero over one
period or any integral number of periods.

EXERCISE 1.2
Find the average value of v(8) =V, sinB, 0<0 <.
Answer

2V

V, = m
T

Power Absorbed in DC Circuits

In resistive DC circuits, Ohm’s law becomes
V =1IR, (1.17)
and

Vv
I=—.
R

(1.18)
The power absorbed by the resistance is the product of voltage and current:
P=VI. (1.19)

Substitution of Equation 1.18 into Equation 1.19 yields a DC power formula in
terms of the voltage across the resistance:

P—V (1.20)
=X .
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Similarly, substitution of Equation 1.17 into Equation 1.19 yields a DC power
formula in terms of the current through the resistance:

P=1I'R. (1.21)

The next example illustrates an application of the DC power formulas.

ExampLE 1.3

A certain battery-operated device requires 3.0 V and draws a current of 40 mA.
What series resistance is required to operate the device from a 12 V automobile
battery? How much power is dissipated by the resistance?

Solution

The series resistance must drop the battery voltage by 12 — 3 = 9 V for the device.
The required resistance, therefore, is 9/0.04 = 225 Q. The dissipated power is
(0.04)%(225) = 0.36 W.

Conclusion

The difference between the source voltage and the load voltage determines the volt-
age across the resistance. The current through the series resistance is the same as
that required by the load.

EXERrCISE 1.3

The closest standard value of resistance to 225 Q is 220 Q. Standard resistance
values have a tolerance of +5% of the nominal value. If a standard 220 Q resistor
is used as the series resistance in Example 1.3, what is the possible range of load
current?

Answer
39 mA < ijpap < 42 mA.

Inductors and Capacitors in DC Circuits

The impedance of an inductor is
Zr=jol, (1.22)

and the inductive reactance is
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The impedance of a capacitor is

1
Zc= 1.24
€= 0C (1.24)
and the capacitive reactance is
Xc= ! (1.25)
‘T ec -2

Equations 1.22 through 1.25 reveal how the inductor and capacitor respond to
a steady-state zero-frequency current: when ® = 0, the inductive reactance is zero
and the capacitive reactance is infinite. The impedance of the inductor thus pre-
sents itself as a short circuit to a DC component, and the impedance of a capacitor
appears as an open circuit. A short circuit is defined as zero voltage with finite cur-
rent; an open circuit is zero current with finite voltage. With zero voltage across an
inductor, no power is dissipated. Similarly, no power is dissipated in a capacitor
with zero current. Hence, neither the inductor nor the capacitor dissipates energy
in a DC circuit. The next example illustrates how reactive elements affect the analy-
sis of a DC circuit.

ExampLE 1.4

Find the steady-state power absorbed in each element in the circuit shown in
Figure 1.2.

R1

| 100 100 mH c
36 VDC T T 220 uf

R2
20 Q2

FIGURE 1.2 DC circuit with reactive elements.

Solution
To analyze a steady-state DC circuit, the inductor is replaced by a short circuit and
the capacitor is replaced by an open circuit. The equivalent circuit is shown in Fig-
ure 1.3.
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R1

36 VDC — Fjg o

FIGURE 1.3 Equivalent steady-state DC circuit.

As shown in Figure 1.3, the circuit becomes a simple resistive circuit in
steady-state. The two resistances are in series and therefore carry the same current,
36/30 = 1.2 A. The power absorbed in R1 is (1.2)*(10) = 14.4 W, and the power
absorbed in R2 is (1.2)*(20) = 28.8 W. The power delivered by the source is
(36)(1.2) = 43.2 W. The power delivered by the source is also the sum of the pow-
ers absorbed by the resistors: 14.4 + 28.8 = 43.2 W. The inductor and capacitor
absorb no power in the steady-state condition.

Conclusion

In the steady-state circuit, the values of the inductances and capacitances are irrel-
evant in the computation of absorbed power because the energy delivered by the
source is only dissipated in the resistive elements. The analysis of a steady-state DC
circuit is simplified when all inductors are replaced with short circuits and all
capacitors are replaced with open circuits.

EXERCISE 1.4

Find the power absorbed in each element in the circuit shown in Figure 1.4.

Rl L1

10 200 mH
c L2

1000 pF 500 mH
- > R3
A8 VDC = -
T Zisa
R2 )
50

R4
10 €2

FIGURE 1.4 Circuit of Exercise 1.4.
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Answers

PRI = 72 W
PR3 = 86.4 W
Ppy=129.6 W

Py =288 W (supplied)
Py, =P, =P,=P:=0.

Average Power

When the voltage and current waveforms of a device vary with time, the absorbed
power is best described by its average value. The average value of power complies
with the conservation of energy principle: the sum of all the average powers sup-
plied equals the sum of all the average powers absorbed. The product of average
power and a time interval represents the net work done, or net energy expended,
during that interval. An electric bill is based on the average power used by the cus-
tomer. Electric companies charge for each kilowatt-hour (KWH) of energy usage:
the amount of energy expended when an average power of 1000 W is absorbed for
1 hour.

ExampLE 1.5

Determine the number of joules in 1 KWH.

Solution
1 KWH = (1000 ]/s)(60 s/min)(60 min) = 3,600,000 J.

Conclusion

A very large number of joules are used in 1 hour at the rate of 1000 W. Even at the
rate of 100 W, as in Example 1.1, the amount of joules used in 1 hour is 360,000. Be-
cause of the large number of joules, the KWH is a much more convenient unit of
energy measurement for the use of electric power.

EXERCISE 1.5

Find the number of KWHs used by a 2-kilowatt air conditioning unit if operated 8
hours a day for 30 days. Calculate the cost of energy based on 12 cents per KWH.

Answer
480 KWH; the cost is $57.60.
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Average Power in AC Circuits
The average power absorbed by a device is found upon application of the definition
of the average value (Equation 1.15) to the instantaneous power (Equation 1.3):

T

1 ,
P=T—ij(t)1(t)dt. (1.26)

1]

When the voltage and current in Equation 1.26 are both sinusoids of the same
frequency, as in linear AC circuits, the average power is often called real, active, or
true power. These adjectives are used because the average power represents the
actual net energy rate of expenditure. The term power alone refers to average or real
power unless otherwise specified.

ExampLE 1.6
Find the average power absorbed in an ideal inductor when the current through the

inductance is periodic.

Solution
The voltage across an ideal inductor is
di(t)

v(I)zL?- (1.27)

Substitution of Equation 1.27 into Equation 1.26 produces the average power
expression:

T 4.
Led .
P= ¥‘£; i(t)dt.

Evaluation of the integral results in

T

0

i(t)di =%i2(t)

) S—

The average power is thus

p:%[fz(:ﬁ)—ﬂm }
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Since the current is periodic, i(0) = i(T). The average power absorbed, there-
fore, is zero.

Conclusion

Ideal inductors do not consume power; the net energy absorbed is zero.

EXERCISE 1.6

Prove that the average power absorbed in an ideal capacitor is zero when the cur-
rent through the capacitor is

dv(t)

(= C
i(t) I

(1.28)

and the voltage across the capacitor is periodic.

Using MATLAB to Compute Average Values

The trapz function in MATLAB employs the trapezoidal method to approximate an
integral. The function is readily used in the computation of average voltage, aver-
age current, and average power. The syntax of the function is

area = trapz(t, x)

In this instance, trapz computes the integral of x with respect to t. Both x and t
must be vectors of the same length. The variable name area is arbitrary; it is a
reminder that the integral represents the area bounded by x(t) and the horizontal
axis. To compute the average value of a waveform, vector t is created over one
period of the waveform. Upon application of the trapz function, the area is divided
by the period to obtain the average value. The next example illustrates how to use
trapz to compute an average voltage.

ExampLE 1.7

Use MATLAB to compute the average value of a full-wave rectified sine waveform
that has a peak value of 170 V.

Solution

<. Thesolution is provided by the code in Listing 1.1. The program is available on the
owmece  CD-ROM as file Examplel_7.m in folder Chapter 1\Examples and Listings.
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LISTING 1.1 Solution to Example 1.7

close all, clear all, clc

T = pij

vm = 170;

theta = linspace(0, T, 1024);
v = Vm*sin(theta);

VO = 1/T*trapz(theta, v)

Conclusion

The close all command closes all figures and any files that have been opened by
MATLAB. The clear all command removes all variables and their values from the
MATLAB workspace. The cle command removes all text from the command win-
dow. The first line in the solution code, in effect, wipes the slate clean.

The period of the rectified sine waveform is 7. The variable name pi is perma-
nently assigned the value of w in MATLAB. The function linspace creates a vector
theta of 1024 equally spaced elements from zero to pi. Since theta is a vector,
sin(theta) and v are also vectors of the same length as theta.

EXErciSE 1.7

Create an m-file in MATLAB with the code from Example 1.7 and verify that the
average value computed is approximately 108 V. Verify that this result agrees with
the result of Exercise 1.2 with V,, = 170 V.

Root-Mean-Square Values

The DC power formulas (Equations 1.20 and 1.21), along with the definition of
average power (Equation 1.26), are used to define the root-mean-square (RMS)
values of time-varying voltages and currents. The RMS values are used in the DC
power formulas to calculate average power. By use of Ohm’s law again, the average
power absorbed by a resistance is expressed as

v (t)
R

PZT
T

dt. (1.29)

= ey,

With Equation 1.20 equated to Equation 1.29, the time-varying voltage is re-
lated to the DC voltage across the resistor:
T

1 v v?
S dt =—.
T! (1.30)

R R
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The solution of Equation 1.30 for the DC voltage is the effective value of the
time-varying voltage:

(1.31)

The term effective is used because the RMS value has the same effect on average
power as does a DC voltage of the same value. The effective value is more com-
monly referred to as the RMS value, a term from the mathematics of statistics.
Similarly, the formula used to determine the effective value of current is

(1.32)

A DCvoltage or current dissipates the same amount of power in a resistance as
a time-varying voltage or current that has an RMS value equal to the DC value. For
example, a DC voltage of 10 V across a 10 € resistance causes 10 W of power dissi-
pation; a sinusoidal voltage across the resistance with an RMS value of 10 V also
dissipates 10 W.

With RMS values, the DC power formulas are used to calculate the average power
dissipated in a resistance when the voltage and current waveforms are periodic:

P=IpusR. (1.33)
Vs
p=-225 (1.34)
R

In practice, the term RMS is not often used for AC voltages; rather the term
VAC is used, especially for ratings of transformers and AC motors. VAC literally
means “voltage alternating current” but is better described as “alternating voltage
with alternating current.” The term alternating refers to the alternating polarity of
a sinusoidal voltage and the alternating direction of a sinusoidal current.

ExampLE 1.8

Find the RMS value of the waveform from Example 1.2.

Solution

Application of the definition of RMS voltage yields
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in

Vits = % [ v2cos* (n0-0,)do.

]

Evaluation of the integral and the RMS value proceeds as follows:

nv: n
Vams = | ——| —+—sin( 210 -20,
e 21[[ 2l q))l
nv, | 1 .
Vius = +—-sin|4w—20, |——sin|—29,
e JZH[H 4n ( lb) ( q)):i
i
Vs = —[_]
m\n
V. .
VRM\—ﬁ (1.35)

Conclusion

Any sinusoidal voltage of any frequency and phase has an RMS value that is equal
to the peak value of the voltage divided by the square root of two. Similarly, the
RMS value of a sinusoidal current is the peak current over the square root of two.

Exercise 1.8

The RMS value of a full-wave rectified sine waveform is the same as that of the non-
rectified sine waveform. The RMS values are the same because the areas under the
squared functions are the same. The average values of the two waveforms are dif-
ferent because the areas under the individual functions themselves are not the same.
Find the RMS value of the waveform in Exercise 1.2 and prove that the RMS values
of rectified and nonrectified sinusoids are the same.

Answer

Vims =

vlll
\/5 .
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The next example illustrates how a particular DC voltage and sinusoidal volt-
age dissipate the same average power in a resistance.

ExAmPLE 1.9
A 12 V battery placed across a 10 Q resistance dissipates 14.4 W. What equivalent

sinusoid dissipates the same average power?

Solution

To dissipate the same power, the RMS value of the sinusoid must also be 12 V.
Therefore,

Vlll
=12,
J2
and
v, =1242.
Conclusion

A sinusoidal voltage with a peak value of 1242 V across a 10 Q resistance dissipates
the same power as when the resistance is placed across a 12 V battery.

EXERCISE 1.9

Calculate the power dissipated in a 10 Q resistor if the sinusoidal current through

the resistance has a peak value of 10 A.

Answer
P=500W.

Using MATLAB to Compute RMS Values

The trapz function is also used to compute RMS values as well as average values. For
the RMS value, the integral of x(t)is required rather than the integral of x(t). The
next example illustrates how to use trapz to compute RMS values.

ExampLE 1.10

Use MATLAB to verify the RMS value derivation of the full-wave rectified sine
wave in Exercise 1.8 with V,, =170 V.
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Solution
The solution is provided by the code in Listing 1.2. The code is available on the CD-
ROM in folder Chapter 1\Examples and Listings, filename Examplel_10.m.

LISTING 1.2 Solution to Example 1.10

close all, clear all, clc

T = pi;

Vm = 170;

theta = linspace(0, T, 1024);

v = Vm*sin(theta);

Vrms = sqrt(1/T*trapz(theta, v."2}))

Conclusion

The computation of the RMS value requires use of the .~ operator. This “dot-op-
erator” squares each element in vector v.
EXercise 1.10

Find the RMS value of v(t+7)=100t/T, in which T =2m. Verify that the RMS
value is the peak value divided by /3.

POWER COMPUTATIONS

A linear circuit is described as sinusoidal if all the voltages and currents in the cir-
cuit elements are sinusoids of one and the same frequency: that of the source or
sources. For example, if a linear circuit is supplied by a 60 Hz voltage source, then
all the voltages and currents in the circuit will be 60 Hz sinusoids. If a linear circuit
is supplied by a nonsinusoidal source, then the circuit is described as nonsinusoidal.
If a circuit is supplied by a single-frequency source and there arise voltages or cur-
rents of a frequency other than the source, then the circuit is described as nonlinear
as well as nonsinusoidal.

The average power defined by Equation 1.26 applies to all circuits: linear, non-
linear, sinusoidal, and nonsinusoidal. However, more convenient formulae for the
computation of average power are derived from Equation 1.26 in accordance with
the type of circuit.

Sinusoidal Circuits

If the sinusoidal voltage across a circuit element is

v(t) =V, sin(mt), (1.36)
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then the sinusoidal current through the element is expressed as
i(t)= I, sin(wt o). (1.37)

The angular frequency @ (radians/second) is related to the cyclical frequency
f (cycles/second) by the expression

ow=2rf, (1.38)

and to the period (seconds) by the expression

W=z (1.39)

As indicated in Equation 1.37, the current has the same frequency as the volt-
age; however, it is generally not in phase with the voltage unless the element is
purely resistive. The angle ¢ by which the current leads (+¢) or lags (—¢) the voltage
is the called the phase angle. Upon substitution of 8= ®¢, Equations 1.36 and 1.37
become

1(0)=V, sinb (1.40)
and
i(0)=1I,sin(0%¢), (1.41)

and the period of the waveforms becomes T = 2m. Substitution of Equations 1.40
and 1.41 into Equation 1.26 results in the average power expression

vl'.l.'.l. I m
2n

2n
p= j sin(0) sin(6 £ ¢)d6. (1.42)
0
With the trigonometric identity,
o 1
smotsmBzE[cos{o&—ﬁ)—cos(a+ﬁ)]. (1.43)

the average power expressed by Equation 1.42 becomes

vﬂ]Iu] = o
P:?[jﬁ cos{iq))de—jﬁ Cos(zei(b)de}. (1.44)




22 Fundamentals of Power Electronics with MATLAB

Since the first integral in Equation 1.44 is not a function of 8, the solution is
in
j cos(+0)d0 = 21 cos(d). (1.45)
0

Evaluation of the second integral in Equation 1.44 proceeds as follows:

In

jMcos(zeiq;)de:%sin(zeiq;) : (1.46)

§ 0
%[sin(ém +¢)—sin(+¢) | = 0. (1.47)

With Equations 1.45 through 1.47 substituted into Equation 1.44, the average
power formula for sinusoidal circuits emerges as

VI
p=
2

m

coso. (1.48)

An alternate form of Equation 1.48 is available in terms of the RMS values:
P = VpasIrus cos ¢. (1.49)

Equations 1.48 and 1.49 reveal that the average power absorbed in an element
is dependent upon the angle by which the current leads or lags the voltage. If the
current leads or lags by 90°, as in capacitors and inductors, the average power ab-
sorbed is zero. If the phase angle is zero, as in resistors, the average power is simply
the product of RMS voltage and RMS current. A separate descriptive term for
power is used in the special case of zero phase angle. The product of RMS voltage
and RMS current is defined as the apparent power:

S = VausIrus- (1.50)

If the RMS voltage and current are measured for a two-terminal device, the
product of the two RMS values “appears” to be the average power, hence the name
“apparent” power. However, as Equation 1.49 dictates, the average power is only
equal to the product of RMS voltage and current when ¢ = 0, that is, only when the
device is purely resistive. The units of apparent and average power are the same,
namely, watts. However, the unit VA (volt-ampere) is used for apparent power to
distinguish it from average power.
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Apparent power is used as a specification for transformers and AC generators.
The apparent power rating determines the maximum RMS source current. For ex-
ample, if a 220 VAC source is specified by an apparent power of 5 kilovoltampere
(kVA), then the maximum possible source current is 5000/220 = 22.7 A. Further-
more, this maximum current draw is possible only when the load is purely resistive.

The apparent power is also useful as a comparison to the average power. The
average power of a resistive-reactive load is readily compared to the case of a purely
resistive load by the ratio of average to apparent power; this ratio is called the power
factor:

pf = (1.51)

| g

As with average power, the apparent power and power factor definitions are
universal; they apply to all circuits and periodic waveforms within the context of
network theory. Formulae are derived from the definitions in accordance with the
type of circuit. In the case of sinusoidal circuits, a convenient formula for power
factor results from the ratio of Equation 1.49 to Equation 1.50:

pf =cos0. (1.52)

Equation 1.52 reveals that the power factor of a sinusoidal circuit is simply the
cosine of the phase angle between the voltage and current, or the angle of the load
impedance. The power factor represents the ratio of the average power of a reactive
load to the average power of a resistive load. The next example illustrates power and
power factor calculations for an inductive impedance.

ExamPLE 1.11
Find the apparent power, power factor, and average power of a load impedance

Z; =10 + j7 Q supplied by a 120 VAC source.

Solution

The solution is provided by the code in Listing 1.3, which is available on the CD-
ROM as file Examplel_11.m in folder Chapter 1\Examples and Listings.

LISTING 1.3 Solution to Example 1.11

close all, clear all, clec
Vs = 120;

ZL = 10 + j*7;

R = real(ZL);
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X = imag(ZL);
magZ = abs(ZL);
Is = Vs/magZ;

S = Vs*Is

phi = atan(X/R);
pf = cos(phi)

P = Vs*Is*pf

Conclusion

The letter j is permanently assigned the value of \/—_1 in MATLAB (as is the letter
i). The resistive and reactive parts of the impedance are extracted by the real and
imag functions, respectively. The magnitude of impedance is obtained with the
absolute value function, abs. If the argument of abs is real, the absolute value is
returned; if complex, the magnitude is returned. The computed results are $ = 1.2
kVA, pf=0.82,and P =966 W.

Exercise 1.11

Find the apparent power, power factor, and average power of a load impedance
Z; =12 —j4 Q supplied by a 120 VAC source.

Answers
S=1.1kVA, pf: 0.95, and P = 1080 W.

Power Factor and Line Losses

Electrical loads with less-than-unity power factors draw larger currents than purely
resistive loads for the same average power absorbed. For example, a 1.2 kW resis-
tive load supplied by a 120 VAC source draws 10 A. If a reactive load with a power
factor of 0.8 must absorb 1.2 kW, then the current drawn from the source is
10/0.8 = 12.5 A. If supplied by distribution lines, the larger current required of the
reactive load incurs larger losses in the supply lines than the resistive load. Power
factor is thus an indicator of the energy lost in the distribution of electrical power.
The losses tie directly to operational costs; hence load power factors are of vital
interest to electric utility companies.

Electrical loads are typically inductive, largely because of transformers and AC
motors. Inductive loads, fortunately, have power factors that can be improved by
the addition of a parallel, or shunt, capacitor across the load. With a particular
value of capacitance, the power factor of the combined load-capacitor impedance
is unity. An inductive load with shunt capacitance is illustrated in Figure 1.5.
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FIGURE 1.5 Inductive load
with shunt capacitance.

Unity load power factor requires an impedance (or admittance) that is purely
resistive; the imaginary part must be zero. If the impedance of the load is Z; = R +jX,
then the admittance of the combined load with shunt capacitance is

Y +joC. (1.53)

T R+jX

Multiplication of the rational part of the admittance by its complex conjugate
results in

R-jX
~+joC. 1.54
R+x2 ) >4

L

Combination of the real and imaginary parts of Equation 1.54 produces the re-
sistive and reactive parts of the admittance:

Y, = (1.55)

+jlwC——7|.
2 }|: R2+X2:i

R +X
For unity power factor, the imaginary part of Equation 1.55 must be zero:

.
m(,—mzo. (1.56)

The solution of Equation 1.56 for C is the value of the power factor correction
(PFC) capacitor:

(1.57)
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With the value of capacitance expressed by Equation 1.57, the combined load
impedance becomes
R*+X*
T

Z= (1.58)

The next example illustrates an application of Equations 1.57 and 1.58.

ExamprLE 1.12

Find the value of shunt capacitance to correct the power factor of the load in Exam-
ple 1.11 to unity if the source frequency is 60 Hz. Find the current absorbed by the
combined load and the kVA rating of the source with the capacitor in the circuit.

Solution

The value of capacitance is readily determined from Equation 1.57:

7
120m(10% +72)

=

~125 uF.

With this value of capacitance across the load, the combined impedance is

iz
Z.=——=149Q.
10

The current drawn from the source is thus 120/14.9 = 8.05 A, and the apparent
power of the source is (120)(8.05) = 966 VA.

Conclusion

A 125 pF capacitor placed in parallel with a 10 + j7 Q load impedance results in a
power factor of unity for the combined impedance. The capacitor causes an increase
in the total load impedance. As a result of the increased impedance, the current
drawn from the source is reduced. Thus, loads with higher power factors draw less
current and require less-costly sources with lower apparent power ratings. With
unity power factor, the apparent power of the source and the average power ab-
sorbed by the load are equal, consistent with the principle of zero absorbed average
power in ideal capacitors.
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EXErcISE 1.12

Find the apparent power of a 230 VAC source that supplies a load impedance
Z; =20 + j15 €. Find the apparent power of the source after the load power factor
is corrected to unity.

Answers
§=2.1kVAand S, = 1.7 kVA.

Reactive Power

The PFC method discussed in the previous section has a notable disadvantage: the
resistive and reactive parts of the load must be known in order to compute the value
of capacitance. The values of these parameters are usually known only when PFC is
an integral part of a system design. When a PFC capacitor is retrofitted, a PFC
method that relies on circuit measurements is more practical.

To facilitate the PEC process with measurements, a mathematical counterpart
to the average power is introduced as the reactive power and defined as

Q = Vs Irus sin §. (1.59)

Unlike average power, reactive power does not represent a physical process in
a circuit; it exists solely as a mathematical entity. Reactive power does, however,
make the PFC process quite simple. The unit of reactive power is the same as
apparent power and average power: the volt-ampere or watt. However, in order to
distinguish Q from S and P, the unit VAr is used: volt-ampere reactive (pronounced
“var”). Equations 1.49, 1.50, and 1.59 suggest the geometric relationship of the
real, reactive, and apparent powers as illustrated in Figure 1.6.

FIGURE 1.6 Geometric
relationship of the real, reactive,
and apparent powers.
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In the case of a pure resistance, ¢ =0 in Equation 1.59 and thus Q = 0. Unity
power factor therefore dictates that the total reactive power of a load be zero. In a
pure inductance, ¢ =90"and Q is positive. In a pure capacitance, $ =—90" and Qs
negative. Herein is the utility of reactive power: a capacitor with negative Q can
neutralize an inductive load with positive Q.

Apparent power and average power are readily measurable with laboratory in-
struments. When apparent power is measured, the voltmeter and ammeter sections
of the instrument determine the respective RMS values, after which the product
of RMS voltage and current is computed. Average power is measured with a
wattmeter. With S and P measured, the reactive power is readily computed as

Q=v§-p*. (1.60)

Reactive power is also computed with RMS voltage and current values in a
manner similar to average power. With P replaced by Q and R replaced by X in
Equations 1.33 and 1.34, the reactive power formulas include

Q= IausX, (1.61)
and
Vitus
Q=——m, 1.62
¥ (1.62)

in which X is the inductive or capacitive reactance. The RMS value in Equation 1.61
must be that of the current through the reactive element; the RMS value in Equation
1.62 must be that of the voltage across the reactive element.

ExamPLE 1.13

Calculate the reactive power an inductive load Z; = 10 + j6 Q supplied by a 120
VAC, 60 Hz voltage source.

Solution

The direct way to find Q for this example is to first compute the load current since
this current is also the current through the reactive element j6:

120

Ipys = 7=
V10® +6°

With Equation 1.61, the Q of the inductor is determined as

=103 A.
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Q=1ausX =(10.3)*(6) =635 VAr.

An alternate way to compute Q is to use Equation 1.59 and the angle of the
impedance:

X ;
o= arctan(;) = arctan[ 0.6) = 0.54 radian.

Q = ViussTrars sin ¢ = (120)(10.3)sin (0.54) = 635 VA

Still another way to compute Q is to find the voltage across the reactive element
and then use Equation 1.62. The voltage across the inductance is found by voltage
division:

6
Vi =120——==61.7 VAC.
V10 46
Once again, the Q of the load is
. VRe 617
Q=" _7=* —635 VAr
X 6

Conclusion

As with average power, there are different ways to compute the reactive power of a
load. The method used depends largely on whether the load voltage or load current
is known.

EXercise 1.13

Find the value of shunt capacitance for the load of Example 1.13 that will neutral-
ize the reactive power.

Answer
C=117 uF.

Neutralizing Reactive Power

As stated earlier, the negative reactive power of a capacitance is used to neutralize
the positive reactive power of an inductive load. The algebraic sum of the load re-
active power and the reactive power of the capacitor must be zero:
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QL +Qc =0. (1.63)

Since the capacitor and load are in parallel, the load voltage determines the
capacitor reactive power by Equation 1.62. Substitution of Equation 1.62 into
Equation 1.63 produces

Vidis
QL+ =0. 1.64
L X, ( )

Substitution of Equation 1.25 into Equation 1.64 yields
QL —®CViys =0. (1.65)

The solution of Equation 1.65 for C is the capacitance required to neutralize the
Q of the load and correct the power factor to unity:

C= Q7L2 (1.66)
O Vius
Equation 1.66 yields the same value of capacitance as Equation 1.59. The ad-
vantage to Equation 1.66 is that the load parameters do not need to be determined
or known explicitly; only the measurements of S, P, and Vi) are required.

ExampLE 1.14

A load with a poor power factor has a measured voltage of 240 VAC and draws a
measured RMS current of 27 A. The absorbed power measured by a wattmeter is
3888 W. If the source frequency is 60 Hz, find the value of shunt capacitance that
corrects the power factor. Find the current drawn from the source with the capac-
itor in the circuit if the source impedance is negligible.

Solution
= The solution is provided by the code in Listing 1.4. The code is available as file

owmece  Example 1_14.m in the folder Chapter 1\Examples and Listings on the CD-ROM.

LISTING 1.4 Solution Code for Example 1.14

close all, clear all, clc

f = 60;
w = 2*%pi*f;
Vrms = 240;

Irms = 27;
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P = 3888;

S Vrms*Irms;

Q = sqrt(s-2 - P*2);
c

I

= Q/(w*Vrms~2)
rms = P/Vrms

Conclusion

The computed value of capacitance is 239 uF. With this capacitor in the circuit, the
load draws only 16.2 A from the source. Since the capacitor consumes no average
power and the voltage across the load is unchanged because of negligible source im-
pedance, the power absorbed by the load does not change. The effect of the shunt
capacitor is thus threefold: the total reactive power seen by the source is zero, the
power factor seen by the source is unity, and the current drawn from the source is
substantially decreased.

Exercise 1.14

Find the value of shunt capacitance to correct the power factor of a load with mea-
surements as follows: P = 10 KW, pf= 0.72, Iyys = 42 A, and f = 60 Hz. Compute
the current drawn from the load with the capacitor in the circuit. Assume that the
source impedance is negligible.

Answers
C = 234 uF and IRMS = 30.2 A.

Practical Applications of Power Factor Correction

In practical applications, there is series impedance between the source and the load.
This impedance represents the impedance of the source and the impedance of the
distribution lines between the source and the load. The series load impedances
establish a voltage divider that reduces the source voltage at the load. However,
since the PFC capacitance increases the load impedance, the load voltage increases
with the capacitor in the circuit. The increased load voltage subsequently increases
the absorbed load power.

The next example illustrates the effects of PFC in a practical situation where the
resistance and reactance of the distribution line are included in the computations.

ExAmpPLE 1.15

Find the power absorbed by the load, the power lost in the line, and the efficiency
of the circuit shown in Figure 1.7. Find the value of the PFC capacitor. Recalculate
the load power, line losses, and efficiency with the shunt capacitor in the circuit.
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iL7Q

230

480 VAC @ Source Load
60 Hz

j6 0

FIGURE 1.7 Power distribution circuit with line impedance.

Solution

= The solution is provided by the program in Listing 1.5. The program is available as
ovmeco  file Examplel_15.m on the CD-ROM in folder Chapter 1\Examples and Listings.

LISTING 1.5 Solution Program for Example 1.15

close all, clear all,
f = 60;

w = 2*%pi*f;

Vs = 480;

RT = 2.3;

XT =1.7;

RL = 5;

XL = 6;

ZT = RT + j*XT;

ZL = RL + j*XL;

Zs = ZT + ZL;

mZs = abs(Zs);

mZL = abs(ZL);

Is = Vs/mZs;

PL = Is"2*RL

PT = Is"2*RT

eta = PL/(PT + PL)
QL = Is"2*XL;

VL = Vs*mZL/mZs;

C = QL/(w*VL"2)

Zr = (RL"2 + XL"2)/RL;
ZsC = Zr + ZT,

clc

% Total circuit impedance

% Load power
% Transmission line losses
% Efficiency

% PFC capacitance
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mZsC = abs(ZsC);
VLC = Vs*Zr/mZsC;

ILG = VLC/mZL,;

PLC = ILC"2*RL % Load power with PFC
IsC = Vs/mZsC;

PTC = IsC"2*RT % Line losses with PFC

etac = PLC/(PLC + PTC)% Efficiency with PFC

Conclusion

The load and line powers are 10.2 kW and 4.7 kW, respectively, and result in an
efficiency of 68.5%. The addition of the shunt capacitor (261 UF) to the circuit has
remarkable results. The power lost in the distribution line is greatly reduced to
2.49 kW, and the power delivered to the load is significantly increased to 13.2 kW.
The efficiency, consequently, is a much improved 84.1%.

Exercise 1.15

Repeat Example 1.15 with a load impedance of Z; = 8 + j4 Q.

Answers

P, =13.3 KW
P.=3.82KW
n=77.7%

C= 133 §iF

P c=149 KW
Ppc=3.44 KW
n = 81.3%.

Nonlinear Circuits with Sinusoidal Sources

The term nonlinear refers to circuits that draw nonsinusoidal current from a sinu-
soidal voltage source. The source voltage is composed of one frequency only; the
source current, however, is composed of possibly an infinite number of frequen-
cies. The sinusoidal source voltage is expressed as

v(0)=V,, sin®, (1.67)
in which

O=wmt. (1.68)
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If the source supplies a current i(0), then in accordance with Equation 1.26, the
average power delivered by the source is

P=

.
1 :
?lvte);(e)de, (1.69)

in which T has units of radians. Substitution of Equation 1.67 into Equation 1.69
produces

V T
P=- jf(@)sdeB. (1.70)

0

A comparison of Equation 1.70 to Equation 1.9 reveals a relationship between
the average power of a nonlinear load and the sine coefficients of the Fourier series
expansion of i(0). Substitution of n=1and 6 =t into Equation 1.9 produces the
fundamental sine coefficient expression

.
b, =%J‘ i(0)sin 0.6, (171)

With the relationships of Equations 1.70 and 1.71, the formula for the average
power of a nonlinear load in terms of the fundamental sine coefficient is

P= ! (1.72)

Although Equation 1.72 is a convenient formula with which to compute the
average power of a nonlinear load, a more insightful expression is obtained when
the current is expressed in the form of the compact Fourier series

i(0)= Iﬂ+if,, sin(n6—¢,,). (1.73)

n=1

It appears that, upon substitution of Equation 1.73 into Equation 1.70, the av-
erage power integral consists of an infinite number of terms. However, all but one
of those terms is zero because of the orthogonal property of sinusoids of unlike fre-
quencies. Two functions x(6) and y(0) are orthogonal over an interval 6,to 0, if
their product satisfies the integral
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0,
_[ x(0)y(8)d0=0. (1.74)
8,

If x(6)and y(0)are sinusoids of different frequencies and the interval is one pe-
riod of the lowest frequency component, then those sinusoids are orthogonal.
Hence, the only current component that contributes to absorbed power is the fun-
damental: the case of n = 1 in Equation 1.73:

i1(0)=1Isin(6-¢,). (1.75)

Substitution of Equation 1.75 into Equation 1.70 results in the average power
expression

Vil '
mel . .
P:XJ sin@sin (60, ). (1.76)

0

Equation 1.76 has the same form as Equation 1.42. The solution to the integral,
therefore, has the same form as Equation 1.48:

v,
Pz%cos(b.. (1.77)

Expressed in terms of the RMS values, Equation 1.77 becomes
P= VRMS Il,RMS C05¢|| (1.78)

which is similar in form to Equation 1.49. Equation 1.78 indicates that the average

power absorbed by a circuit that draws nonsinusoidal current from a sinusoidal

source is dependent upon the RMS source voltage and the parameters of the fun-

damental component of current, namely, the RMS value of the fundamental cur-

rent and the phase angle between the source voltage and the fundamental current.
The power factor is the ratio of Equation 1.78 to the apparent power:

G ——
pf =—="cos ;. (1.79)

RMS

Equation 1.79 indicates that the power factor of a nonlinear load is composed
of two parts: (a) the ratio of the RMS value of the fundamental component to the
RMS value of current and (b) the cosine of the angle between the source voltage
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and the fundamental component. The first factor in Equation 1.79 is due to har-
monics in the current; the second is due to a phase difference between the source
voltage and the fundamental current. The ratio of RMS currents is defined as the
distortion factor (DF):

DF = Ilﬂ (1.80)
IRMS

Angle ¢,in Equation 1.79 is the angle by which the fundamental current is dis-
placed from the source voltage; hence, the cosine of this angle is called the displace-
ment power factor (DPF) or, more succinctly, the displacement factor:

DPF =cos(,. (1.81)

The power factor of a nonlinear load, therefore, is the product of the distortion
factor and the displacement factor:

pf =(DF)(DPF). (1.82)

The next example illustrates the average power, power factor, and related com-
putations for a nonlinear circuit supplied by a sinusoidal source.

ExampLE 1.16

A nonlinear circuit is supplied by a voltage source v(@) =120v/25in® V and draws
the nonsinusoidal current

i(@):i(9+2rc):{

Find the apparent and average powers and the distortion, displacement, and
power factors.

10, 0<0<Tm
0, T<0<2m

Solution
The RMS voltage is

o 12042
RMS \/5

120V,
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and the RMS current is

n
—Ljum%M=,ﬁ99“=J5€ﬁn7A
Z:rcﬂ Tt 0

The apparent power is

S = VimsIrms =(120)(7.07) = 849 VA,

The Fourier coefficients of the fundamental current are
2 ¢7T, 1 p= 10 . T
a,= ¥IU i(0)cos(0)dd = E _[U (10)cosOdO = ;smﬁj o= 0

and

10

b=, i®)sin®)d0=— [ "(10)sin6d6 =—cos6 ]} ==,

" m
The magnitude of the fundamental component of current is

2

I=qJal +b] =— A,
i

and the RMS value is

20
II,RMS =—F—=450A.
2

The phase angle of the fundamental current is

a, 0
¢, =arctan| — |=arctan| — [=0.

37

Since the phase angle of the source voltage is also zero, the average power is

P= VRMS II.RMS Cos ¢'1 = (120) (450)(:05(0“) =540 W,
and the power factor is

P 540
=—=—=0.64.
of S 849
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The distortion factor is

_ L _ 450
Invs  7.07

DF =10.64,

and the displacement factor is

DPF =cos¢, =cos0’ =1.

Conclusion

In this example, the fundamental current is in phase with the source voltage. The
less-than-unity power factor is due entirely to current harmonics above the funda-
mental component.

EXercise 1.16

Find the apparent and average powers and the distortion, displacement, and power
factors of a circuit with sinusoidal voltage v(e) =2201/25inV and nonsinusoidal
current

30sin6, 0<O0<m

0, otherwise

i(e)zi(8+2n)={

Answers

S=3.30kVA
P=233kW
DF =0.71
DPF =1

pf=0.71.

Orthogonal Functions and RMS Values

Since the periodic current drawn by a nonlinear load is often expressed as a Fourier
series, it is advantageous to use the properties of the series to facilitate power com-
putations. The property that simplifies power computations is the orthogonal
property of sinusoids of unlike frequencies.

The orthogonal property of sinusoids provides a very convenient way to com-
pute the RMS value of a waveform that is the sum of sinusoids of unlike frequen-
cies. For example, if a current is composed of two sinusoids as

:'(9)=11 cosnO+ 1, cosmB, n+#m, (1.83)
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then the square of the RMS value of Equation 1.83 is computed as follows:

T
Fiee :%j[ I, cosnO+1, cosm@]zdﬁ. (1.84)
0
1 T
Iis = FI[ I} cos® n@+21,1, cosnBcosmO+I5 cos’ mB] de. (1.85)
0
T T T
P = %J 1% cos® ﬂ9d9+L;2_[cosnBcos mOdo+ %jl; cos’ m0do. (1.86)
1] 0

0

The second integral in Equation 1.86 evaluates to zero because the sinusoids are
orthogonal. The first and third integrals are simply the squares of the RMS values
of the individual sinusoids:

"
] ]

— | I cos® n0d0 = It pys = =1+ 1.87
T! i bs = 2 1l ( )
.,

1 2 2 %3 _l 2

TII; cos’ mOd0 = I3 s = I3 (1.88)

0

With Equations 1.87 and 1.88, the RMS value of Equation 1.83 is simply

1,1
Tnnas = v s + s = 515+51§. (1.89)

Equation 1.89 reveals that the RMS value of a sum of sinusoids of different fre-
quencies is the square root of the sum of the squares of the RMS values of the indi-
vidual sinusoids. This result is extended to any number of sinusoids of unlike
frequencies. Furthermore, the result is applicable to a function that is the sum of
orthogonal functions of any type. If a particular function is expressed as

x(t)=x, () + x5 () +---+x,(1), (1.90)

in which x,(1), x,(1), ..., x,(t) are all mutually orthogonal functions, then the RMS
value of x(t) is

Xrms = \/XIE‘RMS + X“ilh\qs +o X s - (1.91)
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The next example illustrates the RMS value computation of a sum of orthogo-

nal functions.

ExampLE 1.17
Find the RMS value of

i(0)=10+20cos(0—30")+15c0s(20—45")+5c0s(30—60").

Solution

Application of Equation 1.91 results in

Tjus = \/(10)3 + %(20)2 + %(15)3 +%(5)2 =206 A.

Conclusion

The RMS value of a constant is simply the constant itself. The DC component of
current is orthogonal to the harmonics, as it can be treated as a sinusoid of zero fre-
quency: I, = 10cos(0).

EXercise 1.17

Find the RMS value of

i(0)=1+4cos(0—15") + 3sin(0—15") + 2cos(20—15"),

Answer
IR.\'15 = 3.94 A.

Using MATLAB to Compute RMS Values of Orthogonal Functions

The RMS value of a waveform expressed as Equation 1.90 is readily computed in
MATLAB with the magnitudes of the harmonics placed in a vector. The code seg-
ment in Listing 1.6 illustrates the use of the sum function to compute the RMS
value of the waveform in Example 1.17.

LISTING 1.6 Code to Compute the RMS Value of i(8) in Example 1.17

close all, clear all, clc

Io = 10;

In = [20 15 5];

Irms = sqrt(Io"2 + 0.5*sum(In."2))
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The next example illustrates how to use MATLAB to compute the RMS value
of a waveform with known Fourier coefficients.
ExampLE 1.18
Use MATLAB to compute the RMS value of the voltage waveform

Vo, v _4Va
V(B)Z = +”=2'4Wm¢205(?’19+n),

in which V,;, = 170 V. Plot the waveform over two cycles of the fundamental
frequency.

Solution

The solution is provided by the code in Listing 1.7. The program is available on the
CD-ROM as Examplel_18.m in Chapter 1\Examples and Listings.

LISTING 1.7 Solution to Example 1.18

close all, clear all, clc

N = 8;

n = 2:2:N;

t = linspace(0, 4*pi, 1024);
Vm 170;

VO = 2*Vm/pi;

Vn =4*Vm./(pi*(n.*2 - 1));

theta = n’*t;

phi = pi*ones(size(theta));

v = VO + Vn*cos(theta - phi);
plot(t, v), grid

Vrms = sqrt(V0"2 + 0.5*sum(Vn."2))

Conclusion

The fundamental period of the waveform is 27; hence, a linear space from 0 to 47
yields two cycles of the waveform. The dimensions of vector t are 1 x 1024; the
dimensions of vector n are 1 X 4. The product n’*t produces the matrix theta with
dimensions 4 X 1024. The apostrophe (’) operator performs the transpose of a ma-
trix or vector and is required to validate the matrix product. The ones vector is the
same size as theta and forms the matrix phi with the same dimensions as theta to
validate the subtraction operation. The computed RMS value of the waveform is
120 V. The waveform is plotted in Figure 1.8.
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vie)

radians

FIGURE 1.8 \Waveform from Example 1.18.

EXercise 1.18

Use MATLAB to compute the RMS value of the voltage waveform

o(o)= ( 7:2—: ]Vm +§; 2:1’.: Sm[,{ n;a Hco{n(e_ n ;ra ]]

in which V,; = 170 V and o. = 1t /6. Plot the waveform over two cycles of the funda-
mental frequency.

Answer

Reactive Power in Nonlinear Circuits with Sinusoidal Sources

As demonstrated with sinusoidal circuits, the concept of reactive power is useful in
the process of PFC with shunt capacitance. In the case of nonlinear circuits, a similar
definition of reactive power is also available for power factor improvement with a
shunt capacitor. As the reactive power expressed by Equation 1.59 defines the math-
ematical counterpart to the average power expressed by Equation 1.49, a mathemat-
ical counterpart to Equation 1.78 defines the reactive power in nonlinear circuits:
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Q=—Vrus [1,rms SInQ. (1.92)

Equations 1.78 and 1.92 suggest the geometric relationship illustrated in Figure
1.9;

Q
I

H\{\!I RMS

FIGURE 1.9 Geometric relationship
suggested by Equations 1.78 and 1.92.

Reactive volt-amperes arise in a nonsinusoidal circuit when there is a phase dif-
ference between the source voltage and the fundamental component of the current
drawn by the nonlinear load. If the fundamental component of current lags the
source voltage, that is, if ¢, is negative, then the reactive power of the circuit is pos-
itive. The positive reactive power can then be neutralized by the addition of shunt
capacitance. If ¢, is positive, however, the power factor cannot be improved by
shunt capacitance; the addition of a shunt capacitor only further erodes the power
factor.

In sinusoidal circuits, the apparent power is two-dimensional; the two compo-
nents are the average and reactive powers. In nonlinear circuits supplied by a sinu-
soidal source, the apparent power is three-dimensional; the third component is

called the distortive power:
S=yP*+Q*+D>. (1.93)

The geometry suggested by Equation 1.93 is illustrated in Figure 1.10.

FIGURE 1.10 Geometry
suggested by Equation 1.93.
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The expression for the distortive power is determined from the solution of

Equation 1.93 for D:
D=+$*-P*-Q". (1.94)

Upon substitution of the respective definitions for S, P, and Q into Equation
1.94, the derivation of the distortive power formula proceeds as follows:

2 2 2 g2 2 2 72 .2
D= \/VRMS I'jais = Vrws Tirvis €08™ 01 = Vs Truis sIn” @

D= \/VRIMS Trus — Vs Tirus (cos® @4 +sin’ ¢)

D= \/VRRMS Il%MS = Vl:-ims Ilz,RMS

D = Vins T — Ilz,mvis ! (1.95)

The quantity y/Tfns — It rus in Equation 1.95 is the RMS value of all the current
harmonics except the fundamental. The distortive power therefore represents that
component of the apparent power that is due to the presence of current harmonics
above the fundamental. The unit of distortive power is the VAd: volt-ampere dis-
tortive. The next example illustrates the computation of reactive and distortive
power in a nonlinear circuit.

ExAampLE 1.19

Find the reactive and distortive powers of the nonlinear circuit from Example 1.16.
Verify the apparent power computation with Equation 1.93.

Solution

The reactive power is zero because the fundamental component of current is in
phase with the source voltage, that is, ¢, =0. The distortive power is

D = Vi Iéws — I2rus = 12017.072 —6.37% =654 VAd

and the apparent power is

S=vP?+D? =/(654)? +(540)? =849 VA.
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Conclusion
Since the reactive power is zero, the apparent power has only real and distortive

components. The distortive power arises from the current harmonics above the
fundamental.

Exercise 1.19

Find the reactive and distortive powers of the circuit in Exercise 1.16.

Answer
Q=0and D =2.33 kVAd.

Power Factor Correction in Nonlinear Circuits with Sinusoidal Sources

As stated earlier, the power factor of a nonlinear circuit with positive VAr is im-
proved with the placement of shunt capacitance. The value of capacitance is deter-
mined by Equation 1.66, even though the load current is nonsinusoidal. The
expression is still valid because the voltage across the capacitor is of single frequency;
consequently, the current through the capacitor is of single frequency as well. The
capacitor current is 180° out-of-phase with one of the two components of the fun-
damental current. The capacitor current thus cancels one of the components and
brings the remaining component in phase with the source voltage. The components
of the fundamental current are determined as follows: with Equations 1.72 and 1.77,
the fundamental sine coefficient is expressed as

b| =I| C05¢)|. (1.96)

Equation 1.96 suggests the geometry illustrated in Figure 1.11.

a,

]

b,
FIGURE 1.11 Geometry of
the Fourier coefficients of the
fundamental current.
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Figure 1.11 implies the relationship for a, as
a, =1, sin¢,. (1.97)
Also implied by Figure 1.11 is an alternate relationship for the DPF:

costh, = b
1=
Jai +bi

From Equations 1.92 and 1.97, an alternate formula for the reactive power is

(1.98)

l"Ilvm
=—— 1.99
Q 5 (1.99)

If the negative reactive power of the capacitor cancels the positive Q of the
nonlinear load, it follows that a, = 0 for a value of capacitance expressed by Equa-
tion 1.66. The phasor relationships of the capacitor current and the fundamental
current with its components are illustrated in Figure 1.12.

I, sing,
é

A

I, cosg,
"‘l

\j

FIGURE 1.12 Phasor
relationships of capacitor current
and fundamental current.

If a; = 0, the displacement factor becomes

cos, = b -
1 _——— —
Jai +b} bi

If the displacement factor is unity, it follows from Equation 1.82 that the power
factor and distortion factor are equal:

=1

pr=DPC' (1.100)
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In contrast to linear circuits, the power factor of a nonlinear circuit cannot be
corrected to unity by the addition of shunt capacitance. The capacitor only cancels
the reactive power; it has no effect on the distortive volt-amperes. With the shunt
capacitor in the circuit and zero reactive power, the apparent power becomes

Sec =\ P>+ D? (1.101)

and the improved power factor is
Pfci s, (1.102)

The next example illustrates the process of power factor improvement in non-
linear circuits.

ExAampLE 1.20

Find the value of shunt capacitance to improve the power factor of a circuit that
draws the current in Example 1.17 and is supplied by the source in Example 1.16.
Find the real, reactive, and apparent powers and the power, displacement, and dis-
tortion factors with and without the capacitor in the circuit.

Solution
The phase angle between the source voltage and the current fundamental is

0, =~Lv—Liy=0"—(-30")=30"
The average, reactive, distortive, and apparent powers are computed as follows:
P = Vims 11 rus cos @y = (120)(14.1)cos(30°) =1.47 kW.

Q = VR.\"IS I].RMS Sin¢] = (120)(141)5111(300) =849 VAr.
Iavs — Irvs =1204/(20.6)> —(14.1)* =1.8 kVAd.

S= \/P2 +Q*+D* = \/(1.47)2 +(0.85)* +(1.8)* =2.47 kVA.

The power, displacement, and distortion factors are calculated as follows:

P 147
=—=——=0,59.
of S 247




48 Fundamentals of Power Electronics with MATLAB

DPF = cos(so“) =0.87.

DF = L] =0.69.
20.6

The shunt capacitance required to improve the power factor is

I R .. =156 UF.
o Vrus  (1207)(120)

With this value of shunt capacitance, the reactive power is zero and the real and
distortive powers are unchanged (on the assumption that the source impedance is
negligible). The apparent power becomes

S.=\P*+D? = \/(1.47)3 +(1.8)° =2.32 kVA,

and the new power factor is

=0.63.

(Pl
Pl 232

The new distortion factor is equal to the power factor, and the displacement
factor is unity.

Conclusion

The shunt capacitor provides little improvement of the power factor in this exam-
ple. The small improvement is due to the large VAd component of the apparent
power over which the capacitor has no effect. The addition of shunt capacitance is
practical only when there is a significant amount of VAr in the load.

EXercise 1.20

Find the value of shunt capacitance to improve the power factor of a circuit that draws
the current in Exercise 1.17 and is supplied a 60 Hz source v(0) = ZZO\ECOSB V with
negligible impedance. Find the real, reactive, distortive, and apparent powers and the
power, displacement, and distortion factors, with and without the shunt capacitor in
the circuit.
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Answers

P=751W
Q=201 VAr
D =381 VAd
S=866 VA
pfz 0.87
DPF =0.97
DF =0.90
C=11uF
P-=751W
Q(; =0

D-= 381 VAd
Sc =842 VA
Pfc =0.89
DPF-=1
DF. = 0.89.

Linear Circuits with Nonsinusoidal Sources

When an electrical network with linear circuit elements is supplied by a periodic,
nonsinusoidal source, the current drawn from the source is also periodic and non-
sinusoidal. The applied voltage, expressed in terms of the compact Fourier series, is

v(0)=Vo+ YV, cos(nB—, ). (1.103)

n=|

The current drawn by the network supplied by the voltage of Equation 1.103 is

i(0)=1Io+ Y I,cos(mB—0,,). (1.104)

n=1

The product of the instantaneous voltage and current in these Fourier series
forms yields products of sinusoids of both like and unlike frequencies. As shown
earlier, the orthogonal sinusoids contribute nothing to the average power. Only the
products of like-frequency sinusoids result in nonzero integrals for the computa-
tion of average power. Therefore, for an element with instantaneous voltage and
current expressed by Equations 1.103 and 1.104, the average power absorbed in the
element is computed by

P= VOI(! + Eur.RM’S Iu.RMS C03(¢'n,.— —¢M,i )' ( 1.105)

n=1
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The next example illustrates an application of Equation 1.105.
ExampLE 1.21
Find the power absorbed by a circuit element with voltage and current waveforms
v(0)=120+40cos(120mt —30")+15cos(240mt +45°).
and

i(0) =10+ 8cos(2407t +15")+3cos(360mt —60°).

Solution

The product of instantaneous voltage and current has like-frequency sinusoids at 0
and 120 Hz. Thus, the average power absorbed is

(15)(8)
2

P=(120)(10)+ cos30° =1.25 kW.

Conclusion

Both the voltage and current waveforms have a DC component and a harmonic at
120 Hz. Only these two terms contribute to the absorption of average power in the
circuit element.

Exercise 1.21

Find the power absorbed in the element of Example 1.21 if the current harmonics

are at the same frequencies as the voltage harmonics.

Answer
P=1.31kw.

The next example illustrates the power computations for a linear circuit sup-
plied by a nonsinusoidal source.

ExampLE 1.22

A linear circuit supplied by a nonsinusoidal source is shown in Figure 1.13. Find the
average power absorbed by the circuit if the source voltage is expressed as

v, (t)=100+50cos(1207 )+ 25cos(2407 t)+15cos(3607 t ).
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R1

v.(t) 0 100pH -

100 €2

c

T 1000 pF

FIGURE 1.13 Linear circuit with nonsinusoidal source.
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Since the reactive elements do not absorb average power, the power supplied by the
source is equal to the sum of the powers dissipated in the two resistors. The power
absorbed by the resistors is calculated with the RMS voltage or RMS current asso-
ciated with each resistance and application of the DC power formulas as appropri-
ate. The total impedance seen by the source, Z, is equal to the parallel combination
of R, and jX, plus the series combination of R, and jX;. The impedance is computed
at each harmonic frequency of the source voltage. The code in Listing 1.8 performs
the computations. The program is available on the CD_ROM as Examplel_22.m in
Chapter 1\Examples and Listings.

LISTING 1.8 Solution to Example 1.22

close all, clear all, clc

uH = 1E-8;

ufF = 1E-8;

w = 2*pi*[1E-9 60 120 180]; %1E-9 prevents division by zero.
Vs = [100 [50 25 15]/sqrt(2)];

R1 = 10;

R2 = 100;

L = 100%uH;

C = 1000*uF;

XC = -1./(w*C);

XL = w*L;

Zp = R2*j*XC./(R2 + j*XC); % R2 and C in parallel
Zs = R1 + j*XL; % R1 and L in series

ZT = Zs + Zp; % Total circuit impedance

Is = Vs./(abs(ZT)):

Is_RMS = sqrt(sum(Is."2)); % RMS source current
P1 = Is_RMS"2 * R1 % Power absorbed by R1

V2 = Vs.*abs(Zp./ZT); % Voltage across R2

V2_RMS = sgrt(sum(V2."2)); % RMS voltage across R2
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P2 = V2_RMS."2/R2
phi = angle(ZT);
Ps = sum(Vs.*Is.*cos(phi)) % Also P1 + P2

Conclusion

The computed results of the code in Listing 1.8 are P, = 166 W, P, = 84 W, and
P, =250 W. The magnitudes of the source current harmonics are computed from
the magnitudes of the voltage harmonics divided by the magnitudes of the total im-
pedance computed at each harmonic frequency. Since R, is in series with the
source, the RMS source current determines the power dissipation in R,. The volt-
age across R, is found by voltage division. The power delivered by the source is the
sum of the average powers absorbed at each harmonic frequency.

EXErcISE 1.22

Compute the power delivered by the source of the circuit shown in Figure 1.14 with
the same source voltage as in Example 1.22.

L1 L2

Rl

100 uH 210 50 uH

z c2 R3
ci
70 uP| | 1000 uF ]2 144 0

v lr) 40

FIGURE 1.14 Circuit for Exercise 1.22.

Answer
P, =250W.

Circuits with Nonsinusoidal Sources and DC Battery Loads

Many circuits supplied by a nonsinusoidal voltage source contain linear circuit
elements and one or more DC sources. Such is the case of a battery charger in
which the DC source (the battery) is the load. Battery-charging circuits typically
supply a highly nonsinusoidal current to the battery; however, the voltage across
the battery is essentially constant. (The battery voltage slowly increases over time as
it is charged.) If the voltage across a circuit element is constant, the average power
absorbed is

.
1 1
P=— | Vysi(t)dt =V,,| —
T}[b() b T

T
j:‘(t)d: . (1.106)
]
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The quantity in brackets in Equation 1.106 is, by definition, the average cur-
rent. The average power absorbed by a battery, therefore, is

B =Wly, (1.107)

in which 1, is the average current through the battery. Equation 1.107 dictates that
only the average value of current contributes to the average power absorbed by the
battery. Consequently, only the DC component of current delivers charge to the
battery. The current harmonics deliver charge to the battery during the first half-
cycle of the harmonic waveform, only to return the charge back to the source dur-
ing the second half-cycle. Consequently, the current harmonics only result in
power dissipation in the series resistances of the battery and the circuit, with no net
charge delivered.

ExampLE 1.23

Find the average power absorbed by the battery in the circuit shown in Figure 1.15,
in which the source is the voltage of Example 1.18 with V,, = 50 V. How much
charge has entered the battery after a 2-hour period?

:: R
(T A
v,(6) I mH 20 12 VDC

Aot

%

©

FIGURE 1.15 Battery charging circuit.

Solution

The average value of the battery current is due solely to the DC component of the
source voltage. Since the inductor appears as a short circuit to the average voltage,
the average current through the circuit is the average voltage across resistor R di-
vided by the resistance:

100
=12

I,=—L = “2 =992 A.
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The power absorbed by the battery therefore is
R =WV, =(12)(9.92)=119 W.

The charge absorbed by the battery is the product of the average current and
charging time:

Q =1yt =(9.92)(2)(60)(60)=7.14 x 10* C.

Conclusion

The average current is readily calculated by the average voltage across the series re-
sistance in the circuit. The value of the inductance is irrelevant to the average cur-
rent, as it appears as a short circuit to the average voltage. The inductance does,
however, limit the magnitudes of the current harmonics.

Exercise 1.23

Find the average power absorbed by the battery in the circuit shown in Figure 1.16,
in which the source is the current waveform from Example 1.17. How much charge
has entered the battery after 30 minutes?

ia) 0 12 VDC

FIGURE 1.16 Battery charging
circuit from Exercise 1.23.

Answers
P,=1200W and Q = 18000 C.
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CHAPTER SUMMARY

Instantaneous power in an electrical circuit is the product of instantaneous

voltage and instantaneous current.

Instantaneous power represents the rate at which energy is expended.

Ideal inductors and capacitors:

®  Store energy but do not dissipate energy.

B Absorb zero average power when the voltage and current waveforms are
periodic.

RMS values of voltage and current are used to compute average power using

the DC power formulas derived from Ohm’s law.

The definitions of apparent power, average power, and power factor are uni-

versal; they apply to all periodic voltage and current waveforms.

A sinusoidal circuit has sinusoidal voltage and current waveforms that are all of

the same frequency.

B Theapparent power has two components: average power and reactive power.

B A lagging power factor refers to an inductive load; the current in the load
lags the voltage, and the reactive power is positive.

B A leading power factor refers to a capacitive load; the current in the load
leads the voltage, and the reactive power is negative.

B Alagging power factor can be corrected to unity with shunt capacitance.

B A leading power factor cannot be corrected with capacitance.

The apparent power of a circuit that draws nonsinusoidal current from a

sinusoidal source has three components: average power, reactive power, and

distortive power.

B The reactive power is due to a phase displacement between the voltage and
the fundamental component of current.

® The distortive power is due to current harmonics above the fundamental
frequency.

®  The displacement factor is the cosine of the angle between the source volt-
age and the fundamental component of current.

® The distortion factor is the ratio of the RMS value of the fundamental com-
ponent of current to the total RMS value of the current.

B The power factor of a circuit with positive reactive power can be improved
with shunt capacitance, but it cannot be corrected to unity because of the
current harmonics.

The average power absorbed by a circuit element with a constant voltage across

it is the product of the constant voltage and the average current through the

element.
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Tue MATLAB TooLsoXx

AVG

Function avg.m computes the average value of a vector.

Syntax
Xavg = avg(t, xt)

Vector t is the time interval over which the average value of xt is computed.
Vectors t and xt must be the same length.

EXAMPLE

Code segment computes the average value of x(t)=x(t+T) =10t sin(2mt).

t = linspace(0, 1, 1024);
vt = 10*t.*sin(2*pi*t);
V0 = avg(t, vt)

RMS

Function rms.im computes the RMS value of a vector.

Syntax

Xrms = rms(t, xt)

Vector t is the time interval over which the RMS value of xt is computed.
Vectors t and xt must be the same length.
EXAMPLE

Code segment computes the RMS value of x(t)=x(t+7T)=10¢sin(27t).
t = linspace(0, 1, 1024);

vt = 10*t.*sin(2*pi*t};
Vrms = rms(t, vt)
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FOURS

Function fours.m computes and plots the Fourier series expansion of a periodic
function.

Syntax
fours(t, xt, N)

Vector t is one period of xt; N is the number of harmonics computed. Vec-
tors t and xt must be the same length.

EXAMPLE

Code segment computes and plots the Fourier series expansion of

l,OSrS-l—
x(t+T)= 2,
0, —<t=<1
2
N = 10;
t = linspace(0, 1, 1024);

xt = [ones(1, 512) zeros(1, 512)];

fours(t, xt, N).

SINPOW

Function sinpow.m computes the RMS current through a linear impedance sup-
plied by a sinusoidal voltage source along with the apparent, average, real, and
reactive powers and the power factor. If Q is positive, the PFC capacitor and the
corrected load impedance are also computed.

Syntax
[Irms, S, P, Q, pf] = sinpow(f, Vs, Z)

Vs is the rectangular form of a sinusoidal voltage source of frequency fand
RMS value abs(Vs). Z is the load impedance in rectangular form computed at

frequency f.
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ExAMPLE

Code segment computes I, S, P, Q, pf, C, and Z_ of a load impedance Z =3 +
j4 Q supplied by a 110 + j50 VAC voltage source at 60 Hz.

Vs = 110 + j*50;

T = 603

ZL = 3 + j*4;

[Irms, 8, P, Q, pf] = sinpow(f, Vs, ZL)

NONSIN

Function nonsin.m computes the apparent, real, reactive, and distortive powers
and the power factor, displacement factor, and distortion factor. If Q is positive,

the shunt capacitance, improved apparent power, and improved power factor
are also computed.

Syntax
[s, P, Q, D, pf, DPF, DF] = nonsin(th, Ith, Vm, f)

Vector th is one radian period of Ith; th and Ith must be the same length.
Vim is the peak voltage of a sinusoidal voltage source of frequency f.

EXAMPLE
Code segment computes S, P, Q, D, pf, DPF, and DF for a source current
i(8)=i(6+27)=0sin0
drawn from a 120 VAC source.
Vm 120*sqrt(2);
th linspace(0, 2*pi, 1024);

Ith = th.*sin(th);
[§, P, Q, D, pf, DPF, DF] = nonsin(th, Ith, Vm, f)
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PROBLEMS

Problem 1

Air conditioning systems are rated in units of tons of refrigeration. The unit does not
refer to weight, however; it is a unit of power related to the British thermal unit
(Btu). One ton of refrigeration is equal to 3 1/3 Btu per second, and 1 Btu/s is equal
to 1.055 kW. Find the cost to operate a 2.5-ton air conditioner for 6 hours a day for
30 days if electricity costs $0.12 per KWH.

Problem 2
The instantaneous voltage across and current through a device are, respectively,
v(0)=v(6+m)=100sin" O
and
i(8)=i(6+7)=10cos" 6.

Plot the instantaneous voltage, current, and power. Compute the energy absorbed
by the device in one source period. Compute the average power.

Problem 3
The voltage across a 1000 puF capacitor is
¥(8)= v(8+21) = 108%™

Compute and plot the instantaneous power absorbed by the capacitor. Compute
the average power absorbed by the capacitor.

Problem 2

The current through a 1 mH inductor is
i(8) =i(6+m)=0"sin6.

Compute and plot the instantaneous power absorbed by the inductor. Compute
the average power absorbed by the inductor.
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Problem 5

Aload impedance Z =20 + j30 Q is supplied by a source voltage V, = 440.£30° VAC
at 60 Hz. Compute the load current along with the apparent, real, and reactive
powers, and the power factor. Compute the shunt capacitance to correct the power
factor. How much current is drawn by the load after the power factor is corrected?

Problem 6

A 10 kW load with a power factor of 0.8 is supplied through a distribution line by
a460 VAC, 60 Hz source. The impedance of the line is Zy;,. = 0.6 + j0.2 Q. The load
voltage is 430 VAC. Compute the efficiency of the circuit. Determine the shunt ca-
pacitance to correct the power factor and recompute the efficiency. What is the
source power factor after the load power factor has been corrected?

Problem 7
A nonlinear circuit draws the current from a 120 VAC, 60 Hz source.
i(0)=i(0+m)=06"sinb

Compute the apparent, real, reactive, and distortive powers along with the power
factor, displacement factor, and distortion factor. Can the power factor be im-
proved with shunt capacitance? If so, compute the capacitance and the improved
power factor.

Problem 8

Compute and plot two cycles of eight harmonics of the Fourier series expansion of
the current waveform from Problem 7.

Problem 9

A 36 V battery draws the periodic current from Problem 7. Determine how much
charge has entered the battery after a 4-hour period.

Problem 10

A nonlinear load is supplied by a source voltage expressed as

v (0)= 100+50sin(e—45“)+ 25 cos(29—30°)+ 10sin(49— 15°)
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and draws current from the source expressed by
i.(0) =10+ 5cos (030" )+ 5sin(20+45 )+ 2sin(30-+15°).
Determine the average power absorbed by the load and the load power factor.

Problem 11

The circuit of Figure 1.15 is supplied by the voltage source
v,(6)=40+5sin(0+45" )+ 2cos(26+30° ) +sin(30+15").

Determine the expression for the source current. Compute the circuit efficiency
source current if the fundamental frequency is 120 Hz.

Problem 12

The circuit of Figure 1.16 is supplied by the current source

i.(0)= 5+3sin(9+30"]+ 2cos(29— 15°)+ sin(49— 15").

Determine the expression for the capacitor voltage if the fundamental frequency
is 120 Hz. Compute the circuit efficiency.
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Part

II : Rectification

he electrical energy produced by utility companies is in the form of alternat-

ing current (AC) even though virtually all electronic systems require direct

current (DC). The discrepancy arises for reasons of efficiency and economy:
AC energy can be transformed to very high voltages that result in lower energy
losses in the electrical distribution lines. The high voltage is then transformed again
to a low AC voltage that is subsequently converted to DC by the rectifier circuit.
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= Diode Rectifier Circuits
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INTRODUCTION

This chapter presents the theory and analysis of rectifier circuits. The method of
analysis begins with a derivation of the instantaneous source current by the appli-
cation of circuit laws. The analysis continues with the computation of the average
load current, average load voltage, and average diode current. The average diode
current is computed from the half-cycle average of the source current and deter-
mines the power dissipation in the device.

In the circuit analyses, the source voltage is assumed to be purely sinusoidal.
The source current, however, is nonsinusoidal, and thus the power theory devel-
oped in Chapter 1 for nonlinear circuits is applicable. The analyses conclude with
the numerical evaluations of RMS source current, the apparent, average, reactive,
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and distortive powers, and the power, displacement, and distortion factors. The re-
sults of the computations are followed by a discussion of possible power factor im-
provement. The study and analysis of rectifier circuits are essential because the
rectifier is a key subcircuit in AC-sourced DC power supplies and battery chargers.

RECTIFICATION

Diodes

The purpose of a rectifier circuit is to produce a DC voltage (VDC) and current from
an AC source. There are two types of rectification processes: controlled rectification
and uncontrolled rectification. Controlled rectification is accomplished by silicon-
controlled rectifiers (SCRs), also known as thyristors; uncontrolled rectification is
performed by diodes.

The diode is a two-terminal device that conducts current in only one direction. The
two terminals are the anode (positive) and the cathode (negative), as illustrated in
Figure 2.1.

anode cathode

FIGURE 2.1 A semiconductor
diode.

When the voltage across the diode is positive from anode to cathode, the diode
is forward-biased and conducts current in the direction of anode to cathode. If the
voltage is positive from cathode to anode, the device is reverse-biased and no current
flows. The voltage across the diode when forward-biased is called the forward volt-
age, V. In rectifier circuits this voltage is typically much smaller than the voltages of
the source and the load. Unless power dissipation in the diode is under considera-
tion, the forward voltage is usually neglected in the analysis of rectifier circuits.

Since the diode only conducts when forward-biased, the device is effectively ap-
proximated as a simple on/off switch. When used in a circuit with an AC source, the
diode is alternately forward-biased and reverse-biased by the alternating polarity of
the source voltage.
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Half-Wave Rectifier with Resistive Load

The simplest rectifier circuit is the half-wave (HW) rectifier with resistive load. The
HW rectifier has a single diode as shown in Figure 2.2.

v,(@)=V, sinl@) Tonl8)
(@) R

FIGURE 2.2 Half-wave rectifier with
resistive load.

The source voltage is described as
v, (0)=V,sin0 (2.1)

and is typically the secondary voltage of a supply transformer. When v, is positive, the
diode is forward-biased and the source voltage appears directly across the load. When
v, is negative, the diode is reverse-biased and the load is effectively disconnected from
the source. The switching function of the diode is illustrated in Figure 2.3.

v(@)=0 v(@)<0

":.-{0} 1-',,(!'?}

v (8)=1, sin(0) v (@)=0
FIGURE 2.3 Equivalent circuits of the HW rectifier.
No current flows through the load during the negative half-cycle of the source;

consequently, the load voltage is zero. The load voltage and current waveforms are
illustrated in Figure 2.4.
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0 n 2n

FIGURE 2.4 Load voltage and current waveforms of the
HW rectifier.

Average Load Current

The load voltage and current waveforms are expressed as follows:

Vinsin®, 0<0<m
vr(0)= (2.2)

0, T<0<L2n

m

sinB, 0<0<m

1(6)= (2.3)

0, n<0<2n

As stated in the introduction, the purpose of rectification is to produce a DC
voltage and current from an AC source. The average output voltage is determined
from the average value integral presented in Chapter 1:

1 n
v0=—jvm sin0de.
2n 4

T

Vo= s (2.4)
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Equation 2.4 reveals that the output voltage of the HW circuit is roughly one-
third of the peak source voltage. The average load current is determined with Equa-
tion 2.3, or more simply, is the average load voltage divided by the resistance:

A -
° R’ =

Since the diode and load resistor are in series, the average diode current is the
same as the average load current. The power dissipation in the diode, therefore, is

VI' vm

Poip = (2.6)

Power Computations

Application of the RMS value definition to Equation 2.3 yields the RMS source
(and load) current:

n 2

TPy
) Ej?sm 04d6. (2.7)

Evaluation of Equation 2.7 results in an RMS value of

v
Trns = ——. (2.8)
2R

With Equation 2.8, the power output to the load is

_Va

Bi=—,
4R

(2.9)

The circuit efficiency is the ratio of the output power absorbed to the sum of
the output power and the power dissipated in the diode:

b (2.10)

n=——>>—.
P0+IJDIO

Substitution of Equations 2.6 and 2.9 into Equation 2.10 yields the efficiency
expression
=
4V
1+ "
Tc V]“

n= (2.11)
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The product of RMS source voltage and RMS current is the apparent volt-
amperes,
__Va
S=—7 (2.12)

22R’

and the power factor is the ratio of Equation 2.9 to Equation 2.12:

1
of =——. (2.13)
V2
Equation 2.13 reveals that the power factor is not dependent upon any circuit
parameter; it is simply 0.707 for the HW rectifier with resistive load. Although the

power factor is rather poor, the HW rectifier is the most economical rectifier circuit
because only one diode is required.

Reactive and Distortive Powers
The fundamental cosine coefficient of the source current of the HW rectifier is
determined as follows:
1 n
a,=— | —sinBcosH4d0.
21 .

v e
q =—mjsin29d9=0.
4T R :

The reactive power is thus zero, and the poor power factor described by Equa-
tion 2.13 is due entirely to current harmonics. No power factor improvement with
shunt capacitance is possible. Furthermore, with a; = 0, the displacement factor is
unity and the power and distortion factors are equal. In this case, the distortive
volt-amperes are determined by Equation 2.9, the same expression as the average
power.

ExampLE 2.1

A certain HW rectifier with a 10 Q load resistance is supplied by a 120 VAC source.
Compute the average load voltage and current, the RMS source current, and the
average and apparent powers of the source. Compute the diode power dissipation
and the efficiency if the forward voltage is 1.7 V.
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Solution

o The computations are performed by the MATLAB code in Listing 2.1. The program
owmeco is available on the CD-ROM as file Example2_1.m in folder Chapter 2\Examples
and Listings.

LISTING 2.1 Computations for Example 2.1

close all, clear all, clc

Vs = 120;
R = 10;

Vi = 1.7

vm = 120*sqrt(2);
Vo = vm/pi

Io = Vo/R

Is = Vm/ (2*R)

P = Vs*2/(2*R)

§ = Vs*Is

Pdio = Vf*Io
eta = 1/(1 + 4/pi*Vf/Vm)

The computations produced by the code in Listing 2.1 are

V,=54.0 VDC
I, =540A
I,=8.49 A
P=720W
§=1.02kVA
Prin=9.18 W
n=98.7%.
Conclusion

The results reveal a significantly larger RMS source current than average load cur-
rent—a typical indicator of a poor power factor. The power factor and distortive
volt-amperes are readily verified by the results of the program: the power factor is

720/1.02E3 = 0.71 and the distortive power is \/(1.02153)2 ~(720)" =720 VAd.

Exercise 2.1

Find the peak source voltage required for a half-wave rectifier to produce 100 VDC
across a 20 Q resistance. What average power is absorbed by the load?
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Answers
V,=314Vand P=1.23 kW.

Exact versus Approximate Analyses

If the assumption of negligible diode voltage is not valid, the source voltage is
diminished by the forward voltage,

Vi(0) =V, sin0 — V¢, (2.14)

and the diode does not conduct current until the source voltage exceeds the for-
ward voltage drop. The point after which the diode becomes forward-biased is the
solution of Equation 2.14 for 6 when the source voltage is zero:

(Ve
Blzarcsm(v—F). (2.15)

By symmetry, the point after which the diode becomes reverse-biased is
0,=n—0,. (2.16)

The voltage and current waveforms of the HW rectifier with significant forward
diode voltage are plotted in Figure 2.5.

AL

VR(0)

i} L n-8 % o

FIGURE 2.5 Waveforms of the HW rectifier with significant V.
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If the forward voltage were truly zero, the efficiency would be 100%. The effi-
ciency expression in Equation 2.10 resulted not from the assumption of negligible
Vi but from the application of the conservation of energy principle: net energy in
equals net energy out; nonetheless, the equation is an approximation because V;
was omitted from the source voltage expression.

There are thus two approaches to relate the efficiency and the forward voltage:
(a) include V;in the instantaneous load voltage and current expressions or (b) apply
an alternate approximation. The first approach results in a set of equations that are
much more algebraically complicated than those based on negligible V5. The second
approach directly yields an approximate efficiency expression. An alternate ap-
proximation is to assume that the peak source voltage alone is diminished by the
forward voltage:

Vi(8) = (Vi — V¢) sin®. (2.17)

A comparison of Equation 2.17 with Equation 2.1 shows that the peak voltage
is simply replaced by V,,, — V}. All the previous derivations are thus modified in the
same manner. Application of the approximation to Equation 2.11 results in the
efficiency expression

N —
4 V,
1+
T Vm_ 1/1

n= (2.18)

Example 2.2 illustrates and compares the exact and approximate approaches
to a circuit analysis problem and efficiency study. The example demonstrates that
a viable approximation yields solutions that are widely applicable and much more
tractable than their exact counterparts.

ExamPLE 2.2

Derive the exact efficiency expression based on Equations 2.14 to 2.16. Express the
exact efficiency and the approximate efficiency as functions of the ratio of Vito V..
Determine a range of suitable applicability of Equations 2.11 and 2.18.

Solution

Based on Equations 2.14 to 2.16, the instantaneous load voltage and current become

VmSiHB‘—V}', Biiﬂén—ﬂl
pal)= (2.19)

0, m-0,<0<2m+06,
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" Vm Sine—ﬁ, e[ Eegﬂ—ei
i(0)=4 R R ; (2.20)

0, m—-0,<8<2n+6,

The average value of load voltage expressed by Equation 2.19 is
Voz—mcosei—[———]vf. (2.21)
T 2

If Vyis zero, then 6, is also zero and Equation 2.21 reverts to Equation 2.4. The
RMS value of the load current expressed by Equation 2.20 is

o J[(k&}(l +272)+ L gt - S—Ycosel}, (2.22)
2R T T T
in which y (gamma) is the ratio of the forward diode voltage to the peak source
voltage:
=t 2.23
Y=o (2.23)

If Vi is zero, then 7 is zero and Equation 2.22 reverts to Equation 2.8. With
Equations 2.21 and 2.23, the diode dissipation is expressed as

& 1 6
Poio = ?[%COSBL ‘Yz[gﬂ—l]], (2.24)

T

and with Equations 2.22 and 2.23, the power absorbed in the load is

val(1 e \(1 , 1. 2y
P=—2{| === | —+7* |+—sin26, — —*cosH, |. _
R [[2 n)[z Y] an T g 'J (2:25)

Substitution of Equations 2.24 and 2.25 into Equation 2.10 yields the efficiency
expression

(n—zel)( 1+2y2) +sin20, —8ycosH,
n= -

2.26
T—26, +sin 206, — 47y cos6, ( )
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In terms of the gamma ratio, Equations 2.11 and 2.18 become, respectively,

1
n= 1+i (2.27)
_EY
and
1
n=—- (2.28)
142 Y
mTl-vy

Equations 2.26 to 2.28 are plotted as a function of the gamma ratio in Figure 2.6.

04
048+ - 4
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0 01 02 03 04 05 06 07 0.8 048 1

T

FIGURE 2.6 Efficiency as a function of gamma ratio.

Conclusion

The plots reveal that the approximation of Equation 2.28 is a virtually perfect esti-
mation of the exact efficiency over the entire range of gamma. The approximation
of Equation 2.27 is accurate only for gamma ratios less than 10%. Although highly
inaccurate over the whole range of gamma, Equation 2.27 does provide a conve-
nient vehicle by which to obtain the accurate approximation of Equation 2.28 by
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the replacement of V,, by V., — V. The example clearly demonstrates that the use of
simplifying assumptions is a worthwhile approach to analysis.

EXERCISE 2.2

Deduce another approximate expression for efficiency from the exact plot in Fig-
ure 2.6. Comment on the viability of the approximation.

Answer

n=1-v. (2.29)

The approximation is more accurate than Equation 2.27 but overestimates the
efficiency. Equation 2.29 is also plotted in Figure 2.6.

Full-Wave Rectifier with Resistive Load

As illustrated earlier, the HW rectifier is disconnected from the source during the
negative half-cycle. If the negative half of the source is rectified as well, the result is
full-wave (FW) rectification. The FW rectifier with a resistive load is shown in Fig-
ure 2.7.

v,(8)=V, sin(@)
e

FIGURE 2.7 Full-wave rectifier with resistive load.

When the source voltage is positive, diodes D2 and D4 are forward-biased; D1
and D3 are reverse-biased. When the source voltage is negative, D2 and D4 are off,
while D1 and D3 are on. The equivalent circuits in accordance with source polar-
ity are shown in Figure 2.8.

As shown in Figure 2.8, the load current is unidirectional; hence, the load volt-
age polarity is always the same. The load voltage and load current waveforms are
illustrated in Figure 2.9.
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T 2n

FIGURE 2.9 Load voltage and current waveforms of the
FW rectifier with resistive load.

The load voltage and current waveforms of Figure 2.9 are expressed as follows:

vr(0)=V,sin6, 0<O<m. (2.30)

V,
f(B)z%smB.OEGSR. (2.31)

Average Load Voltage and Current

The period of the load voltage for the FW rectifier is m; thus, the average output
voltage of the FW rectifier is twice that of the HW rectifier:
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Vo=—1. (2.32)

The increase in the DC component comes at the expense of three additional
diodes. The average load current is also twice that of the HW rectifier:

2K
Ii=— (2.33)
TR

The average diode current of the FW rectifier is the same as that of the HW cir-
cuit because only one pair of diodes is forward-biased during one cycle of the
source voltage.

Power Computations

It was shown in Chapter 1 that the RMS value of a full-wave rectified sinusoid is the
same as that of the sinusoid itself. The RMS load (and source) current, therefore, is

Vl'ﬂ
Ings =—F— (2.34)
V2R
and the power absorbed by the resistance is
B = Vo (2.35)
°T 2R’ =

The power output of the FW rectifier is thus twice that of the HW rectifier. Un-
like the HW rectifier, the source current of the FW circuit #s sinusoidal. Since both
the voltage and current are sinusoidal and the load is purely resistive, the power fac-
tor is unity and the average and apparent powers are the same. The reactive power
is zero because the source voltage and current are in phase, and the distortive power
is zero because the source current has no harmonics above the fundamental. The
power dissipated in the diodes is, as the HW circuit, determined by Equation 2.6
because each diode conducts for only half of the source voltage period.

Because of the additional diodes, the efficiency of the FW circuit is computed
as

P

2]

R 2.36
P, +4By0 ( )

n
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Substitution of Equations 2.6 and 2.35 into Equation 2.36 results in

1
1+ _8. ‘u.{f_
T Va

n= (2.37)

As with Equation 2.27, the accuracy of the efficiency expression is much im-
proved when the peak source voltage is diminished by the diode forward voltage. In
the case of the FW rectifier, the source is diminished by two forward voltages:

1
L (2.38)
14
T V= 2V;

Expressed in terms of the gamma ratio of Equation 2.23, the efficiency of the
FW rectifier is

n=——on——. (2.39)

ExAampPLE 2.3

Repeat Example 2.1 for the case of the FW rectifier.

Solution

€= The computations are performed by the MATLAB code in Listing 2.2. The code is
ovmeco  available in the file Example2_3.m under folder Chapter 2\Examples and Listings.

LISTING 2.2 Computations for Example 2.3

close all, clear all, clec

Vs = 120;
VE = 1.7;

R = 10;

vm = Vs*sqrt(2);
y = Vf/Vm;

Vo = 2*Vm/pi

Io = Vo/R

Is = Vs/R

Po = Vs"2/R
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S5 = Vs*Is
Pdio = V¥m*Vf/(pi*R)
eta = 1/(1 + 8/pi*y/(1 - y))

The results produced by the code in Listing 2.2 are

V,=108 VDC
I,=10.8 A
I.=12A
P=144KkW
S$=144kVA
Phio=918W
n =97.5%.
Conclusion

As stated earlier, the average output voltage and current and the output power of
the FW rectifier are twice those of the HW rectifier. The diode dissipation is the
same as the HW rectifier; however, the efficiency of the FW circuit is slightly less be-
cause of the dissipations in the three additional diodes. The apparent power is the
same as the average power because of the unity power factor.

EXERCISE 2.3

Find the peak source voltage required for a full-wave rectifier to produce 100 VDC
across a 20 Q resistance. What average power is absorbed by the load?

Answers
Va=157Vand P=617 W.

Inductive Loads

It is rare that an electrical load is modeled as a pure resistance. More commonly,
there is significant inductance in series with the resistance. Furthermore, the source
that supplies the rectifier circuit is nearly always the secondary winding of a
transformer that has resistance and inductance itself. These resistive and inductive
(R-L) elements are lumped together to facilitate the analysis of a circuit with an in-
ductive load.

HW Rectifier with R-L Load

The HW rectifier with series resistance and inductance is shown in Figure 2.10.
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FIGURE 2.10 HW rectifier with R-L load.

Unlike the purely resistive case, the series current in the inductive circuit is de-
scribed by the solution of a differential equation. Application of Kirchhoff’s voltage
law around the circuit loop in Figure 2.10 results in:

7
V., sinm£=5R+Ld—z. (2.40)

Substitution of 6 = ot transforms Equation 2.40 into

a‘i+ R .V, . o (2.41)
—+—i=—=sin®. :
dd ol oL
Let a constant g be defined as
ol
=—. 2.42
~n (2.42)

Equation 2.42 represents the guality factor of the inductance. In terms of the
quality factor, the differential equation is expressed as

i3 Yo o (2.43)
—+—=——sin®. :
dd q ¢gR

The solution to Equation 2.43 is the sum of a forced response and a natural
response:

i(6)=1i.(0)+ic(0). (2.44)
Since Equation 2.43 is a first-order differential equation, the natural response is

i(0) =A™, (2.45)
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in which the constant A, is determined from the initial conditions once the com-
plete response has been formulated. The forcing function in Equation 2.43 is sinu-
soidal; consequently, the forced response is also a sinusoid:

if(0)=A, cosO+ A, sin 6. (2.46)

Constants A, and A, are determined upon substitution of the forced response
and its derivative into the differential equation:

A A,
—A,sinO+ A, cos O+ —cosO+ —sinO = —sin0. (2.47)
q q qR

The coefficients of cosine on each side of Equation 2.47 produce the equation

A
ATty (2.48)
q
and the sine coefficients yield
A, Vm
Ry gt (2.49)
q gR

Equations 2.48 and 2.49 form a system of equations for which the solutions are

v
S (2.50)
R(1+qg7)
_Vim (2.51)
RO+ '

Substitution of Equations 2.50 and 2.51 into Equation 2.46 yields the forced
response

v v
i '™ ging. (2.52)

if(@)=—————cos0+
: R(1+4%) R(1+4)

With Equation 1.10, the trigonometric identity from Chapter 1, the forced
response is expressed as

m

ir(0) = —F2—sin(6—0), (2.53)
} Ry1+4*
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in which
¢ =arctan(q). (2.54)

Equation 2.54 suggests the geometric relationship illustrated in Figure 2.11.

FIGURE 2.11 Geometric
relationship between f and q.

From Figure 2.11, an additional relationship between ¢ and ¢ is deduced:
cosh= b
J1+q

With Equations 2.45, 2.53, and 2.55, the complete response is formulated as

(2.55)

i(e}:Ane"w"+v?mcos¢sin(9—¢). (2.56)

In the HW rectifier circuit, the current becomes zero before the beginning of
the next cycle of the source voltage. Hence, the initial condition for Equation 2.56 is

i(0)=0. (2.57)

Substitution of the initial condition into Equation 2.56 yields the solution for
Ay

Vi .
Ay =?cos¢sm¢o. (2.58)

Substitution of Equation 2.58 into Equation 2.56 yields the final form of the
instantaneous current of the HW rectifier with R-L load:

- V—m . —B/ .
:(9)=?cos¢[ sin(d)e H”+su‘1(6—(])]|]. (2.59)
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The instantaneous current relative to the HW rectified source voltage is illus-
trated in Figure 2.12.

i)

4] n p 2n
FIGURE 2.12 Instantaneous current of the HW rectifier
with R-L load.

As shown in Figure 2.12, the load current becomes zero at 8 = . Substitution
of fBinto Equation 2.59 results in a relationship between f, ¢, and g:

sin(0)e ™ +sin(B—) = 0. (2.60)

It is not possible to solve Equation 2.60 algebraically for f3; it is a transcenden-
tal equation that must be solved numerically.

ExXAmPLE 2.4

Write a MATLAB function that will return the value of 3, given the value of g.

Solution

The solution is provided by the code in Listing 2.3. The function is available as file
ovmece  betasolv.m in folder Chapter 2\Toolbox.

LISTING 2.3 Function to Solve Equation 2.60 for 8

function beta = betasolv(qg)
phi = atan(q);
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LHS = 1;
beta = pi;
inc = pi/2;
while (abs(LHS) > 1E-6),
LHS = sin(phi)*exp(-beta/q) + sin(beta - phi);
if LHS > 0,
beta = beta + inc;
else
beta = beta - inc;
inc = inc/2;
beta = beta + inc;
end
end

Conclusion

Angle B lies in the intervalt < 8 < 2m; hence, the MATLAB function begins with a
trial solution at 8 = m. If the value of the lefthand side (LHS) of Equation 2.60 is
positive, then fis incremented by m/ 2, after which the LHS is computed with the
new value of 8. If the LHS is negative, f is decremented by ©/2 and then incre-
mented by T /4; the LHS is then evaluated once again. The process repeats as the
increment is divided by two each time there is a sign change in the LHS. The
process terminates when the LHS has a value less than 1E-6.

EXERCISE 2.4
Write a MATLAB program that uses the betasolv function to compute and plot the

instantaneous source current as illustrated in Figure 2.12 with V,, /R=g=1.

Average Load Current

The average load current is determined upon application of the average value inte-
gral to the instantaneous load current:

B
I = z\:cniq cos ¢£[ sin(9)e~*7 +sin(6-¢) | de. (2.61)

Evaluation of the integrals in Equation 2.61 yields the average current expression

I, = 2:?}2 [ sin2¢( l—e_wq) +c032¢—cos(|)cos([3—(|)):|. (2.62)
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Low g Approximate Solution

It is reasonable to approximate Equations 2.60 and 2.62 if the ratio of 8 to g is
greater than 5. The approximation is valid in low g circuits—those with relatively
small inductance and large resistance. In this case, the exponential terms in Equa-
tions 2.60 and 2.62 are essentially zero because ¢~ =0. If the approximation is
valid, Equation 2.60 simplifies to

sin(B—¢)=0, (2.63)
and Equation 2.62 reduces to
I, = Vi [1~cos¢cos([3—q))]. (2.64)
2R

The solution to Equation 2.63 that applies to the low g circuit is
P=0+m. (2.65)
Substitution of Equation 2.65 into Equation 2.64 yields the approximate aver-
age current expression

I =2‘:t—“}e[l+cosq)]. (2.66)

Example 2.5 compares the approximate and exact solutions for the average
current.

ExampLE 2.5

Find the average load current of a half-wave rectifier with R-L load if R = 5 Q and
(a) L =10 mH and (b) L = 100 mH. The source voltage is 120 VAC at 60 Hz. De-
termine if the approximation is valid for each case of inductance.

Solution

Part (a): L = 10 mH. If the approximation is valid, then

Ezq”-_nzs_
q q
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From the source frequency and the component values, the quality factor is de-
termined to be

ol  (120m)(0.01)

=% =

0.75,

and the angle ¢ is
¢ =arctan(q) = arctan(0.75) = 0.65.
With these values of g and ¢, the ratio of S to q is

o+m  0.65+m
qg 075

=5.02.

The approximation is thus valid, and the approximate average load current is

12042

"/m —
I, = ﬁ[ 1+cos | e [1+cos(0.65)]=9.72 A.

The solution from Equations 2.60 and 2.62 is 9.70 amperes.

Part (b): L = 100 mH. The ratio of f§to q in this case is (¢+T[) /q=0.61. The
approximation is therefore not applicable. The solution for 3 from Equation 2.60 is
5.11 radians, and the average load current computed from Equation 2.62 is 3.32 A.

Conclusion

The relatively large inductance of 100 mH substantially limits the average load
current.

EXERCISE 2.5

A 240 VAC, 60 Hz source supplies a half-wave rectifier with R-L load. The load re-
sistance is 10 Q. On the assumption that the approximation is valid, find the value
of L that produces an average load current of 10 A. Is the assumption valid?

Answer

L = 16.4 mH; the approximation is valid.




Fundamentals of Power Electronics with MATLAB

Power Computations and Efficiency

The diode dissipation is the product of the forward voltage and the average current:

Poio = Z;tv; [ sinqu( I—G_W‘T) +c0s” O—cos q}cos(ji—tb)]. (2.67)

Since there is only one diode, the circuit efficiency is computed with Equation
2.10.

Although it is a straightforward process to derive the expressions for RMS
source current, the apparent power and its three components, and the power factor
and its two components, the equations that result are of such algebraic complexity
as to limit their utility. In lieu of derivations, a numerical approach is preferable to
make the power computations more tractable. The next example illustrates the nu-
merical integration approach to power calculations.

EXAMPLE 2.6

Use MATLAB to perform the power computations for a half-wave rectifier with
R-L load with circuit parameters V, = 120 VAC, f = 60 Hz, R =25 Q, L = 50 mH,
and V;= 1.2 V. Is it possible to improve the circuit power factor with shunt capac-
itance?

Solution
The solution is given by the code in Listing 2.4. The program is available as Exam-

ple2_6.m under Chapter 2\Examples and Listings.

LISTING 2.4 Power Computations for the Circuit in Example 2.6

close all, clear all, clc

Vs = 120;

Vm = 120*sqrt(2);
f = 60;

T = 2%*pi;

W o= 2*%pi*f;

R = 25;

L = 0.05;

q = W*L/R;

phi = atan(q):

beta = betasolv(qg);

theta = linspace(0, beta, 1000);

Ith = Vm/R*cos(phi)*(sin(phi)*exp(-theta/q) + sin(theta - phi));
Is = sqrt(1/T*trapz(theta, Ith."2));
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al = 2/T*trapz(theta, Ith.*cos(theta));
b1 = 2/T*trapz(theta, Ith.*sin(theta));

Is1 = sqgqrt((a1"2 + b1°2)/2);

S = Vs*Is

P = Vm*b1/2

Q = -Vm*ail/2

D = Vs*sqrt(Is~2 - Is1°2)
pf = P/S

ph1 = atan(al/b1);
DPF = cos(ph1)
DF = Is1/Is

Conclusion

Diode Rectifier Circuits

The computations produced by the code in Listing 2.4 are

L..=2.90A
S =347 VA
P=210W
Poio=233W
Q=124 VAr
D =248 VAd
pf=0.60
DPF = 0.86
DF=0.70

1 = 98.9%.

The RMS current and fundamental sine and cosine coefficients are quite easily
computed with trapz. Since the reactive volt-amperes are positive, the power factor
can be improved with shunt capacitance; however, the improvement is slight be-
cause of the significant amount of VAd. The efficiency is high because of the large
difference between the peak source voltage and the diode forward voltage. In spite
of the high efficiency, the diode dissipation is significant and the device may require

thermal management.

EXERCISE 2.6

Compute the value of shunt capacitance that corrects the displacement factor in
Example 2.6 to unity. Compute the improved power factor.
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Answers
C=23puFand pfz 0.65.

Full-Wave Rectifier with R-L Load

The FW rectifier circuit with R-L load is shown in Figure 2.13.

v(0)=V, sinl@) @

R

FIGURE 2.13 FW rectifier with R-L load.

The differential equation and general solution for the current of the FW circuit
are the same as those of the HW circuit; however, boundary conditions apply rather
than initial conditions. Because of the periodic and continuous nature of the cur-
rent in the FW circuit, the boundary conditions are

i(0) =1(m). (2.68)

Application of the boundary conditions to Equation 2.56 yields the relationship
Vm . -1/ Vm .
A[}+?cos¢sm(—¢)=A{,e J+?COS¢SIH(T[—¢). (2.69)

The solution of Equation 2.69 for A, is

2V ;
—Mcosq]smql (2.70)

A= =
R(1—e™™T)

Substitution of Equation 2.70 into Equation 2.56 yields the complete response
for the load current of the FW rectifier circuit:

i(e):Vi[us’inime_ﬁ“r‘Mcoqusin(B—(b)}. (2.71)

_ e—‘.ﬂf:] )
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The normalized load current relative to the rectified source voltage is plotted in
Figure 2.14

wia)

ils)

0 n 2n

FIGURE 2.14 Load voltage and current of the FW rectifier
with R-L load.

Fortunately, there is a direct way to obtain the DC component of the load cur-
rent without the need to integrate Equation 2.71. The voltage across the R-Lload is
the FW rectified sine-wave, the average value of which is expressed by Equation
2.32. Since the inductor is a short circuit to the DC component, the average voltage
appears directly across the resistance; the average current, therefore, is expressed by
Equation 2.33, the diode dissipation by Equation 2.6, and the efficiency by Equa-
tion 2.39.

Power Computations

As demonstrated in Example 2.6, the power computations are readily performed by
numerical integration in MATLAB. The next example illustrates the power com-
putations for the FW rectifier with R-L load.

ExampPLE 2.7

Use MATLAB to perform the power computations for the FW rectifier with R-L
load with circuit parameters V, = 6.3 VAC, f= 60 Hz, R=2 Q, L = 50 mH, and
V;= 0.7 V. Can the power factor of the circuit be improved with shunt capacitance?
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Solution

= The solution is provided by the code in Listing 2.5. The program is available as
owmeco Example2 7.m in Chapter 2\Examples and Listings on the CD-ROM.

LISTING 2.5 Solution to Example 2.7

close all, clear all, clc
Vs = 6.3;

Vs*sqrt(2);

0.7;
VT /Vm;

B60;
= pij;

2*pi*f;

2

0.05;
w*L/R;
phi = atan(q);
th = linspace(0, pi, 1000);

Ith = Vm/R*(sin(2*phi)/(1 - exp(-pi/qg))*exp(-th/g) + ...

cos(phi)*sin(th - phi)};

Is = sqrt(1/T*trapz(th, Ith."2))
al 2/T*trapz(th, Ith.*cos(th));
b1 = 2/T*trapz(th, Ith.*sin(th));
Is1 = sqrt((alt"2 + b1°2)/2);
S = Vs*ls
P = Vm*b1/2
Pdio = Vm*Vf/(pi*R)
Q= -Vm*al/2
D = Vs*sqrt(Is~2 - Is1°2)
pf = P/S
ph1 = atan(ail/bt);
DPF = cos(ph1)
DF = Isi1/Is
eta = 1/(1 + 8/pi*y/(1 - 2*%y))

= =

- 3
1

non

]

]

]

O F 3D E - -hi<
[}

]

n o

I

|

Conclusion

The results of the computations performed by the code in Listing 2.5 are as follows:

Lo.=2.84A
S=17.9VA
P=161W
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Ppio=0.99 W
Q= 0.40 VAr
D =17.76 VAd
pf=0.90
DPF =1.00
DF = 0.90

1 = 80.8%.

The positive VAr indicates that power factor improvement is possible; how-
ever, Q is practically zero and the displacement factor is unity to 3 significant dig-
its. The PFC capacitor is virtually ineffective for this circuit example.

Exercise 2.7
Compute the shunt capacitance for Example 2.7. What is the percent improve-

ment in the power factor with this capacitor?

Answers
C = 27 uFE. The power factor improvement is only 0.025%.

HW Battery Charger with Series Resistance

The simplest battery charging circuit is the HW rectifier. The resistance modeled in
the circuit includes the internal resistance of the battery and the secondary winding
resistance of the supply transformer. The HW battery charger with series resistance
is shown in Figure 2.15.

v.(8)=V, sin(@)

0

@ i(#)

FIGURE 2.15 HW battery charger with series
resistance.
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Application of Kirchhoff’s voltage law around the circuit loop of Figure 2.15 re-
sults in

Vi sin@= Ri(0)+V,,. (2.72)

The solution of Equation 2.72 for the instantaneous current is

. Vm . Vb
B)=—sinB——.
i(0) 7 Smb-— (2.73)

The normalized load voltage and load current are illustrated in Figure 2.16.

vi(g)

i)

Q By By n 2z

FIGURE 2.16 Battery current of the HW charger with series
resistance.

As shown in Figure 2.16, the diode does not conduct current until the source
voltage exceeds the battery voltage. With Equation 2.73 set to zero, the solution for
the angle at which the diode becomes forward-biased is

0, =a1‘csin(£]. (2.74)

By symmetry, the angle at which the diode becomes reverse-biased is

0,=n—-6,. (2.75)
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Average Battery Current

Application of the average value integral to Equation 2.73 yields the average battery
current:

T—

)
| [Vasin0-v, Jde.
By

I
* " anR

Evaluation of the average value integral yields

1 T
[bzﬁ[vmcosel—lfb[z—ﬁt]]. (276)

The power absorbed by the battery is the product of the battery voltage and the
average current:

Vi T
Ph=§|iVmL‘0591—Vb[E—BL]:|- (2.77)

The battery current also flows through the diode; the diode power dissipation,
therefore, is

V b
PDIO=ﬁ[VmCOSBath(E—9| )] (2.78)

In the circuits previously considered, the resistance in the circuit was contained
entirely in the load. In the HW charger, the series resistance models the losses in the
circuit and thus affects the circuit efficiency. Equation 2.10 is readily modified to
include the ohmic losses of the HW charger:

B

G ——
Pb+PR+PDI(‘J

(2.79)

Power Computations

The power computations for the HW charger are illustrated in the next example.

ExampPLE 2.8

Use MATLAB to perform the power computations for the HW battery charger
with circuit parameters V, = 75 VAC, f = 60 Hz, R = 0.7 Q, V}, = 90 VDC, and
V,=1.2V.
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Solution

The solution is provided by the code in Listing 2.6. The program is available as

ovmece  Example2_6.m in Chapter 2\Examples and Listings on the CD-ROM.

LISTING 2.6 Solution to Example 2.8

close all, clear all, clc

Vs = 75;

vm Vs*sqrt(2);

Vb = 90;

Vf = 1.2;

f = 60;

T = 2%pi;

w = 2*pi*f;

R = 0.7;

th1 = asin(Vb/Vm);

th2 = pi - thi;

th = linspace(tht, th2, 1024);
Ith = Vvm/R*sin(th) - Vb/R;

Is sqrt(1/T*trapz(th, Ith."2))
Ib = 1/(pi*R)*(Vm*cos(th1) - Vb*(pi/2 - tht))
al = 2/T*trapz(th, Ith.*cos(th));
b1 2{T*trapz(th, Ith.*sin(th));
Is1 = sqrt((a1"2 + b1°2)/2);

5 = Vs*Is

P = Vvm*bi1/2

Pdio = Vf*Ib

Q = -Vm*at/2

D = Vs*sqrt(Is~2 - Is1"2)

pf = P/S

ph1 = atan{al/bt);

DPF = cos(ph1)

DF = Is1/Is
Pr = Is"2*R
Pb = Vb*Ib

eta = Pb/(Pb + Pr + Pdio)

Conclusion

The results produced by the code in Listing 2.6 are as follows:

L..=7.04A

L, =270 A
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S=528 VA
P=278W
Ppio=3.24 W
Q=0

D =449 VAd
pf=0.53
DPF =1
DF = 0.53

n = 86.5%.

The average power computed is the sum of the power dissipated in the series
resistance (34.6 W) and the power absorbed by the battery (243 W) and represents
the power delivered by the source. The power factor cannot be improved with
shunt capacitance because the reactive power is zero. The poor power factor is due
entirely to current harmonics above the fundamental.

EXERCISE 2.8

Derive the efficiency expression for the HW charger in terms of the series resistance
and the battery and diode voltages.

Answer
Vi,
n= 3 .
Vb +IﬁM5R}f{b +Vf

Full-Wave Battery Charger with Series Resistance

The FW battery charger with series resistance is illustrated in Figure 2.17.

v.(@)=V_ sin(@)
S

D4 D3

i

FIGURE 2.17 FW battery charger with series resistance.




98 Fundamentals of Power Electronics with MATLAB

The instantaneous battery current of the FW charger is expressed by the same
equation as the HW charger; the difference, however, is that the current of the FW
circuit has period m rather than 2m. The battery current is plotted in Figure 2.18
along with the FW rectified source voltage.

wig)

i)

0 n 2n
a, o, By + 6+ n

FIGURE 2.18 Instantaneous battery current of the FW
charger with series resistance.

With a period of m, the average battery current of the FW charger is twice that

of the HW charger:
2 T
I, =—| Vy,cos0, -V, | —0, ||. 2.80
b ‘.IIR|: cosB; =V, [ 5 L]] (2.80)
The power absorbed by the battery is thus twice that of the HW charger:

2V T

Pb:—h|:vm(:0591 —Vb[——ﬁlﬂ- (2.81)
TR 2

The diode dissipations of the FW charger are expressed by Equation 2.78
because the period of the diode currents is 2. Equation 2.79 is readily modified to
include the losses of the additional diodes of the FW circuit:

B

I T— (2.82)
B+ P +4Py0

n
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Power Computations

The next example illustrates the power computations for the FW charger with series
resistance.

EXAmMPLE 2.9

Write a MATLAB program to compute the power and related functions for a full-
wave charger with circuit parameters V, = 75 VAC, f= 60 Hz, R = 0.7 Q, V};, = 90
VDC, and V;= 1.2 V.

Solution

The solution is provided by the code in Listing 2.6 with the period T changed to
1t and the average battery current and efficiency computations modified in accor-
dance with Equations 2.80 and 2.82, respectively.

Conclusion

The results produced by the modified code are as follows:

L..=9.95A
I, =540 A

S =746 VA
P=556W
Ppo=3.24 W
Q=0

D =498 VAd
pf=0.74
DPF=1
DF=0.74

1 = 85.5%.

A comparison of the computations in Example 2.9 with those of Example 2.8
shows that the source power of the FW charger is indeed twice that of the HW
charger. The series resistance dissipation is also doubled (69.3 W), as is the battery
power (486 W).

Although the circuit power factor cannot be improved with shunt capacitance
(Q = 0), the power factor of the FW circuit is significantly better than that of the
HW circuit.
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EXERCISE 2.9

Determine the RMS source voltage required to charge a 144 VDC battery pack with
a series resistance of 0.3 Q at a rate of 20 A. If this voltage is supplied by a trans-
former, what is the kilovoltampere (kVA) rating?

Answers
V,=120and 5 = 4.5 kVA.

HW Battery Charger with Series R-L Impedance

As demonstrated earlier, a physical power circuit has sufficient inductance to affect
the source current waveform. The HW charger with series R-L impedance is illus-
trated in Figure 2.19.

v,(0)=V, sin(@) =
9 o)

il

FIGURE 2.19 HW charger with series R-L impedance.

The summation of voltages around the output loop of the circuit in Figure 2.19
yields the first-order differential equation

v,,,sinesz+ij—;+vh. (2.83)

In terms of the inductor quality factor, Equation 2.83 is expressed as

LI WT (2.84)
d9 g gR qR

By the principle of superposition, the complete response of Equation 2.84 is
Equation 2.56 minus the battery current:

i(@):Aﬂc_w"+%cos¢sin{9—¢)—%. (2.85)
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As with the other battery chargers, current does not conduct through the cir-
cuit until the source voltage exceeds the battery voltage. The initial condition,
therefore, is

i(6,)=0, (2.86)

in which 8, is expressed by Equation 2.74. Application of the initial condition to
Equation 2.85 yields the expression

V, V
Age™1 4 fcos Osin(0;, —)— Eb =0,
for which the solution for A is
Vi V. )
A, :[f—?cosq)sm(ﬂj—{b):lee”q. (2.87)

Let the ratio of the battery voltage to the peak source voltage be defined as
y=— (2.88)

Substitution of Equations 2.87 and 2.88 into Equation 2.85 produces the expres-
sion for the instantaneous current of the HW charger with series R-1 impedance:

i(0)= "; {[ Y—cossin(8, —6) Je V7 4+ cos psin(6— 6)— 7}. (2.89)

The normalized instantaneous battery current is plotted in Figure 2.20 along
with the HW rectified source voltage waveform.

The instantaneous battery current is zero at the extinction angle 8,. Substitu-
tion of 6= 0, with Equation 2.89 set to zero, the extinction angle and cut-in angle
are related by

[ Y- cosdsin(0, —) |e™" = [ Y —cosdsin(6, —q:)]eﬂ”". (2.90)
The next example illustrates a numerical solution technique for Equation 2.90.

ExampLE 2.10

Modify the function in Listing 2.3 to compute the values of 8, and 8, from g and ¥.
Use the function to compute the values of 6, and 8, for a half-wave charger with
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FIGURE 2.20 Battery current of the HW charger with
series R-L impedance.

circuit parameters V, = 120 VAC, f= 60 Hz, R=1.5Q, L = 20 mH, and V}, = 90

VDC.

Solution

The solution is provided by the MATLAB code in Listings 2.7 and 2.8. The function
(< inListing 2.7 is available as th12solv.m in Chapter 2\Toolbox on the CD-ROM. The
ONTHEC®  code in Listing 2.8 is contained in file Example2_10.m in Chapter 2\Examples and

Listings.

LISTING 2.7 Function to Compute 6, and 6, from g and y

function [th1, th2] = thi2solv(qg, gma)

phi =
LHS
thtl =
th2 =
inc =

]

atan(q);
13
asin(gma
pij

pi/2;

)i

while(abs(LHS) > 1E-6),

LHS = (gma - cos(phi)*sin(th1 - phi))*exp(th1/q) -
{gma - cos(phi)*sin(th2 - phi))*exp(th2/q);
if LHS > 0,

tha =

th2 + inc;
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else
th2 = th2 - inc;
inc = inc/2;
th2 = th2 + inc;
end

end

LISTING 2.8 Solution to Example 2.10

close all, clear all, clc

Vs = 120;

vm = Vs*sqrt(2);
f = 60;

w = 2*pi*f;

R = 1.5;

L = 0.02;

Vb = 90;

q = W*L/R;

phi = atan(q);
gma = Vb/Vm;

[th1, th2] = th12solv(qg, gma)

Conclusion

The function is readily modified to add additional input and output arguments and
to include the coded forms of Equations 2.74 and 2.90. The eighth line of the list-
ing makes use of the ellipses (...) to continue the lengthy expression onto the next
line. The output of the program in Listing 2.8 is 8, = 0.56 radians and 6, = 3.56
radians.

EXerciSE 2.10

Use trapz and Equation 2.89 to compute the average battery current of the circuit
in Example 2.10.

Answer
I, =3.14 A.

Average Battery Current

Application of the average value integral to Equation 2.89 results in

B
1% Ve : —(o-6.)q , Vm . Vi
Iy = 27[]{[ = wslbsm(@.—q))}e + = cos(sin(0—¢)— B }dﬁ. (2.91)

L
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The solutions to the integrals of Equation 2.91 are as follows:

8,
[ errae= q[ g -““f]. (2.92)
8
8;
[ sin(0-0)d0 = cos(6, ~)—cos(8, o). (2.93)
8
61
[do=6,-0,. (2.94)

8

The difference between the angles at which the diode begins and ceases to con-
duct is called the conduction angle:

BL- 292—‘91. (295)

With Equations 2.92 to 2.95, the average battery current is expressed as

I, = ;:t—mR{ q[ Y —cosdsin(0, ~¢]] [ 1- e"a‘“"f] + cosql[ cos(el —{D)—cus(ﬁz —¢)] -0, } (2.96)

Equation (2.96) is admittedly complicated; however, MATLAB makes the com-
putation tractable.

ExampLE 2.11

Determine the RMS source voltage required to supply 10 A to the battery in Example
2.10.

Solution

While it is possible to write a program to solve Equation 2.96 iteratively for V,,, a
different approach is presented in this example. Often a solution is obtained much
faster with a program that simply performs a calculation with an estimate of the un-
known value. The estimate is refined and the program is executed repeatedly until
the desired results are obtained. The solution code for this example appears in List-
ing 2.9 and is available on the CD-ROM as Example2_11.m in Chapter 2\Examples
and Listings.
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LISTING 2.9 Program to Compute Average Battery Current from Equation 2.96

close all, clear all, clc

Vs = 190;

vm = Vs*sqrt(2);
f = 60;

w = 2*%pi*f;

R =1.5;

L = 0.02;

Vb = 90;

q = W*L/R;

phi = atan(q);
gma = Vb/Vm;

[th1, th2] = th12solv(g, gma);

the = th2 - thi;

Ib = Vm/(2*pi*R)*(g*(gma - cos(phi)*sin(th1 - phi))*...
(1 - exp(-thc/qg)) + cos(phi)*(cos(th1 - phi) - .
cos(th2 - phi)) - gma*thc)

Conclusion

With the program in Listing 2.9, the required RMS source voltage that produces a
10 A battery current is readily found to be 190 VRMS.

Exercise 2.11

Modify the code in Listing 2.9 to solve for V, iteratively given the value of battery
current I,

Diode Dissipation and Efficiency

Since the diode and battery current are the same, the diode dissipation is simply the
product of the forward voltage and the average battery current expressed by Equa-
tion 2.96. Furthermore, the efficiency of the HW charger with series R-L impedance
is computed with Equation 2.79 since no power is absorbed by the inductance.

Power Computations

The next example illustrates the power computations for the HW charger with series
R-L impedance.
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ExampLE 2.12

Write a MATLAB program to perform the power computations for the HW
charger with series R-1 impedance with the circuit parameters of Example 2.10. Is
it possible to improve the power factor with shunt capacitance?

Solution

The solution is provided by the MATLAB code in Listing 2.10 and is available on
the CD-ROM as Example2_12.m in Chapter 2\Examples and Listings.

LISTING 2.10 Power Computations for the HW Charger with Series R-L Impedance

close all, clear all, clec

T:= 2%pi}

Vs = 120;

vm = Vs*sqrt(2);
f = 60;

w = 2*pi*f;

R = 1.5;

L = 0.02;

Vb = 90;

q = W*L/R;

phi = atan(q);
v = Vb/Vm;

[th1, th2] = th12solv(g, v);

th = linspace(th1, th2, 1024);

Ith = VYm/R*{(v - cos(phi)*sin(th1 - phi))*exp(-(th - th1)/q) + ...
cos(phi)*sin(th - phi) - v);

Ib = 1/T*trapz(th, Ith);

Is sqrt(1/T*trapz(th, Ith."2))

al = 2/T*trapz(th, Ith.*cos(th));

|

b1 = 2/T*trapz(th, Ith.*sin(th));
5 = Vs*Is
P = Vm*b1/2

Q= -Vm*at/2

Is1 = sqrt((al"2 + b1°2)/2);
D = Vs*sqrt(Is*2 - Isi1"2)
ph1 = atan(al/b1);

pf = P/S

DPF = cos(ph1)

DF = Is1/Is
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Conclusion
The results produced by the code in Listing 2.10 are as follows:

L=531A
S=637 VA
P=325W
Q=303 VAr
D =457 VAd
pf=0.51
DPF=0.73
DF = 0.70.

The positive value of Q indicates that shunt capacitance will improve the power
factor; however, the distortive volt-amperes are greater than both the real and re-
active powers. The poor power factor is largely due to current harmonics.

EXERCISE 2.12
Compute the shunt capacitance required to neutralize the reactive power in Exam-

ple 2.12. Compute the improved power factor.

Answers
C=55.7uF and pﬁ; =(.58.

FW Battery Charger with Series R-L Impedance

The FW charger with series R-L impedance is the most common battery charger
configuration. The circuit is more costly but offers greater charging currents and
better power factors. The circuit is illustrated in Figure 2.21.

The differential equation and general solution for the FW charger current are
the same as for the HW charger; however, there are two modes of operation for this
circuit. If the inductance is of sufficient magnitude to sustain the current flow
throughout the first half-cycle of the source, then the battery current is continuous.
If the inductance is not large enough, or if the battery voltage exceeds a certain
threshold, the current becomes discontinuous.
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v(0)=V1, sinl@)
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FIGURE 2.21 FW charger with series R-L impedance.

Continuous Conduction Mode (CCM)

When the battery current is continuous, the voltage across the combined R-L-V},
load is the FW rectified sine-wave with an average value computed with Equation
2.32. The average resistor voltage is the difference between this average value and
the battery voltage:

2V
VRzT_Vb- (2.97)

Therefore, the average current that charges the battery is

Ve, V4
h=—"—— 2.98
b= TR (2.98)

Instantaneous CCM Current

In CCM, the boundary condition i(0) = (1) must be satisfied. Substitution of 8=0
into Equation 2.85 yields the expression

- Vm . vb
i(0)=Ay———cospsinp——.
(0) 0 =g Cosfsing——p (2.99)
Similarly, substitution of 8= yields
V, V
i(n):Aﬂe_"’r"+§cos¢sin¢—?b. (2.100)

Application of the boundary condition to Equations 2.99 and 2.100 produces
the expression
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V V
A{]_?mcosq)sjnq):A_ne_mq+?mcos¢sil‘lq). (2.101)

The solution of Equation 2.101 for A, is

Vi sin2¢
R l_e—ru‘q i

Ay = (2.102)

Substitution of Equation 2.102 into Equation 2.85 yields the instantaneous
continuous current of the FW charger with R-L impedance:

i(e}zﬁl:L?qze_ﬁm+cos¢sin(8—¢)—y:|. (2.103)
R|1-¢™1

The normalized continuous current is plotted in Figure 2.22 along with the FW
rectified source voltage.

n 2n

FIGURE 2.22 Continuous current of the FW charger with R-L
impedance.

Diode Dissipation and Efficiency

The diodes in the FW charger have the same duty ratio as the HW charger. The
average diode current, therefore, is half the average battery current expressed by
Equation 2.101. Consequently, the diode dissipation is
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Vf vm Vf i"fb

Dl —
Do R R

(2.104)

The losses of the FW charger occur in the four diodes and the series resistance.
The efficiency, therefore, is expressed as

b

= (2.105)
Pb+PR +4PDI()

n

Power Computations

The power computations for the FW charger with series R-L impedance are illus-
trated in the next example.

ExampLE 2.13

Compute the source power and related power functions for a full-wave charger
with R-L impedance with continuous battery current and with circuit parameters
as in Example 2.12.

Solution
The solution is provided by the code in Listing 2.11 and is available as Example2_13.m
in Chapter 2\Examples and Listings on the CD-ROM.

LISTING 2.11  Power Computations for a CCM FW Charger with Series R-L Impedance

close all, clear all, clec

T = pi;
Vs = 120;

vm = Vs*sqrt(2);
Vb = 90;

f = 60;

w = 2*%pi*f;

L = 0.02;

R = 1.5;

q = W*L/R;

phi = atan(q);

v = Vb/Vm;

th = linspace(0, pi, 1024);
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Ith = vm/R*(sin{2*phi) /(1 - exp(-pi/q))*exp(-th/qg) + ...

cos(phi)*sin(th - phi) - v);
Is = sqrt(1/T*trapz(th, Ith."2))
S = Vs*Is

al = 2/T*trapz(th, Ith.*cos(th));
b1 = 2/T*trapz(th, Ith.*sin(th));
P = Vm*bi1/2

Q = -Vm*al/2

Is1 = sqrt((at1"2 + b1°2)/2);

D = Vs*sqrt(Is~2 - Is1"2)

pf = P/S

ph1 = atan(al/b1);

DPF = cos(ph1)

DF = Is1/Is

Conclusion

The results produced by the code in Listing 2.10 are as follows:

L=125A
$=1.50 kVA
P=132kW
Q=358 VAr
D=621VAd
pf=0.88
DPF = 0.96
DF = 0.91.

The results show that the power factor of the FW circuit is much better than
that of the HW circuit. Power factor improvement is possible with shunt capaci-
tance; however, as with the HW charger, the source current has appreciable har-
monic content.

EXERCISE 2.13

Compute the power absorbed by the battery and the power dissipated in the series
resistance of the circuit in Example 2.13. Compute the diode dissipation for a for-
ward voltage of 1.1 V, the shunt capacitance required to neutralize the reactive
power, and the improved power factor.
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Answers

P, = 1.08 kW
Pr=234W
Poo=66W
n=281%

C =66 UF
pf=0.90.

Discontinuous Conduction Mode (DCM)

If the inductance is insufficient to sustain the battery current up to the next half-
cycle of the source voltage, the FW rectifier becomes reverse-biased and the battery
current becomes discontinuous. The initial condition in this case is the same as that
of the HW charger, and the instantaneous battery current is expressed by Equation
2.89 with a period of m.The average battery current of the FW circuit is thus twice
that expressed by Equation 2.96:

Vin

i =
l’rtR

{q[ ¥ —cosdsin(8, —¢)] [ I-E'"“‘”’] + c05¢[ cos(ﬁl ~¢|)~c0.5(91 ut])]] - YBL}- (2.106)

When the current is discontinuous, the voltage across the R-L-V}, load is no
longer the FW rectified sine waveform. During the conduction interval, the output
voltage is the sum of the battery voltage and the voltages across the resistor and the
inductor. When the diode bridge is reverse-biased, the battery current is zero and
the output voltage is equal to the battery voltage. The output voltage of the rectifier
in DCM is thus

di(e
v(ﬁ)zi(B)R+mL%+Vb, B, <6<0, (2.107)
and
v(@)=V,, 0<0<0, and 8, <O<O,+T. (2.108)

Substitution of Equation 2.89 and its derivative into Equation 2.107 yields the
output voltage expression during the conduction interval:

v(0)=V,, cosdsin(0—0)+V,, sind cos(6-¢), 6, <6<0,. (2.109)

The normalized rectifier output voltage waveform and the discontinuous bat-
tery current are plotted in Figure 2.23.
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FIGURE 2.23 Rectifier output voltage with discontinuous battery
current.

The CCM and DCM circuit operations are both advantageous modes for charg-
ing batteries. In CCM the average battery current is larger than in DCM and thus
more charge is delivered to the battery. As the battery voltage increases as charge ac-
cumulates in the battery, the charger moves into DCM operation when the battery
voltage exceeds the average value of the FW-rectified sine-wave. In DCM, because
the rectifier bridge is periodically reverse-biased, the conduction angle is shorter
and results in reduced average battery current. As the battery voltage continues to
increase, the conduction angle further decreases and reduces the average battery
current even more. The move from CCM to DCM thus performs charge regulation.

ExAampPLE 2.14

A certain 12 V battery has a terminal voltage of 10 V when fully discharged and a
full-charge voltage of 13.5 V. A battery pack is constructed of 12 of these batteries
in series. If the rectifier supply voltage is 120 VAC, compute the average battery cur-
rent at both the fully discharged and fully charged states. The series resistance is 0.3
Q, and the series inductance is 0.25 mH.

Solution

The average value of the rectified sine-wave is approximately 108 V. The terminal
voltage of the discharged battery pack is (12)(10) = 120 VDC; the voltage of the
fully charged pack is (12)(13.5) = 162 VDC. Since the pack voltage is always greater
than the average value of the rectified sine-wave, the charger always operates in
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DCM. The code that performs the average battery current computation is shown in
( < _ Listing 2.12 and is available on the CD-ROM as Example2_14.m in folder Chapter
ovmee  2\Examples and Listings.

LISTING 2.12 Average Battery Current Computation for Example 2.14

close all, clear all, clc

T = pi;

Vs = 120;

Vm = Vs*sqrt(2);
Vb = 120;

f = 60;

w = 2%pi*f;

L = 0.25E-3;

R = 0.3;

q = W*L/R;

phi = atan(q);
v = Vb/Vm;

[th1, th2] = th12solv(g, v);

thc = th2 - thi;

Ib = Vm/ (pi*R)*(q*{v - cos(phi)*sin(th1 - phi))* ...

(1 - exp(-thc/qg)) + cos(phi)*(cos(th1 - phi)-cos{th2 - phi)) -
v¥the)

Conclusion

The code in Listing 2.11 computes a value of 50 A for the average battery current
when the battery voltage is 120 VDC. At 162 VDC, the average battery current is 2.4
A. The inherent current tapering is a very cost-effective method of charge control.

It is generally desirable to charge a depleted battery at a high rate to hasten the
charging process and then gradually taper the current to near zero toward the end
of the charging cycle.

EXErciSE 2.14

Compute the average battery current of the discharged battery pack if the series in-
ductance is L = 1 mH.

Answer
Ih = 32 A

Power Computations

The next example illustrates the power computations for the DCM charger.
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ExampLE 2.15

Write a MATLAB program to perform the power computations for the FW DCM
charger with the circuit parameters from Example 2.10. Is it possible to improve the
power factor with shunt capacitance?

Solution

The solution code is given by Listing 2.9, with the period T changed to . The mod-
ified code is available as Example2_15.m in Chapter 2\Examples and Listings on the
CD-ROM. The computed results are as follows:

I.=751A
§=901 VA
P=649W
Q=605VAr
D=155VAd
pf=0.72
DPF=0.73
DF=0.99.
Conclusion

The division of the period by 2 results in a doubling of the real and reactive powers
as computed in Example 2.12. The increased conduction time provided by FW
rectification reduces the VAd content and improves the power factor. The large
positive VAr component makes the circuit an excellent candidate for power factor
improvement with shunt capacitance.

EXerciSE 2.15

Compute the power absorbed by the battery and the power dissipated in the series
resistance of the circuit in Example 2.15. Compute the diode dissipation and the
circuit efficiency for a forward voltage of 0.8 V. Compute the shunt capacitance to
neutralize the reactive power along with the improved power factor.

Answers

P,=565W
Py =845W
Ppio=25W
n=_86%
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C=111pF
pfe=0.97.

RECTIFIER CIRCUITS WITH LOAD CAPACITANCE

The rectifier circuits considered thus far are largely used in applications where the
average current is of interest; the average voltage is of secondary interest. The battery
charger is the best example because the average current contributes charge to the
battery.

When an average voltage is of primary importance, a filter capacitance is placed
in parallel with the resistive load to smooth the output voltage variations and in-
crease the average output voltage. The resistive-capacitive (R-C) load behaves
somewhat like the battery in the charger circuits in that the rectifier is periodically
reverse-biased.

HW Rectifier with R-C Load

Figure 2.24 shows the HW rectifier with resistive load with a capacitor filter.

i

bt b
v,(0)=1, sin(@) l é o
@ k-5

FIGURE 2.24 HW rectifier with R-C load.

Source Current

When the source voltage exceeds the capacitor voltage, the diode is forward-biased
and the source current flows into the capacitor and the resistor. When the source
voltage falls below the capacitor voltage, the diode becomes reverse-biased and the
source is disconnected from the load. The capacitor then discharges into the load
resistance until the capacitor voltage is exceeded once again by the source voltage.
The HW rectified source, the source current, and the output voltage are plotted in
Figure 2.25.

As shown in Figure 2.25, the output voltage follows the source voltage during
the interval 6, £0<0,, while the diode is forward-biased. When the source cur-
rent is interrupted, the output voltage exponentially decays until the start of the
next source cycle.
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FIGURE 2.25 Output voltage of the HW rectifier with R-C load.

With reference to Figure 2.24, the source current is expressed as the sum of the
capacitor and resistor currents:

i'.szic+i'.R. (2.110)

Substitution of the respective current expressions into Equation (2.110) yields
the differential equation

dvo(9)+ vo(8)

,(0)=0C 2.111
(6) 0 R ( )
While the diode is forward-biased, the output voltage is

Vo(0)=VusinG, 6, <0<6,. (2.112)

Substitution of Equation 2.112 into Equation 2.111 results in the expression for
the source current while the diode is forward-biased:

V
f,.(B):mCVmcosE}+?msin9, 0,<6<0,. (2.113)

The quality factor of the capacitor is defined as

4= RC. (2.114)
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In terms of the capacitor quality factor, the instantaneous source current is
. 1/m .
15(6):?[qc038+5m9], 8, <6<0,. (2.115)
The source current is zero at 8 =6, when the diode is reverse-biased:
Vin -
?[ qcosB, +sinB, :|=0. (2.116)

As indicated in Figure 2.25, angle 6, lies in the second quadrant. Therefore, the
solution to Equation 2.116 for 6, is

0, = w—arctan(q). (2.117)

Output Voltage

As expressed by Equation 2.112, the output voltage follows the sinusoidal source
voltage while the diode is forward-biased. When the diode is reverse-biased, the
source current is interrupted and Equation (2.111) becomes

dv,(0)  v,(6)
T-'-—q =0. (2.118)

The general solution to Equation 2.118 is

vy (0)= Ae™. (2.119)

The initial condition for Equation 2.119 is provided by Equation 2.112 with
0= ea .

Vi sin®, = Ae™*. (2.120)
The solution of Equation 2.120 for A is
A=V,e*"5ind,. (2.121)

Substitution of Equation 2.121 into Equation 1.119 yields the expression for
the output voltage while the diode is reverse-biased:

Vo(0) =V, sin(0,) e %", 9, <0<0,+27. (2.122)
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Cut-in and Cut-out Angles

As indicated in Figure 2.25, the output voltage expressed by Equation 2.122 is equal
to that expressed by Equation 2.112 when 6 =6, +2m:

Vo sin(eg)e_w'”“_e-'”q =V, sin(Bl + 2fr). (2.123)

A simplification and rearrangement of Equation 2.123 relates the cut-in angle
6, to the cut-out angle 6,:

e[eg—znuq sin@, = M 6in 9,. (2.124)

Equation 2.124 is another transcendental equation that must be solved
numerically.

ExampPLE 2.16

Modify the function in Listing 2.3 to solve Equation 2.124 for 6,.

Solution

The solution code is provided in Listing 2.13 and is available on the CD-ROM as
th12hwrc.m in Chapter 2\Toolbox.

LISTING 2.13 Function to Solve Equation 2.122 for the Cut-in Angle

function [th1, th2] = thi2hwrc(q)
th2 = pi - atan(q);

LHS = 1;
th1 = 0;
inc = pi/4;

while(abs(LHS) > 1E-6),
LHS = exp((th2 - 2*pi)/q)*sin{th2) - exp(thi/qg)*sin(th1};

if LHS > 0,

th1 = th1 + inc;
else

th1 = th1 - inc;

inc = inc/2;

th1 = th1 + inc;
end

end
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Conclusion

The function begins the search for a solution at zero since 6, lies in the first quad-
rant. The function also returns the value of 6..

EXERCISE 2.16

A half-wave rectifier with R-C load is required to have a quality factor of 10. Com-
pute the capacitance and the conduction angle with a source frequency of 60 Hz
and a load resistance of 72 €.

Answers
C =368 uF and 8. = 59.6°.

Average Output Voltage and Ripple Voltage

As stated earlier, the purpose of the filter capacitor is to generate a DC output volt-
age with limited variation. Application of the average value integral to Equations
2.112 and 2.122 produces

6 0+2m
1 T
Vo=—| [ Vasin@do+ [ V,,sin(8,)e ") "do | (2.125)
2 By B

Evaluation of the integrals in Equation (2.125) yields the average output volt-
age expression

Vi [ ; —(2n-0,)/q
VO_E{ cos8, —cos 9, +qsm83[1—e ] } (2.126)

The ripple voltage is defined as the difference between the maximum and min-
imum values of the instantaneous output voltage. As illustrated in Figure 2.25, the
maximum output voltage is the peak value of the source voltage; the minimum oc-
curs at the cut-in angle. Thus, the expression for the peak-to-peak ripple voltage is

V, =V (1-sin, ). (2.127)
The next example illustrates an application of Equations 2.126 and 2.127.

ExampLE 2.17

Compute the average output voltage and the ripple voltage of the circuit in Exercise
2.16 if the peak source voltage is V,, =120v/2. Compare these values with those of a
half-wave rectifier with a resistive load, that is, the same circuit without the capacitor.
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Solution

) The solution code is provided in Listing 2.14 and as file Example2_17.m in folder
owmece Chapter 2\Examples and Listings on the CD-ROM.

LISTING 2.14 Solution to Example 2.17

close all, clear all, clc

Vm = 120*sqrt(2);

g = 10;

[th1, th2] = th12hwrc(qg);

Vr = V¥m*(1 - sin(tht))

the = th2 - thi;

Vo = Vm/(2*pi)*(cos(thi) - cos(th2) + ...
g*sin(th2)* (1 - exp(-(2*pi - thc)/q)))

Conclusion

The average output voltage with the capacitor in the circuit is 134 VDC; the ripple
voltage is 69.7 V. Without the capacitor, the average output voltage is only 54 VDC.
The capacitor thus greatly increases the DC component of the output voltage. The
ripple voltage of the circuit without the capacitor is equal to the peak source volt-
age (170 V) because the minimum output voltage is zero. The capacitor thus greatly
increases the DC component of the output voltage and significantly decreases the
output ripple voltage.

Exercise 2.17

For the circuit in Example 2.17, determine the value of capacitance required to pro-
duce an average output voltage of 150 VDC.

Answer
C=774 iE.

Diode Dissipation and Efficiency

Application of the average value integral to the source current yields the average
diode current:

19

.
By =£j?"‘[ qcosB+sin@ |de. (2.128)

1

Evaluation of the integrals in Equation 2.128 results in
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V,
I = ﬁ{ q[ sin®, —sin®, |+ cos®; —cosH, } (2.129)

Since the capacitor is modeled as ideal, the diode is the only loss element in the
circuit. The efficiency, therefore, is dictated by Equation 2.10 and the diode dissi-
pation is expressed by

ViV,
Poio = Zfrr; { q[sineg —sin81:|+c0581 —cos0, } (2.130)

Capacitor Ripple Current

In addition to the value of capacitance, the current handling capability of the filter
capacitor must be specified. The maximum RMS current specified for an electrolytic
capacitor is known as the ripple current rating. To determine the RMS capacitor cur-
rent, the instantaneous capacitor current is first formulated as:

o dv,(0)
ir(0)=0C n (2.131)

Substitution of Equations 2.112 and 2.122 into Equation 2.131 yields the ex-
pression for the instantaneous capacitor current:

%cos@, 0, <0<0,

ic(0)= - . (2.132)
—fsin(ez)e—“’-@f i 9,<0<0,+21

The normalized instantaneous capacitor current is plotted in Figure 2.26.

FIGURE 2.26 Instantaneous capacitor current.
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The next example illustrates the computation of the capacitor ripple current.

ExampLE 2.18

Write a MATLAB program to compute the capacitor ripple current of the circuit in
Example 2.17.

Solution

The solution program is provided in Listing 2.15 and as Example2_18.m in Chap-
ter 2\Examples and Listings on the CD-ROM.

LISTING 2.15 Program to Compute RMS Capacitor Current of the HW Rectifier
with R-C Load

close all, clear all, clc
T = 2*pi;

Vs = 120;

Vm = Vs*sqrt(2);

q = 10;

R = 72;

[th1, th2] = thi12hwrc{qg);
the = th2 - thi;

N = 1024;

Na = fix(N*thc/T);

tha = linspace(th1, th2, Na);
Nb = ceil (N*(1 - thc/T));

thb = linspace(th2, th1 + T, Nb);
Ica = g*Vm/R*cos(tha);
Icb = -Vm/R*sin{th2)*exp(-(thb - th2)/q);

th = [tha thb];
Ic = [Ica Ich];
Irms = sqrt(1/T*trapz(th, Ic."2))

Conclusion

The code uses a 1024-point data vector for the sample points of the instantaneous
capacitor current and the subsequent RMS value integration. The data points are
divided proportionately into two vectors in accordance with Equation 2.131. The
ripple current computed by the program is 4.84 A.
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EXERCISE 2.18

With Listing 2.14 as a guide, write a MATLAB function that returns the capacitor
ripple current from the supplied values of the RMS source voltage, the quality fac-
tor, and the load resistance.

Power Computations

The power computations for the HW rectifier with R-C load are illustrated in the
next example.

ExampLE 2.19

Compute the average power and related functions for a half-wave rectifier with a
470 WF filter capacitor and a load resistance of 144 Q. The source voltage is 120
VAC at 60 Hz.

Solution

The solution code is provided in Listing 2.16 and is available on the CD-ROM as
Example2_19.m in folder Chapter 2\Examples and Listings.

LISTING 2.16 Power Computations for the HW Rectifier with R-C Load

close all, clear all, clc
Vs = 120;

Vm = Vs*sqrt(2);

f = 60;

T = 2%pi;

w = 2%pi*f;

C = 470E-6;

R = 144;

q = W*R*C;

[th1, th2] = thi12hwrc(q);

th = linspace(th1, th2, 1000);
Ith = vm/R*(g*cos(th) + sin(th));
Is = sqrt(1/T*trapz(th, Ith."2))
S = Vs*Is

al = 2/T*trapz(th, Ith.*cos(th));
b1 = 2/T*trapz(th, Ith.*sin(th));
ph1 = atan(al/bt);

P = V¥m*b1/2

Q = -Vm*ail/2

Is1 = sqrt{(a1"2 + b1~2)/2)

D = Vs*sqrt(Is"2 - Is1°2)
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pf = P/S

DPF = cos(phi)

DF = Is1/Is
Conclusion

The code in Listing 2.15 produces the results as follows:

L=370A
S =444 VA
P=163 W
Q=-71 VAr
D =407 VAd
pf=037
DPF=0.92
DF = 0.40.

The results reveal that the circuit has a very poor power factor because of the
large harmonic content of the source current, indicated by the low distortion factor.
The negative VAr reveals that power factor improvement with shunt capacitance is
not possible.

Exercise 2.19

Compute the diode dissipation and circuit efficiency of the circuit in Example 2.19
if the forward voltage is 0.7 V.

Answers
PD[U = 096 W dl‘ld n = 99.4(}6

FW Rectifier with R-C Load

The FW circuit provides the advantage of a larger DC output voltage than that of
the HW circuit. Also, the FW circuit requires less capacitance than the HW circuit
for the same specified ripple voltage. The FW rectifier with R-C load is shown in
Figure 2.27.

As with the HW circuit with R-C load, the source current of the FW rectifier is
periodically interrupted when the source voltage falls below the load voltage. Un-
like the HW circuit, however, the diode bridge experiences two conduction inter-
vals for each cycle of the source voltage. The normalized output voltage and source
current, along with the rectified source voltage, are illustrated in Figure 2.28.
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v(8)=F_sin{#)

FIGURE 2.27 FW rectifier with R-C load.
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FIGURE 2.28 Output voltage of the FW rectifier with R-C load.

The equations derived for the HW rectifier with R-C load are readily modified
for the FW circuit because the FW rectified waveforms have a period of 1 rather
than 27 [n particular, the output voltage for the FW circuit is

(e) Vm sinﬂ, Bg <6< 93
vo(0)= . (e 5 2.133
Vmsm(ﬁz)e ©-6:0a 9,<0<0,+T ( )
and the transcendental equation to determine the cut-in angle is
e 5in0, = e"'5in@,. (2.134)

Furthermore, the average output voltage of the FW circuit is twice that of the
HW circuit,
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V. .
V== { cos 60, — cos 6, +qun93[1—e_m_9°”q:l }, (2.135)
T

and the instantaneous capacitor is expressed as

%cose, 0,<6<0,

ic(0)= i ; (2.136)
— sin(0, )e™*%, 0, <0<0, +7

The next example illustrates the average output voltage and output ripple volt-
age calculations for the FW rectifier with R-C load.

ExampLE 2.20

Repeat Exercise 2.16 and Example 2.17 for the FW rectifier with R-C load.

Solution

The solution code is derived from Listing 2.12, with th2 — 2*pi changed to th2 — pi,
and from Listing 2.13 with the average output voltage expressed by Equation 2.133.
The code is available as Example 2_20.m in folder Chapter 2\Examples and Listings
on the CD-ROM. The output of the program is C = 368 uF, 6. = 51.7°, V, = 152
VDC, and V, = 365 V.

Conclusion

The capacitance for the FW circuit is the same as that of the HW circuit because the
quality factor, frequency, and load resistance are the same. The average output
voltage, however, is greater for the FW circuit and the ripple voltage is significantly
reduced.

EXERCISE 2.20

Write a MATLAB program to compute the value of capacitance for a specified
ripple voltage in the FW rectifier with R-C load. Use the program to compute the
capacitance required for a ripple voltage of 10 V for the circuit in Example 2.20.
What is the average output voltage for this value of capacitance?

Answers
C=2.5mFand V,= 166 VDC.
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Power Computations

The diode dissipation in the FW circuit with R-C load is dictated by Equation 2.129
because each diode-pair conducts only once per source cycle. The efficiency of the
FW circuit is determined by Equation 2.36 because of the losses in four diodes. The
power computations for the FW rectifier with R-C load are illustrated in the next
example.

ExampLE 2.21

Compute the average power and related functions for the FW rectifier with R-C
load with the same circuit parameters as in Example 2.19.

Solution

The solution code is derived from Listing 2.15, with the period T changed to i, and
— from Listing 2.12, with the modification applied in Example 2.20. The code is avail-
owmece  able on the CD-ROM as Example2_21.m in folder Chapter 2\Examples and Listings.

Conclusion

The output of the solution code is as follows:

L=327A
S=393 VA
P=182W
Q=-53 VAr
D =344 VAd
pf=0.46
DPF =0.96
DF=0.48.

The FW circuit delivers more power to the load with a smaller RMS source cur-
rent. Consequently, the apparent power is less than that of the HW circuit, and the
power factor is improved. The large VAd content, however, still results in a poor
power factor.

Exercise 2.21

Repeat Exercise 2.19 for the circuit in Example 2.21.
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Answers
Ppio = 0.4 W (each) and 1= 99.1%.

The poor power factor of the previous two circuits is due to the discontinuous
source current. If sufficient inductance is introduced into the circuit, the source
current becomes continuous and the power factor is improved, with the added ben-
efit of reduced output ripple voltage. The FW rectifier with an inductive-capacitive
(L-C) filter is considered in the next section.

Full-Wave Rectifier with L-C Filter

The FW rectifier circuit with L-C filter is illustrated in Figure 2.29.

2

_ m O ' 3

FIGURE 2.29 FW rectifier with L-C filter.

v ()=, sin(@)

If the inductor current is continuous, the rectified source is always connected
to the L-C-R network. The continuous instantaneous inductor current is plotted in
Figure 2.30.

With continuous inductor current, application of KCL and KVL to the circuit
of Figure 2.29 yields a set of differential equations in terms of the inductor current
and capacitor voltage:

di
ViasinB=woL—+v,. 2.137
T ( )
i WL (2.138)
e R
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Lt} 2n

FIGURE 2.30 Continuous instantaneous inductor current.

From Equations 2.137 and 2.138, the differential equation of the inductor cur-
rent is formulated as
dii ldi 1 .V V,
E+——+ ——j=—"c0s0+—"—sinb,

4.d9 q.q qR q.q;R (2:199)

in which g, and g, are the quality factors of the capacitor and inductor, respectively.
The solution to the second-order differential equation has the same form as Equa-
tion 2.44. Furthermore, the forced response of the inductor current has the same
form as Equation 2.46. However, the development of the complete solution to
Equation 2.139 is a very lengthy process. In addition to the derivation of the forced
response, the differential equation has boundary conditions that must be applied to
solve for the unknown constants in one of three possible natural responses. In lieu
of the solution of the differential equation, a Fourier series approach provides a
more tractable criterion for continuous inductor current.

Fourier Series Representation of Inductor Current

The Fourier series expansion of the inductor current begins with that of the source
voltage. The inductor current harmonics are determined from the ratio of the
source voltage harmonics to the impedance of the L-C-R network at each harmonic
frequency.
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Fourier Series Expansion of the FW Rectified Source Voltage

The even symmetry of the rectified source voltage results in zero sine coefficients in
the Fourier series. The cosine coefficients are determined from the integral

2V, T
a,=—= j sin B cosn0 db.
T (2.140)
With the trigonometric identity
sinacosl_}y:lsin(oc+ﬁ)+isin(a—ﬁ), (2.141)
2 2

the integral in Equation 2.140 becomes two integrals that are readily evaluated:

a,,zv: jsin[(l+r1)9]d9+jsin[(]—n)ﬁ]dﬁ . (2.142)
0

0

The integrals in Equation 2.142 are evaluated as follows:

jisin[(1+n)9]d8=L{]—cos[(1+ n)n]} (2.143)

1+n
.
'{[sin[(l—n)e]dﬁz i{]—cos[(l—n)ﬂ:]}. (2.144)
Equations 2.143 and 2.144 are zero for odd values of n. For even values of #,

L{l—cm[(l+n):r[]}=i n=2,46 (2.145)
l+n 1+n’ S ’
L cos[(1-n)n =2, n=2,4,6 (2.146)
1—n 1-n’ e ’

With Equations 2.145 and 2.146, the expression for the cosine coefficients is

Ve n=2,4,6,.... (2.147)
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With Equations 2.32 and 2.147, the Fourier series expansion of the FW rectified
source voltage is expressed as

v5(9)=2v1n+4::m i[ 1 }cosnﬁ. (2.148)

2
n n=2,4,.. l—n

The examples that follow illustrate how to plot the rectified source voltage and
its magnitude spectrum with Equation 2.148.
EXAMPLE 2.22

Write a MATLAB program to plot four cycles of an FW rectified sine-wave voltage
with a peak value of 170 V.

Solution

The solution code is provided in Listing 2.17. The code is available on the CD-ROM
as file Example2_22.m in folder Chapter 2\Examples and Listings.

LISTING 2.17 Program to Plot Four Cycles of an FW Rectified Sine-Wave

close all, clear all, clc

N = 1024;
vm = 170;

th = linspace(0, pi, 1024);
n = 2:2:40;

vth = 2*Vm/pi + 4*Vm./(pi*(1 - n."2))*cos(n'*th);
x = linspace(0, 4*pi, 4*N);

Vs = vth’*ones(1, 4);

plot(x, Vs(:)), grid

Conclusion

The program in Listing 2.17 computes the even harmonics from 2 to 40. Four cycles
of the waveform are stored in matrix Vs, which is created from the product of the
transpose of vth and a row vector of four ones. The colon operator in the plot
statement converts all the elements in Vs to a column vector so that x and Vs(:)
have the same dimensions. The plot produced by the program is shown in Figure
2.31,
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0 4 2n 3n 4r

FIGURE 2.31 Four cycles of an FW rectified sine-wave.

EXERCISE 2.22

Modify Listing 2.17 to include harmonics up to and including the 100th harmonic.
Plot eight cycles of the waveform.

ExamPLE 2.23

Plot the discrete magnitude spectrum of the waveform from Example 2.22.

Solution

The solution code appears in Listing 2.18 and is available on the CD-ROM as
Example 2_23.m in Chapter 2\Examples and Listings. The discrete spectrum is
plotted in Figure 2.32.

LISTING 2.18 Code to Plot the Magnitude Spectrum of an FW Rectified Sine-Wave

close all, clear all, clec

vm = 170;

n = [2:2:40];

Vh = [2*Vm/pi abs(4*Vm/pi*1./(1 - n."2))];
stem([0 n], Vh, ‘k', ‘filled’'), grid
title(‘Magnitude Spectrum’)
xlabel(‘harmonic’)
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FIGURE 2.32 Magnitude spectrum of the FW rectified
sine-wave.

Conclusion

Figure 2.32 reveals that the harmonic magnitudes decrease rapidly after the second
harmonic. The magnitudes beyond the eighth harmonic are less than 3% of the DC
component.

EXercise 2.23

Determine the harmonic number where the RMS values of the harmonics begin to
be less than 1% of the DC component.

Answer
The 12th harmonic.

Inductor Current Harmonics

The impedance seen by the rectified source voltage is the parallel combination of
the resistance and the capacitance in series with the inductance:

R
s

Z.=sl+— (2.149)
R+
sC
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Substitution of s = jw into Equation 2.149 with a rearrangement of the expres-
sion over a common denominator results in

R(1-0’LC)+joL
Z, = : . 2.150
1+ joRC ( )

As stated earlier, the impedance must be computed at each harmonic multiple of
the fundamental frequency of the source voltage:

R(l—nzmﬁLC)ﬂnmaL
L= ; |
1+ jnw,RC (2.131)

In terms of the inductive and capacitive quality factors, Equation 2.151 becomes

— 2 . 3 .
7= R[(l = qf%)m%] (2.152)
1+ jnq.

The inductor is a short circuit to the average value of the rectified source; con-
sequently, the average inductor current is

2V,

m

Iy = :
0 R

(2.153)

With Equations 2.148, 2.152, and 2.153, the Fourier series expansion of the
inductor current is

e

. 2V, | 4V, 1 ,
i(0)= == +TI:|ZS z [l_ng}cos(n9+ds). (2.154)

n=24,.

If the value of inductance is chosen such that the instantaneous inductor current
is always positive, then the rectifier bridge is never reverse-biased, the inductor cur-
rent is continuous, and the rectifier output voltage is dictated by Equation 1.49. The
use of Equation 2.154 to determine the inductance numerically is illustrated in the
next example.

ExampLE 2.24

Determine the inductance required for continuous inductor current for the circuit
in Example 2.20 with (a) C = 100 pF, (b) C = 1000 pF, and (¢) C = 2,500 uF.
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Solution

(< The solution is provided by the program in Listing 2.19 and is available on the CD-
ONHE®  ROM as Example2_24.m in Chapter 2\Examples and Listings.

LISTING 2.19 Program to Compute L for Continuous Inductor Current

close all, clear all, clc
tpi = 2*%pi;
N 1024;
f = 60;
W tpi*f;
Vm = 170;
R = 72;
0.01;
C = 2500E-6;
gc = W*R*C;
n = 2:2:80;
th = linspace(0, pi, N);
inc = 0.01;
Ix = 1;
while abs(Ix) > 1E-6,
qi = w*L/R;
Zs = R*((1 - gc*gi*n."2) + j*n*qi)./(1 + j*n*qc);
In = 4*Vm./(pi*abs(Zs).*(1 - n."2));
Ith = 2*Vm/(pi*R) + In*cos(n'*th + angle(Zs)'*ones(1,N));
Ix = min(Ith};
if Ix < 0,
L =L + inc;
else
L =L - inc;
inc/2;
L =L + inc;
end

n

n

n

n

mn

|

[

=]

o]
n

end

Conclusion

The program in Listing 2.19 uses the min function to acquire the minimum value
of the instantaneous current. The program terminates when the absolute value of
the minimum is less than 1E-6. The values of inductance that correspond to the
given values of capacitance are (a) L =81 mH, (b) L = 65 mH, and (c) L = 64 mH.
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EXERCISE 2.24

Modify the program in Listing 2.19 to compute the inductance required for a given
minimum positive value of inductor current.

Approximate Analysis

The results of Example 2.24 appear to indicate a limiting value of inductance as the
value of capacitance increases. As the value of capacitance approaches infinity, the
capacitor behaves as a short circuit to all the harmonic content of the inductor cur-
rent. With infinite capacitance, the impedance seen by the source, Equation 2.149,
becomes

Z, = jno,L. (2.155)

If the inductor current is approximated as only the sum of the average value
and the second harmonic, then, with Equation 2.155, the Fourier series in Equation
2.154 simplifies to

v, 2V,
nR  3nw,L

1(0)= sin 26. (2.156)

Equation 2.156 is always positive if the magnitude of the second harmonic is
less than the average value:

2V, 2V (2.157)
TR~ 3mo,L ’
The solution of the inequality for L is
L> . 2.158
30, ( )
With Equation 2.158, the value of L for Example 2.24 is computed as
1
L>— (2.159)

5t

Equation 2.159 matches the result for L when C = 2,500 uF. The approximate
analysis thus provides a convenient way to estimate the required inductance simply
from the load resistance and the source frequency.
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The diode rectifier circuit is used to convert AC to DC; it creates a waveform with a
DC component from a waveform with zero average value. The circuit designer has
the option to choose from the economical HW rectifier or the better-performing
FW rectifier. Rectifiers are the key subcircuits in DC power supplies and battery
chargers that operate from the AC mains. Although the diode or diodes alone pro-
duce a DC voltage and current, inductors and capacitors are used to reduce the har-
monic content and better approximate a constant output.

The utility of the diode rectifier circuit, however, brings with it issues of power
factor and efficiency. The power factor of rectifier circuits are typically poor be-
cause of significant harmonic content in the source current. The efficiency of the
FW rectifier is significantly affected by the energy dissipation in four diodes.

In spite of these issues, however, the diode rectifier is a viable circuit solution
in applications where a relatively fixed DC output voltage or current is required. If
a controllable range of output voltage is required, the diode is replaced in the cir-
cuit with the SCR. The controlled rectifier circuit is the subject of the next chapter.

Tue MATLAB TooLBoXx

The functions listed below are available in the Toolbox subfolder of Chapter 2 on

the CD-ROM.

HWR

Function hwr.m computes the average output current of the HW rectifier with
resistive load from the RMS source voltage and the load resistance. Also com-
puted are the apparent volt-amperes and average power of the load.

Syntax
[Io, S, P] = hwr(Vs, R)

FWR

Function fwr.m computes the average output current of the FW rectifier with re-
sistive load from the RMS source voltage and the load resistance. Also computed
is the average load power.

Syntax
[Io, P] = fwr(Vs, R)
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HWRL

Function hwrl.m computes the average output current of the HW rectifier with
series R-L impedance from the RMS source voltage, the source frequency, and
the load inductance and resistance. Also computed are the apparent, real, reac-
tive, and distortive powers along with the displacement, distortion, and power
factors.

Syntax
[Io, S, P, Q, D, DPF, DF, pf] = hwrl(Vs, f, L, R)

FWRL

Function fwrl.m computes the average output current of the FW rectifier with se-
ries R-L impedance from the RMS source voltage the source frequency, and the
load inductance and resistance. Also computed are the apparent, real, reactive,
and distortive powers along with the displacement, distortion, and power factors.

Syntax
[Io, S, P, Q, D, DPF, DF, pf] = fwrl(Vs, ¥, L, R)

HWRV

Function hwrv.m computes the average output current of the HW charger from
the RMS source voltage, the source frequency, the series resistance, and the
battery voltage. Also computed are the apparent, real, reactive, and distortive
powers along with the displacement, distortion, and power factors.

Syntax
[Io, S, P, Q, D, DPF, DF, pf] = hwrv(Vs, f, R, Vb)

FWRY

Function fivrv.m computes the average output current of the FW charger from
the RMS source voltage, the source frequency, the series resistance, and the
battery voltage. Also computed are the apparent, real, reactive, and distortive
powers along with the displacement, distortion, and power factors.

Syntax
[Io, S, P, Q, D, DPF, DF, pf] = fwrv(Vs, f, R, Vb)
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HWRLYV

Function hwrlv.m computes the average output current of the HW charger with
series R-L impedance from the RMS source voltage, the source frequency, the
series inductance and resistance, and the battery voltage. Also computed are the
apparent, real, reactive, and distortive powers along with the displacement, dis-
tortion, and power factors.

Syntax
[Io, §, P, G, D, DPF, DF, pf] = hwrlv(V¥s, f, L, R, Vb)

FWRLV

Function fwrlv.m computes the average output current of the FW charger with
series R-L impedance from the RMS source voltage, the source frequency, the
series inductance and resistance, and the battery voltage. Also computed are the
apparent, real, reactive, and distortive powers along with the displacement, dis-
tortion, and power factors.

Syntax
[Io, S, P, Q, D, DPF, DF, pf] = fwrlv(V¥s, f, L, R, Vb)

HWRC

Function hwrc.m computes the average output voltage of the HW rectifier with
R-C load from the RMS source voltage, the source frequency, and the load re-
sistance and capacitance. Also computed are the apparent, real, reactive, and
distortive powers along with the displacement, distortion, and power factors.

Syntax
[Vo, S, P, Q, D, DPF, DF, pf] = hwrc(Vs, f, R, C)

FWRC

Function fwrc.m computes the average output voltage of the FW rectifier with
R-C load from the RMS source voltage, the source frequency, and the load
resistance and capacitance. Also computed are the apparent, real, reactive, and
distortive powers along with the displacement, distortion, and power factors.

Syntax
[Vo, S, P, Q, D, DPF, DF, pf] = fwrc(Vs, f, R, C)
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PROBLEMS

See Chapter 7 for a review of transformer fundamentals.

Problem 1
Specify a transformer (turns-ratio and kVA rating) for a half-wave rectifier that
supplies 1000 W to a 10 Q-load resistance from a 120 VAC source.

Problem 2
Specify a transformer for a full-wave rectifier that supplies 1000 W to a 10 Q load
resistance from a 120 VAC source.

Problem 3

A half-wave rectifier with R-L load is supplied by a 120 VAC, 60 Hz source. With a
load resistance of 10 €, determine the inductance required to limit the average load
current to 5 A.

Problem 4

A full-wave rectifier with R-L load is supplied by a 120 VAC, 60 Hz source. With a
load resistance of 25 £, determine the inductance required to limit the average load
current to 500 W.

Problem 5

Specify a transformer for a half-wave battery charger to supply an average current
of 10 A to a 12 V battery with a series resistance of 0.2 Q from a 120 VAC source.
Compute the efficiency of the circuit if Vi=1.4 V.

Problem 6

Specify a transformer for a full-wave battery charger to supply an average current
of 10 A to a 12 V battery with a series resistance of 0.2 Q from a 120 VAC source.
Compute the efficiency of the circuit if Vi=1.4 V.

Problem 7

Specify a transformer for a half-wave battery charger to supply an average current
of 10 A to a 12 V battery with a series impedance of 0.2 + j0.3 Q from a 120 VAC,
60 Hz source. Compute the efficiency of the circuit if Vi=1.4 V.
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Problem 8

Specify a transformer for a full-wave battery charger to supply an average current
of 10 A to a 12 V battery with a series impedance of 0.2 + j0.3 Q from a 120 VAC,
60 Hz source. Compute the efficiency of the circuit if V,= 1.4 V.

Problem 9

Specify a capacitor (capacitance and ripple current) for a half-wave rectifier to sup-
ply 48 VDC with 10% ripple to a 7.5 Q load. Specify the supply transformer to the
circuit for a 120 VAC, 60 Hz source.

Problem 10

Specify a capacitor (capacitance and ripple current) for a full-wave rectifier to sup-
ply 48 VDC with 10% ripple to a 7.5 Q load. Specify the supply transformer to the
circuit for a 120 VAC, 60 Hz source.

Problem 11

Compute the efficiency of the circuit in Problem 10 if V;=1.2 V.

Problem 12

Calculate the series inductance required for the circuit in Problem 10 to draw con-
tinuous current from the source.
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INTRODUCTION

Chapter 2 presented the diode as an uncontrolled rectifier because the conduction
time of the device is determined exclusively by the source voltage. This chapter
deals with the silicon-controlled rectifier, also called a thyristor, which has a third
terminal in addition to an anode and a cathode. This gate terminal controls the
conduction time of the device along with the polarity of the source voltage.

The purpose of the controlled rectifier circuit is the same as that of the diode
rectifier: to produce a DC voltage and current from an AC source. The controlled
rectifier, however, offers the advantage of a variable DC output.
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The method of analysis of the controlled rectifier is the same as that followed
in Chapter 2: formulation of the instantaneous source current followed by the de-
rivations of the expressions for the average load voltage, load current, and thyristor
current. Computations of the apparent, real, reactive, and distortive powers are also
demonstrated along with those of the power, displacement, and distortion factors.
Power factor improvement with shunt capacitance is also considered.

Since the source current conduction interval is controlled by the gate terminal,
all the derivations of the circuit equations are a function of the delay angle—the
angle relative to the source voltage at which the thyristor begins to conduct current.

PHASE-CONTROLLED RECTIFICATION

The SCR is a three-terminal device. It has an anode, a cathode, and a gate. The
schematic symbol for the SCR is illustrated in Figure 3.1, in which the letter k is
used to indicate the cathode. The anode-to-cathode voltage V; is similar to the for-
ward voltage of a diode.

+ Vi -

anode _H\T cathode

FIGURE 3.1 Silicon-controlled rectifier.

As in the analysis of diode rectifiers, the voltage across the SCR is often ne-
glected because the voltages in the circuit are of much greater magnitude. When
SCR power dissipation is considered, however, V, cannot be assumed to be zero.

As the diode, the SCR only conducts current from anode to cathode and only
when forward-biased. However, in addition to being forward-biased, a small cur-
rent must be injected into the gate terminal to cause current conduction from
anode to cathode. This trigger current need not be present after the SCR begins to
conduct; only a short burst of gate current is required to trigger the device into con-
duction. The duration and magnitude of the trigger current is specified by the SCR
manufacturer.

Once the SCR begins to conduct, it will continue to conduct until the anode
current is extinguished; gate-control of the device is completely lost after conduc-
tion begins. Once the anode current is zero, the SCR returns to the high-impedance
blocking state. The transition of the SCR from the conduction state to the blocking
state is called commutation. An alternate way to commutate the SCR is to reverse-
bias the device for an amount of time equal to the turn-off time, ¢, also known as
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the quench time. The SCR is thus well suited for applications in which the source
voltage reverses polarity, that is, AC circuit applications. In an AC circuit the SCR
is said to be naturally commutated by the source. The circuit that provides gate cur-
rent from an AC source is synchronized with the source voltage waveform to initi-
ate conduction at the same point in time of each source cycle. This method of gate
current synchronization is called phase control.

HW Phase-Controlled Rectifier with Resistive Load

The simplest phase-controlled rectifier is the HW circuit with resistive load shown
in Figure 3.2.

The load voltage and current waveforms of the circuit, along with the gate trig-
ger current, are illustrated in Figure 3.3.

N\) .

@ i(e) § R

v, (6)
v.(8)=V, sin(@) !

FIGURE 3.2 HW phase-controlled rectifier with
resistive load.

A’\H;m
o R

ri w+ 25

FIGURE 3.3 Load voltage and current waveforms of
the HW phase-controlled rectifier.
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As indicated in Figure 3.3, the SCR is in the blocking state until the gate is trig-
gered at angle o Once triggered, the SCR continues to conduct until the source
voltage reverses polarity and the anode current is extinguished. On the assumption
of negligible V,, the instantaneous load voltage and current are expressed by

©) Vmsin®, o<0<nm y
ve(0)= ; :
% 0, T<O<2m L)
V,
. T s5inB, o<O<T
i(0)=4 R . (3.2)
0, n<0=2m
Average Load Voltage and Current
The average load voltage is determined from
1 m
v, =££vm sin 0.6, (3.3)
Evaluation of the integral in Equation 3.3 results in
Vin
V0=—(1+cosot). (3.4)

2r

If o = 0 (no delay), then Equation 3.4 reverts to Equation 2.4 from Chapter 2.
As o approaches T, the average voltage approaches zero. The average current is the
average voltage divided by the load resistance

I,= Y (1+cosar). (3.5)
2nR
ExampLE 3.1

A half-wave phase-controlled rectifier is supplied by a 120 VAC source voltage. De-
termine the required delay angle for a DC output voltage of 50 VDC.
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Solution
The solution of Equation 3.4 for the delay angle is

2V,
—1}. (3.6)

o= arccos[

m

Substitution of the respective voltages into Equation 3.6 yields a delay angle of
31.7°.

Conclusion

The required delay is readily determined from Equation 3.6 for any DC output

m

voltage in the range of 0<V, <—=.
s

EXERCISE 3.1
Determine the delay angle for the circuit in Example 3.1 that results in a DC cur-

rent of 10 A with a load resistance of 2 Q.

Answer
o =105".

Average Power and Efficiency

The RMS source current is determined from Equation 3.2:

L Ve, : 2
Tpns =, |— —Zsm‘BdB. (3.7)
2mY R

Evaluation of the integral in Equation 3.7 results in the RMS value expression

I V“’\/1 oL giag, (3.8)
s = ———111n . J.
TR no2m

With Equation 3.8, the apparent power of the source is expressed as

m |1 o I
S:—J———+—sm2a, (3.9)
T
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and the average power absorbed by the load is

V2 o 1 .
P=—[]——+—sm20t:|. (3.10)
T 21

The power factor is the ratio of Equation 3.10 to Equation 3.9:

I o 1 .
pf: E—E+ESIDZE}L (3.11)

When «=0, Equation 3.11 reverts to Equation 2.13 in Chapter 2. The next
example illustrates the effect of the delay angle on the average power and power
factor of the HW phase-controlled rectifier.

ExampLE 3.2

Write a MATLAB program to plot the normalized average power of the HW phase-
controlled rectifier along with the power factor.

Solution

The solution is provided by the program in Listing 3.1. The program is also avail-
(< ableon the CD-ROM as file Example3_2.m in folder Chapter 3\Examples and List-
ONMEE®  ings. The normalized power and power factor functions are plotted in Figure 3.4.

LISTING 3.1 Program to Plot Normalized Average Power and Power Factor

close all, clear all, clc

tpi = 2%pi;

a = linspace(0, pi, 1024);

pf = sqrt(0.5 - a/tpi + 0.5/tpi*sin(2*%a));
Pn = 0.5*pf."2;

plot(a, Pn, ‘k’', a, pf, ‘k’)

xlabel(‘delay angle (radians)’)

text (1.5, 0.6, ‘Power Factor’)

text (0.5, 0.3, ‘Normalized Power')

Conclusion

With a delay angle of zero, the normalized average power and power factor revert
to those of the HW diode rectifier with resistive load. The functions are monoton-
ically decreasing; there is no delay angle other than zero that offers maximum
power or a maximum power factor. The power factor only continues to erode as
the delay angle increases.
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S —

06 Power Factor

05

04+

03 Normalized Power
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0.1

0 05 1 15 2 25 3 3.5
delay angle (radians)

FIGURE 3.4 Normalized average power and power factor of
the HW phase-controlled rectifier.

EXERCISE 3.2

A half-wave phase-controlled rectifier is supplied by a 120 VAC source and has a
load resistance of 25 Q. Find the delay angle that produces a load-absorbed power
of 100 W.

Answer
o=136".

Efficiency

In the previous equations V,, was assumed negligible to facilitate the analyses. In a
practical circuit the SCR power dissipation is the product of V,, and the average
load current:

ak ¥ m

2nR

Pyg = (1+cosa). (3.12)

The total power delivered by the source to the circuit is the sum of the output
power and the power dissipation in the SCR. The efficiency, therefore, is

Fo (3.13)

=P +Pe
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Power Computations

As stated earlier and demonstrated by the equations derived thus far, the delay
angle appears in all the circuit functions. In lieu of explicit derivations, the numer-
ical approach taken in Chapter 2 provides more tractable solutions than their alge-
braic counterparts. The next example illustrates the power computations for the
HW phase-controlled rectifier.

ExampLE 3.3

A half-wave phase-controlled rectifier is supplied by a 120 VAC, 60 Hz source and
has a load resistance of 10 Q. Compute the apparent, real, reactive, and distortive
powers, along with the power factor, displacement, and distortion factors for a delay
angle of 30°. Compute the SCR dissipation for V,, = 1.7 V and the circuit efficiency.
Discuss the possibility of power factor improvement with shunt capacitance.

Solution

The solution code is provided in Listing 3.2 and is available as Example3_3.m on
the CD-ROM in folder Chapter 3\Examples and Listings.

LISTING 3.2 Program to Perform Power Computations for the HW Phase-Controlled
Rectifier

close all, clear all, clc

tpi = 2%pi;

Vak = 1.7;

Vs = 120;

Vm = Vs*sqrt(2);
R = 10;

a = 30;

a = a*pi/180;

th = linspace(a, pi, 1024);

Ith = Vm/R*sin(th);

Is sqrt(1/tpi*trapz(th, Ith."2));
ail 2/tpi*trapz(th, Ith.*cos(th));
b1 = 2/tpi*trapz(th, Ith.*sin(th));
Is1 = sqrt((at"2 + b1°2)/2);:

n

1

S = Vs*Is

P = Vm*b1/2

Q = -Vm*at/2

D = Vs*sqrt(Is"2 - Is1°2)
pf = P/S

ph1 = atan{al/b1};
DPF = cos(ph1)
DF = Is1/Is
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Pscr = Vak*Vm/(2*pi*R)*(1 + cos(a))
eta = P/(P + Pscr)

The results produced by the program are as follows:

$=1.00 kVA
P=699W
Q=57.3 VAr
D=717 VAd
pf=0.70
DPF=1.00
DF=10.70
Pgcp = 8.57 W
n = 98.8%.

Conclusion

The results are typical for a HW rectifier circuit. A delay angle of 30° is only a 17%
reduction of the conduction angle of an HW diode rectifier. Power factor im-
provement is possible but not very effective because the displacement factor is near
unity. In addition, the value of shunt capacitance varies with the delay angle. The
circuit is very efficient, but the dissipation in the SCR is significant.

EXERCISE 3.3

Use the program in Listing 3.1 to obtain data points of the reactive power as the
delay angle is varied from 0 to 180° in increments of 10°. Plot the reactive power
versus delay angle.

FW Phase-Controlled Rectifier with resistive load

Two circuit implementations of the FW phase-controlled rectifier with resistive
load are illustrated in Figure 3.5.

The circuit in Figure 3.5a requires a more complicated gate-trigger circuit than
the one in Figure 3.5b but is more efficient because it uses one less semiconductor
device. The load voltage waveform of the FW phase-controlled rectifier circuit is
plotted in Figure 3.6.
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wi@)=1, sin(@)

©

v(8)=F, sm{#8)
~

[1)]

FIGURE 3.5 FW phase-controlled rectifier circuits.

vg(®)

i n PR 2n

FIGURE 3.6 Load voltage waveform of the FW phase-
controlled rectifier circuit.

A comparison of the waveforms in Figure 3.6 with those in Figure 3.3 reveals
a similarity for which the only difference is the period: 21 for the HW circuit and
1t for the FW circuit. Thus, the relevant equations for the FW phase-controlled

rectifier are
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Vozﬁ(l+coscc), (3.14)
T
Iozv—m(l+cosa), (3.15)
TR
I V“‘\/l B il (3.16)
; = ———+—1sin2q, :
BT RN2 2n 4n
CvEiNl a1
= = —y —_dindo, (3.17)
R V4 4n 8m
Vi[1T o 1 .
P=—2| —— — 4+ —gin20 |, (3.18)
RI|l2 2 4=
and
f \j1 G Lo (3.19)
= —_———SIn . 4
P n 2n

The power dissipation in the thyristors of the circuit shown in Figure 3.5a is
also dictated by Equation 3.12 because each pair of devices conducts only once for
each period of the source. The total device dissipation in the circuit is four times the
dissipation of one device. Thus, the circuit efficiency is

fo (3.20)

N i

The SCR in the circuit shown in Figure 3.5b conducts twice per source period;
the power dissipation in the thyristor is therefore twice that expressed by Equation
3.12:

ak ¥'m

Psr =

(1+cosa). (3.21)

The diode currents of the circuit shown in Figure 3.5b comprise the thyristor
current with a 50% duty ratio. The diode dissipation is thus similar to Equation
3.12 but with V,, replaced with V3
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WVRm(1+cosa). (3.22)

Poio =

The power supplied by the source is the sum of the output power, the total
diode dissipation, and the SCR. The circuit efficiency is thus

P
= . ; (3.23)
P, +4Py0+ P

n

ExampPLE 3.4

Modify the program in Listing 3.2 to perform the power computations for the FW
phase-controlled rectifier with the same parameters as the circuit in Example 3.3.
Compare the efficiencies of the two circuits shown in Figure 3.5 if the diode for-
ward voltage is V= 0.9 V.

Solution

The solution is provided by program file Example3_4.m in Chapter 3\Examples
and Listings on the CD-ROM. The results of the program are as follows:

S=142kVA
P=1.40kW
Q=115 VAr
D=212VAd
pf=0.99
DPF =1.00
DF = 0.99

1 = 97.6% (Figure 3.5a)
n =97.5% (Figure 3.5b).

Conclusion

As expected, the real and reactive powers are twice those of the HW circuit. The dis-
tortive power, however, is greatly reduced, and the power factor is much improved.
There is little difference between the efficiencies of the two circuits in Figure 3.5.
The decision of which circuit to use in practice is influenced by delay angle control
and thermal management issues.
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EXERCISE 3.4

Repeat Exercise 3.3 for the circuit in Example 3.4.

HW Phase-Controlled Rectifier with R-L Load

As stated earlier in Chapter 2, purely resistive electrical loads are rare. A more prac-
tical load model includes series inductance. The HW phase-controlled rectifier with
R-L load is shown in Figure 3.7.

!
v.(6)=V_sin(g) @ i(6)

R

FIGURE 3.7 HW phase-controlled rectifier with R-L load.

The instantaneous current of the circuit in Figure 3.7 has the same form as
Equation 2.56 in Chapter 2. The initial condition for the HW phase-controlled
controlled rectifier is

i(or) =0. (3.24)

Substitution of the initial condition into Equation 2.56 yields the expression
i _ V_m . . —{B—O‘.)Eq =
i(0)= X cosO| sin(B—q¢)—sin(o—d)e , <0<P. (3.25)

Because of the energy stored in the inductance, the current continues to flow
after the source voltage has become negative. The anode current is finally extin-
guished when 6 =[3. A plot of the instantaneous load current is shown in Figure 3.8.

Substitution of 6 = into Equation 3.25 yields the transcendental equation

e sin(o.—0) = e sin(B—0), (3.26)
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[{]

o n i} 2n

FIGURE 3.8 Load current waveform of the HW phase-
controlled rectifier with R-L load.

with which the extinction angle is determined. Figure 3.8 indicates that the solution

interval for the extinction angle is in the range < B < 21. A numerical solution to
(< Equation 3.26 is provided by the MATLAB function betasolv on the CD-ROM as
ewmee  file betasolv.m in the Chapter 3\Toolbox folder.

Average Load Current

Application of the average value integral to Equation 3.25 results in
v ]
f= ﬁcosq;i[ sin{e—q))—sin{oc—qj)e_(e_u)”}d& (3.27)

Evaluation of the integral in Equation 3.27 yields the average load current
expression

I,= ;t—choscp[cos(Ot—qJ) —cos(B—0) —qsin(ﬂ—fb)( 1—e H (3.28)

in which 6. =B—a is the current conduction angle. The power absorbed in the
thyristor is the product of the average current and the anode-to-cathode voltage
drop:

Picp = VL. (3.29)
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Since there is only one SCR in the circuit, the efficiency is dictated by Equation
3.11.

Power Computations
The average power and power factor computations for the HW phase-controlled
rectifier with R-1 load are illustrated in the next example.

EXAMPLE 3.5

Compute the RMS source current, average output current, apparent power, power
absorbed in the load, and the power factor of the circuit in Figure 3.8 with a 220
VAC source voltage, a load impedance of 30 + j20 Q (measured at the source fre-
quency), and a delay angle of 45°.

Solution

(< The solution code is provided in Listing 3.3 and is also available on the CD-ROM
WME® a3 Example3_5.m in the Chapter 3\Examples and Listings folder.

LISTING 3.3 Solution Program for Example 3.5

close all, clear all, clc

T = 2%pi;

Vs = 220;

vm = Vs*sqrt(2);
R = 30;

X = 20;

q = X/R;

phi = atan(q);

a = 45;

a = a*pi/180;

B = betasolv(a, q);
thc = B - a;

th = linspace(a, B, 1024);
Ith = Vm/R*cos(phi)*(sin(th - phi) - sin(a - phi)*exp(-(th - a)/q));
Is = sqrt(1/T*trapz(th, Ith."2));

ap = a - phi;
bp = B - phi;
Io = Vm/(2*pi*R)*cos(phi)*(cos(ap) - cos(bp) - g*sin(ap)*...

(1 - exp(-thc/a)))
S = Vs*Is
P = (Is"2)*R
pf = P/S
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Conclusion

The results of the program are as follows:

s =4.11 A
I,=254A
$=904 VA
P=507 W
pf=0.56.

The impedance of a reactive load is often measured at the source frequency. The
quality factor is readily determined from the measured impedance as the ratio of
the inductive reactance to the resistance. The program makes use of the betasolv
function to determine the extinction angle. The poor factor of the circuit arises from
the relatively large RMS source current in comparison with the average load current.
The larger RMS source current is indicative of significant harmonic content.

EXErcISE 3.5

Compute the reactive and distortive powers of the circuit in Example 3.5 along with
the displacement and distortion factors.

Answers
Q=388
D =641
DPF=0.79
DF=0.71.

The HW phase-controlled rectifier is an economical circuit because only one
SCR is required with its associated control circuitry. The power factor, however, is
quite poor, and power factor improvement with shunt capacitance requires a ca-
pacitance value that is dependent upon the delay angle. In situations where the
power factor is an issue, the FW phase-controlled rectifier is a viable circuit solution.

FW Phase-Controlled Rectifier with R-L Load

The FW phase-controlled rectifier with R-L load is modeled by the schematic
shown in Figure 3.5a with an inductance placed in series with the resistive load. The
complete circuit is illustrated in Figure 3.9.
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v(@)=V_ sin(@)

&

FIGURE 3.9 FW phase-controlled rectifier circuit with R-L load.

Unlike the HW circuit, the four-thyristor circuit has two modes of operation:
discontinuous load current and continuous load current.

Discontinuous Load Current

When the load current is discontinuous, the instantaneous current is the same as
that expressed by Equation 3.25 but with a period of m rather than 2m. The discon-
tinuous load current is plotted in Figure 3.10 along with the rectified source voltage.

0 @ p méa 2n

FIGURE 3.10 Discontinuous current of the FW phase-
controlled rectifier.
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Since the period of the FW circuit is half that of the HW circuit, the average
load current is twice that expressed by Equation 3.28:

T = V—mcos¢[cos(a~¢) —cos(B—9¢) —qsin(Ot—q))( 1—¢ %/ ):| (3.30)

TR

Continuous Load Current

When the load current is continuous, Equation 2.56 in Chapter 2 is subject to the
boundary condition

(o) =ilo+m). (3.31)

Application of the boundary condition to Equation 2.56 yields

~(o+m)ig

V V
Age ™4 ;; cosdsin(ot—) = Ape fcostp sin(o—0). (3.32)

The solution of Equation 3.32 for the unknown constant A is

zvme—m’q

mcostpsin(o&—q)). (333)

g

Substitution of Equation 3.33 into Equation 2.56 yields the continuous current
expression of the FW phase-controlled rectifier with R-L load:

i(0)= Eccnsql[sin(El'—QJ) —sin(ot— q))csch{lle_(e_x}m:l. (3.34)
R 2q

In Equation 3.34 csch is the hyperbolic cosecant, and } =0+ /2. The contin-
uous load current expression is plotted in Figure 3.11.

A comparison of Figures 3.10 and 3.11 reveals the boundary between the dis-
continuous and continuous modes of operation:

B<o+m. (3.35)

The load current is thus discontinuous if the extinction angle is less than the
delay angle at the start of the next period. Stated differently, the current is continu-
ous if the value of delay angle yields a value of current greater than zero at 8 =0+ 1.
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FIGURE 3.11 Continuous current of the FW phase-
controlled rectifier with R-L load.

Thus, the boundary between continuous and discontinuous operation occurs at the
solution of Equation 3.34 for ot when the current is zero and O =ct+m:

sin(0£+Jfr—(1))—sin(oc—cp)c:sch[21}6‘”szq =0. (3.36)
q
Equation 3.36 simplifies to
; u —n/2
sm(q)~a)|:1+csch[2—} q:lzo, (3.37)
q

which has the solution o= ¢. In order to have positive, and therefore continuous,
current, & must be less than ¢:

o<o. (3.38)

EXAmMPLE 3.6

A FW phase-controlled rectifier with a load impedance of Z = 10 + j20 Q operates with
adelay angle of o = 30". Determine whether the load current is continuous or discon-
tinuous. Determine the range of ¢ that results in continuous current operation.




162

Fundamentals of Power Electronics with MATLAB

Solution

The g of the circuit is X/R = 20/10 = 2. With the betasolv function, the extinction
angle is computed to be B =4.33 radians, which is greater than o+ m=3.67 radi-
ans. The current is therefore continuous. Also, angle ¢ (63°) is greater than o. There-
fore, the range of ¢ that results in continuous current operation is 0 < . < 63°.

Conclusion

It is the smaller delay angles that result in continuous current operation. Smaller
delay angles allow more energy to be stored in the inductance, which produces a
longer conduction angle and results in continuous current.

EXERCISE 3.6

Determine the range of delay angles for continuous and discontinuous current for
a full-wave phase-controlled rectifier with a load impedance of Z=7 +j5 Q.

Answers

The continuous current range is 0 < 0. < 36"; the discontinuous current range is
36" <oL<180".

Power Computations

ON THE (P

The power computations for the FW circuit are readily computed with a period
change from 27 to . The efficiency of the circuit is expressed by Equation 3.20, in
which the power dissipated in the thyristor is computed with Equations 3.28 and
3.29. The next example provides a comparison of the power computations of the
FW and HW phase-controlled rectifiers with R-L load.

ExampLE 3.7

Repeat the computations from Example 3.5 for a full-wave circuit with the same
circuit parameters stated in the example. Compare the results of the FW and HW
computations.

Solution

The solution program is available on the CD-ROM as Example3_7.m in folder
Chapter 3\Examples and Listings. The results produced by the program are I, = 5.1
A, P=1014 W, and pf= 0.79.
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Conclusion

The FW circuit outputs twice the average current and twice the average power as
well. The power factor is also significantly improved.

EXERCISE 3.7

Compute the reactive and distortive volt-amperes of the circuit in Example 3.7
along with the displacement and distortion factors.

Answers
Q=776 VAr
D =78 VAd
DPF=0.79
DF = 1.00.

PHASE-CONTROLLED CHARGERS

A very common application of the phase-controlled rectifier is in battery charging
applications. Adjustment of the thyristor delay angle provides precise control over
the charge delivered to the battery. In the circuit analyses that follow, the battery is
modeled as an ideal DC voltage source in series with resistive and resistive-induc-
tive (R-L) elements.

HW Phase-Controlled Charger with Series Resistance

The HW phase-controlled charger with series resistance is shown in Figure 3.12. In
the figure, the load is modeled as an independent DC voltage source with internal
resistance.

P
@ o)

v(@)=1, sin(@)

B

—— i —AAN—

FIGURE 3.12 HW phase-controlled charger
with series resistance.
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The presence of the battery limits the minimum delay angle of the circuit be-
cause the thyristor is not forward-biased until the source voltage exceeds the battery
voltage. Furthermore, the conduction angle of the SCR is limited because the thyris-
tor becomes reverse-biased when the source voltage falls below the battery voltage.
The instantaneous battery current, along with the battery voltage, is plotted in Fig-
ure 3.13.

FIGURE 3.13 Instantaneous battery current of the HW phase-controlled
charger.

Although the thyristor does not cease conduction immediately when reverse-
biased, the quench time is insignificant compared to the period of a typical SCR
application.

During conduction of the SCR, the current through the circuit is

. 1‘/m .
i(6)=— (sin6-7v), a<6<p, (3.39)
in which yis the ratio of the battery voltage to the peak source voltage,
b (3.40)

and fis the angle at which the thyristor is reverse-biased:
ﬂzn—arcsin('y). (3.41)
Circuit control is thus limited to a delay angle range of

Ol < OL< 3, (3.42)
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in which the minimum delay angle is
Gl = arcsin('y). (3.43)
The HW phase-controlled charger is much like the HW diode charger in Chap-

ter 2, with the exception that the forward-bias and reverse-bias angles are not sym-
metrical in the phase-controlled circuit.

Average Battery Current

The average current supplied to the battery is determined from
B
Vm i
Jbzmi(hme—y)de. (3.44)

Evaluation of the integral in Equation 3.44 yields the expression

vl.'l.'.l
I, = an[cosa—cosﬁ—-y(B—a)]. (3.45)

The next example illustrates an application of Equation 3.45.

ExampPLE 3.8

Determine the delay angle of a half-wave phase-controlled charger to supply 30 A
to a 36 VDC battery pack from a 50 VAC source if the series resistance is 0.2 Q.

Solution

A rearrangement of Equation 3.45 results in the transcendental equation

ZT[.R]b

coso+ oy = +cosP+Py. (3.46)

m

Equation 3.46 is solved with the alphasolv function in folder Chapter 3\Toolbox
on the CD-ROM. The function is accessed by program Example3_8.m in folder
Chapter 3\Examples and Listings. The computed delay angle is 65°.

Conclusion

A thyristor delay angle in the range specified by Equation 3.42 limits the average
battery current.
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EXERCISE 3.8

Determine the maximum possible charging current of the battery in Example 3.8.

Answer
I,=375A.

Power and Efficiency

The series resistance of the HW charger is not considered part of the load: it repre-
sents the combined resistance of the supply transformer secondary winding and the
internal resistance of the battery. The series resistance thus contributes to the cir-
cuit power losses. The efficiency is the ratio of the absorbed battery power to the
sum of the battery power and power losses:

B,

R (3.47)
B, + By + Py

m

The next example illustrates the efficiency computation for the HW phase-
controlled charger.

ExAamPLE 3.9

Determine the efficiency of the charger in Example 3.8 if V= 1.2 V.

Solution

The power absorbed by the battery is P, = (36)(30) = 1080 W. The power dissipated
in the thyristor is Pgep = (1.2)(30) =36 W. To determine the power dissipated in the
resistor, the RMS value of the battery current is required. The code in Listing 3.4
computes the RMS value of the battery current and the power dissipation in the
series resistance.

LISTING 3.4 Code to Compute Efficiency of the HW Phase-Controlled Charger

close all, clear all, clc

tpi = 2%pi;

Vs = 50;

vm = Vs*sqrt(2);
Vb = 36;

Vak = 1.2;

gma = Vb/Vm;

R =0.2;

alpha = 65;
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a = pi*alpha/180;

B = pi - asin(gma);

th = linspace(a, B, 1024);

Ith = Vm/R*(sin(th) - gma);

Irms = sqrt(1/tpi*trapz(th, Ith."2))
Ib 1/tpi*trapz(th, Ith);

Pr = Irms®2 * R

Pb = Vb*Ib

Pscr = Vak*Ib

eta = Pb/(Pb + Pscr + Pr)

The RMS value computed by the code is 66.5 A, the power dissipation in the se-
ries resistance is 884 W, and the efficiency is 54%.

Conclusion

The power dissipation in the series resistance appears unreasonably large and, in
fact, it is. Although the power dissipation is shared by the battery and the trans-
former, a practical circuit has series inductance that limits the RMS value of the
battery current.

EXERCISE 3.9

Determine the efficiency of the charger in Example 3.9 if the battery is charged at
the maximum possible current.

Answer
n = 55.6%.

FW Phase-Controlled Charger with Series Resistance

The FW phase-controlled charger with series resistance is illustrated in Figure 3.14.
The instantaneous battery current and the battery voltage are plotted in Figure
315

As indicated in Figure 3.15, the battery current of the FW circuit has a period
of . The average battery current of the FW charger is thus twice that of the HW
charger:

V,
Ibzﬂ—;[cosa—cosﬁ—y(ﬁ—a)]_ (3.48)
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v.(8)=V, sin(8)

©
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FIGURE 3.14 FW phase-controlled charger with series resistance.

1
0 V] [ x o+ x fi+n 2x

FIGURE 3.15 Instantaneous battery current of the FW charger
with series resistance.

The minimum possible delay angle for the FW circuit is the same as for the HW

circuit.
ExampLE 3.10

Repeat Example 3.8 for a full-wave phase-controlled rectifier.

Solution

With a period of , Equation 3.46 becomes

nRI
cosoL+ oy = V—b+cosf3+[3'y.

m
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The same alphasoly function used for the HW circuit is used for the FW circuit
with an average current specification of half the required value. The computation
is performed by program file Example3_10.m in folder Chapter 3\Examples and
Listings on the CD-ROM. The computed delay angle is 97.8°.

Conclusion

A larger delay angle (smaller conduction angle) is required for the FW circuit be-
cause the average current is twice that of the HW charger.

ExercisE 3.10

Determine the maximum charging current for the FW circuit in Example 3.10.

Answer
I, =75 A.

Power and Efficiency

The efficiency expression for the HW circuit is readily modified for the FW circuit
since there are four thyristors in the FW charger:

B

=R +4P Py

(3.50)

The power dissipation in the thyristors is computed with half the average
battery current because only two thyristors conduct current for each half-cycle of
the source voltage. The next example illustrates the efficiency computation for the
FW charger with series resistance.

ExampLE 3.11

Determine the efficiency of the FW charger in Example 3.10if V,;; = 1.2 V.

Solution

Since the average battery current is the same as in Example 3.8, the power absorbed
by the battery is 1080 W. The power dissipated in one thyristor is Pscg = (1.2)(15) =
18 W. The RMS value of the battery current is readily computed with the code in
Listing 3.2, with a change of the delay angle to 97.8° and the period changed from
27 to . The RMS value that results is 62.2 A, and the power dissipated in the series
resistance is 775 W. The efficiency is 56%. The program that performs the compu-
tations is available on the CD-ROM as Example3_11.m in folder Chapter 3\Examples
and Listings.
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Conclusion

Although there is more power dissipation in the thyristors, the decreased RMS cur-
rent results in a lower series resistance dissipation and slightly better efficiency.

EXercisE 3.11

Determine the efficiency of the charger in Example 3.11 if the battery is charged at
the maximum possible current.

Answer
1 = 54.6%.

HW Phase-Controlled Charger with Series R-L Impedance

The previous phase-controlled charger circuits were modeled without reactance. The
model is accurate for relatively low charging currents and high series resistances. In
higher current applications, the energy stored in the series inductance becomes sig-
nificant and results in longer thyristor conduction times. The HW phase-controlled
charger with series R-L impedance is shown in Figure 3.16.

R L

v(8)=V, sin(g)

S @

i

FIGURE 3.16 HW phase-controlled charger with series R-
L impedance.

Application of Kirchhoff’s voltage law around the circuit in Figure 3.16 yields
the same differential equation as that of the diode charger with series R-L imped-
ance presented in Chapter 2. The general solution to the differential equation is the
same as well:

i(e)zA(,e"w‘f+%cos¢sin(9—¢)—%. (3.51)
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The initial condition for the controlled-rectifier circuit is
ila)=0. (3.52)

As with the previous charger circuits, the minimum delay angle is expressed by
Equation 3.43. Application of the initial condition to Equation 3.51 results in

v
Age™ ™1+ 2 cosdsin(o—0)——=0. 3.53
: R dsin{o=4) R ( )

The solution of Equation 3.53 for the unknown constant A, is

Ag = %euffi[ y—cos¢sin(o.—¢) |- (3.54)

Substitution of Equation 3.54 into Equation 3.51 yields the expression for the in-
stantaneous current of the HW phase-controlled charger with series R-L impedance:

l:ﬁ—rz]f

i(0)= %{ [ Y +coqusin(0L—q)):|e_ I +cosq)sjn(9~q))—“{}, a<O<P. (3.55)

The instantaneous battery current is plotted in Figure 3.17.

FIGURE 3.17 Battery current of the HW phase-controlled charger
with series R-L impedance.

The extinction angle 3is determined from Equation 3.55 when the battery cur-
rent is zero:

coshsin(B—d)—y [e*? =[ cosdsin(ct—d)—y [e™. (3.56)
[ cososin(B-0)-7] o) -y

The next example illustrates the average battery computation by numerical
integration.
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ExampLE 3.12

Determine the average battery current supplied by a half-wave phase-controlled
charger to a 36 VDC battery pack from a 50 VAC source if the series impedance is
z=10.2 +j0.2 Q and the delay angle is 65°.

Solution

A numerical solution for the average battery current is more tractable because of
the lengthy expression for the instantaneous current. The solution is provided by
the MATLAB code in Listing 3.5 and is available on the CD-ROM as Example3_
12.m in folder Chapter 3\Examples and Listings.

LISTING 3.5 Code to Compute Average Battery Current of the HW Charger with R-L
Impedance

close all, clear all, clec

Vs = 50;

f = 60;

vm = Vs*sqrt(2);
Vb = 36;

R =0.2;

X = 0.2;

q = X/R;

phi = atani(q);
gma = Vb/Vm;
alpha = 65;

a = pi*alpha/180;

B = beta_RL(a, q, gma);

th = linspace(a, B, 1024);

cph = cos(phi);

A0 = Vm/R*exp(a/q)*(gma - cph*sin(a - phi});

Ith = A0*exp(-th/q) + Vm/R*cph*sin(th - phi) - Vb/R;
Ib = 1/(2*pi)*trapz(th, Ith)

Conclusion

The computed average battery current is 21.1 A. The code in Listing 3.5 uses the
beta_RL function to compute the extinction angle. The function is available in the
Toolbox subfolder of Chapter 3 on the CD-ROM.

A comparison of Examples 3.8 and 3.12 illustrates the current-limiting effect of
the inductive reactance; the battery current is reduced from 30 to 21 A.
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EXERCISE 3.12

Determine the maximum charging current for the battery in Example 3.11.

Answer
I, =27.8 A.

Efficiency

The efficiency of the HW charger with series R-L impedance is computed with
Equation 3.47 since there is no dissipation in the inductive reactance. The power
and efficiency computations are readily performed by a modification of the code in
Listing 3.4.

FW Phase-Controlled Charger with Series R-L Impedance

The final circuit presented in this chapter is the FW charger with series R-L imped-
ance. The schematic is shown in Figure 3.18.

v.(#)=1, sin(0) L

@ (VN

r'{f:' )

4
——i i

FIGURE 3.18 FW charger with series R-L impedance.

The instantaneous current of the circuit in Figure 3.18 is expressed by Equation
3.55; however, the period of the waveform is & rather than 2.

As the earlier circuit without the battery, the FW charger with series R-L imped-
ance has discontinuous and continuous current modes of operation.
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Discontinuous Battery Current

Discontinuous operation is nearly identical to that of the HW charger; the excep-
tion is the period of the current waveform, which is 7 for the FW circuit. The
extinction angle is computed with Equation 3.56 and is less than ot+ 7 when the
battery current is discontinuous. The instantaneous battery current is plotted in
Figure 3.19.

] o 4 ® [ i 2x

FIGURE 3.19 Discontinuous battery current of the FW phase-
controlled charger with R-L impedance.

As with the HW charger, a numerical solution for the average battery current
is more tractable than a closed-form solution. The computation is readily per-
formed by the MATLAB code in Listing 3.5, with the period changed to .

Continuous Battery Current

With sufficient inductance and smaller y-ratios, the battery current becomes con-
tinuous. The minimum inductance for continuous battery current corresponds to
a value of ot+ 1 for the extinction angle. Substitution of B=m+0o into Equation
3.56 yields the transcendental equation

[ coqusinq)—'y]e“’fq = [coqusin(a—q))—",']em‘r. (3.57)

The unknown variable in Equation 3.57 is the quality factor g, which is a func-
tion of the inductance. Although Equation 3.57 is transcendental, the numerical
solution is more tractable if the expression is rearranged into a known lefthand side
(LHS) and an unknown righthand side (RHS):
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2cosOsin(o—¢)—2y
sin2¢—-2y

‘E—0t=qln{ (3.58)

The next example illustrates a numerical solution of Equation 3.58.

ExampPLE 3.13

Write a MATLAB function to compute the quality factor of the continuous-current
FW phase-controlled charger with input arguments o and ¥

Solution

= The solution is provided in Listing 3.6 and is available as gsolv.m in the Toolbox
owmece  subfolder of Chapter 3 on the CD-ROM.

LISTING 3.6 Function to Compute g from «and y

function q = gsolv(a, gma)
amin = asin(gma)
if a < amin,
disp(‘alpha must be greater than arcsin(Vb/Vm)')
break
end
RHS = 1;
q = 120*pi;
inc = q/2;
phi = atan(q):
while (abs(RHS) > 1E-6),
RHS = g*log((2*cos(phi)*sin(a - phi) - 2*gma)/...
(sin(2*phi) - 2*gma)) - (pi - a);
if RHS > 0,
q =g - inc;
else
inc = inc/2;
g =g + inc;
end
end

Conclusion

The function checks the delay angle to ensure that it is greater than the minimum
value; otherwise, an erroneous value of quality factor results. The first value of
q attempted for the solution is one that corresponds to a 60 Hz source and an in-
ductive time constant of 1 second. The value is decreased until RHS changes sign.
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After the sign change, the increment is decreased and added to g; the smaller in-
crement is added until another sign change occurs. The process continues until
smaller increments result in a value of g within the tolerance specified by the while
statement. The inductance is determined from the computed value of g with the
relationship

L="—, (3.59)

EXErcISE 3.13

Determine the minimum inductance required for continuous battery current op-
eration for the FW charger with V, = 170, V}, = 120, R=0.8, f= 60 Hz, and .= m/3.

Answer
L=0.78 H.

Continuous Battery Current

When the battery current is continuous, Equation 3.51 is subject to the same
boundary condition expressed in Equation 3.31. By the principle of superposition,
the instantaneous continuous battery current is

Yy

R (3.60)

V, T ) (o
i(0)=—cos® sin(B—qJ)—sin(OL—q))csch(—]e o x}hr}u
R 2q
The continuous battery current of the FW phase-controlled charger with R-L
impedance has the same waveform shape as illustrated in Figure 3.11.

ExAamPLE 3.14

Specify a transformer for a full-wave phase-controlled charger to supply current
to a 144 VDC battery pack from a 120 VAC, 60 Hz voltage source. The combined
series impedance of the transformer secondary winding and the battery is Z = 0.2
+§0.06 Q.

Solution

The transformer is specified by the volt-amperes of the load. The maximum volt-
amperes occurs at the minimum delay angle expressed by Equation 3.43 which, for
this example, is approximately 60°.
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To proceed with the solution, the mode of operation, continuous or discon-
tinuous battery current, must be determined. The quality factor of the circuit is
q=0.06/0.1 = 0.6. With the gsolv function, the quality factor for continuous current
is computed as g = 447. Since the actual g of the circuit is less, the charger operates
in the discontinuous current mode. The code shown in Listing 3.7 computes the
RMS current drawn by the charger followed by the calculation of apparent power
of the load. The program is available as Example3_14.m in subfolder Examples and
Listings of Chapter 3 on the CD-ROM.

LISTING 3.7 Code to Compute the Apparent Load Power of the FW Phase-Controlled

Charger
close all, clear all, clec
Vs = 120;
f = 60;
vm = Vs*sqrt(2);
Vb = 144;
R =10.2;
X = 0.06;
q = X/R;
phi = atan(q);
gma = Vb/Vm;
alpha = 60;
a = alpha*pi/180;
B = beta_RL(a, g, gma);
th = linspace(a, B, 1024);
cphi = cos(phi);
Ith = Vvm/R*((gma - cphi*sin(a - phi))*exp(-(th - a)/q)...
+ cphi*sin(th - phi) - gma);
Is = sqrt(1/pi*trapz(th, Ith."2))
S = Vs*Is
Conclusion

The computed result of the code in Listing 3.7 is § = 5.6 kVA. The large quality
factor required for continuous current operation requires a very large series induc-
tance that is not likely to be encountered in practice. Hence, discontinuous battery
current is the typical mode of operation for the FW phase-controlled charger with
R-L impedance.

EXERCISE 3.14

Determine the average battery current of the charger in Example 3.14.




178

Fundamentals of Power Electronics with MATLAB

Answer
I, =263 A.

CHAPTER SUMMARY

c=>

ON THE (D

The advantage of the phase-controlled rectifier over the diode rectifier is the vari-
able average output current of the controlled-rectifier circuit. The variable output
current provides control of heating elements (resistive and R-L loads) and control
of battery-charging currents. Although the diode charger has an element of self-
regulation of current, the variable current of the controlled rectifier provides more
precise control. The design of the supply transformer for the diode charger is crit-
ical because its properties influence the self-regulating mechanism. A commercially
available transformer may be used in the controlled charger since the control mech-
anism is the thyristor delay angle.

The theory developed in this chapter is also applicable to the control of DC
motors with a back-electromotive force (EMF) that is proportional to motor speed.
In the charger circuit models the battery voltage is simply replaced by the back EMF
expression of the DC motor. In these control circuits the adjustable delay angle
controls the speed of the DC motor.

THE MATLAB TooLBoX

The functions listed below are located in the Toolbox subfolder of Chapter 3 on
the CD-ROM.

HWCR

Function hwcr.m computes the average output current of the HW phase-
controlled rectifier with resistive load from the RMS source voltage, the load
resistance, and the thyristor delay angle. Also computed are the apparent, real,
reactive, and distortive powers and the displacement, distortion, and power
factors.

Syntax
[Io, S, P, Q, D, DPF, DF, pf] = hwer(Vs, R, alpha)
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FWCR

Function fwcr.m computes the average output current of the FW phase-
controlled rectifier with resistive load from the RMS source voltage, the load
resistance, and the thyristor delay angle. Also computed are the apparent, real,
reactive, and distortive powers and the displacement, distortion, and power
factors.

Syntax
[Io, S, P, Q, D, DPF, DF, pf] = fwer(Vs, R, alpha)

HWCRL

Function hwerl.m computes the average output current of the HW phase-
controlled rectifier with R-L load from the RMS source voltage, the load resis-
tance, the inductive reactance, and the thyristor delay angle. Also computed are
the apparent, real, reactive, and distortive powers and the displacement, distor-
tion, and power factors.

Syntax
[Io, S, P, Q, D, DPF, DF, pf] = hwerl(Vs, R, X, alpha)

FWCRL

Function fwerl.m computes the average output current of the FW phase-
controlled rectifier with R-L load from the RMS source voltage, the load resis-
tance, the inductive reactance, and the thyristor delay angle. Also computed are
the apparent, real, reactive, and distortive powers and the displacement, distor-
tion, and power factors.

Syntax
[Ie, S, P, Q, D, DPF, DF, pf] = fwerl(Vs, R, X, alpha)

HWCRYV

Function hwerv.m computes the average output current of the HW phase-con-
trolled charger from the RMS source voltage, series resistance, battery voltage,
and thyristor delay angle. Also computed are the apparent, real, reactive, and dis-
tortive powers along with the displacement, distortion, and power factors.
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Syntax
[Io, §, P, G, D, DPF, DF, pf] = hwrv(Vs, R, Vb, alpha)

FWCRV

Function fwcrv.m computes the average output current of the FW phase-con-
trolled charger from the RMS source voltage, series resistance, battery voltage,
and thyristor delay angle. Also computed are the apparent, real, reactive, and dis-
tortive powers along with the displacement, distortion, and power factors.

Syntax
[Io, S, P, @, D, DPF, DF, pf] = fwerv(Vs, R, Vb, alpha)

HWCRLY

Function hwerlv.m computes the average output current of the HW charger with
series R-L impedance from the RMS source voltage, series resistance, inductive
reactance, battery voltage, and thyristor delay angle. Also computed are the
apparent, real, reactive, and distortive powers along with the displacement, dis-
tortion, and power factors.

Syntax
[Io, S, P, @, D, DPF, DF, pf] = hwerlv(Vs, R, X, Vb, alpha)

FWCRLY

Function fwcrly.m computes the average output current of the FW charger with
series R-L impedance from the RMS source voltage, series resistance, inductive
reactance, battery voltage, and thyristor delay angle. Also computed are the ap-
parent, real, reactive, and distortive powers along with the displacement, distor-
tion, and power factors.

Syntax
[Io, S, P, @, D, DPF, DF, pf] = fwerlv(Vs, R, X, Vb, alpha)
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PROBLEMS

Problem 1

Compute the delay angle required for a half-wave phase-controlled rectifier to de-
liver an average current of 10 A to a 5 Q load from a 120 VAC source.

Problem 2
Compute the delay angle required for a full-wave phase-controlled rectifier to de-
liver an average current of 10 A to a 5 Q load from a 120 VAC, 60 Hz source.
Problem 3
Compute the delay angle required for a half-wave phase-controlled rectifier to de-
liver an average current of 10 A to a 5 + j2 Q load from a 120 VAC, 60 Hz source.
Problem 4
Compute the delay angle required for a full-wave phase-controlled rectifier to de-
liver an average current of 10 A to a 5 + j2 Q load from a 120 VAC, 60 Hz source.
Problem 5

Compute the delay angle required for a half-wave phase-controlled rectifier to de-
liver an average current of 10 A to a 36 V battery pack with 0.2 € series resistance
from a 120 VAC source.

Problem 6

Compute the delay angle required for a full-wave phase-controlled rectifier to de-
liver an average current of 10 A to a 36 V battery pack with 0.2 Q series resistance
from a 120 VAC, 60 Hz source.

Problem 7

Compute the delay angle required for a half-wave phase-controlled rectifier to
deliver an average current of 10 A to a 36 V battery pack with 0.2 + j0.3 Q series
impedance from a 120 VAC, 60 Hz source.
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Problem 8

Compute the delay angle required for a full-wave phase-controlled rectifier to de-
liver an average current of 10 A to a 36 V battery pack with 0.2 + j0.3 Q series im-
pedance from a 120 VAC, 60 Hz source.

Problem 9

Compute the reactive power and power factor of the circuit in Problem 2. Compute
the value of shunt capacitance to neutralize the reactive power along with the im-
proved power factor.

Problem 10

Compute the reactive power and power factor of the circuit in Problem 4. Compute
the value of shunt capacitance to neutralize the reactive power along with the im-
proved power factor.

Problem 11

Compute the reactive power and power factor of the circuit in Problem 6. Compute
the value of shunt capacitance to neutralize the reactive power along with the im-
proved power factor.

Problem 12

Compute the reactive power and power factor of the circuit in Problem 8. Compute
the value of shunt capacitance to neutralize the reactive power along with the im-
proved power factor.




Part

DC-DC Converter Technology

hapter 2 presented circuits that convert AC to DC. The rectifier circuit pro-
vides an average voltage to a type of load that requires a direct current. After
rectification, it is often necessary to provide more than one DC voltage to
various devices or equipment. For example, a system might require 12 VDC for a
motor, 5 VDC for logic circuitry, and possibly =12 VDC for a communications
channel. One solution to this design problem is to provide three separate rectifier
circuits, each with its own transformer with the proper turns ratio to provide the
required DC level. This solution is applicable when separate isolated outputs are
required. Often, however, the output potentials are with respect to one another
and, in such a case, a multitapped transformer applies. In either case, the size, weight,
and cost of the transformers may not provide an optimum design. Furthermore,
the issue of regulation must be addressed.
The circuit technology that meets the design challenges of size, weight, and cost
are DC-DC converters. These circuits take a DC voltage input and convert it to a
higher or lower DC voltage output, or even a DC voltage output of opposite polar-
ity than the input. Furthermore, these circuits provide regulation, as they keep the
output voltage constant despite changes in the input voltage and the output current.
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INTRODUCTION

The DC-DC converter is an electrical circuit that transfers energy from a DC volt-
age source to a load. The energy is first transferred via electronic switches to energy
storage devices and then subsequently switched from storage into the load. The
switches are transistors and diodes; the storage devices are inductors and capacitors.
This process of energy transfer results in an output voltage that is related to the
input voltage by the duty ratios of the switches.

It is insightful and worthwhile to investigate why DC-DC converters are neces-
sary before their detailed presentation and analysis. In addition to the constraints
of size, weight, and cost, DC-DC converter technology also addresses the issues of
efficiency and regulation.

185
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EFFICIENCY AND REGULATION

Consider a power supply design problem in which 5 VDC at 4 A must be pro-
vided from a 12 VDC supply. One solution is to use a resistance to drop the 12 V
down to 5 V. The required resistance is (12 — 5)/4 = 1.75 Q. The load resistance is
5/4 = 1.25 Q. The circuit is shown in Figure 4.1.

1.75Q

12VDC = 4A1 1250

FIGURE 4.1 Circuit to provide 5 VDC
at 4 A from a 12 VDC source.

Two major issues are associated with the circuit in Figure 4.1. The first is effi-
ciency. The power required by the load is (5)(4) = 20 W; however, the power that
must be supplied by the source is (12)(4) = 48 W, which results in an efficiency of
only 20/48—approximately 42%. The low efficiency is due to the power lost in the
dropping resistor: (4%)(1.75) = 28 W (or 48 —20 = 28 W). More energy is lost in the
delivery of the power than is absorbed by the load.

The second problem with the circuit in Figure 4.1 is the lack of regulation. It is
rare that a primary source is absolutely constant. For example, the voltage of a 12 V
automotive starting battery can vary as much as +2 V, depending on whether the
battery is being charged (14 V) or if the car is started while the head and tail lights
are on (10 V). If the source in the circuit in Figure 4.1 drops to 10 V, the output
voltage would drop to (10)(1.25/3) = 4.2 V. If the source is increased to 14 V, the
output increases to (14)(1.25/3) = 5.8 V. These voltage fluctuations could cause
severe functional problems for the load, especially if the load is a circuit based on
5V logic technology.

To overcome the efficiency and regulation problems, a control scheme must be
introduced whereby the output voltage is measured and the supplied energy is var-
ied in accordance with the requirements of the load. If the source voltage increases,
the controller must decrease the source current to prevent an increase in load volt-
age. A decreased source voltage requires an increase of output current to keep the
output voltage constant.
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Linear Regulators

Linear regulation makes use of an amplifier and a transistor to control the current
supplied to the load. Figure 4.2 illustrates a linear regulator circuit in which a PNP
transistor replaces the 1.75 Q resistor in the circuit in Figure 4.1.

!/

12 VDC '} 3

= amplifier .1 -IAl § 1250
4—| vile

FIGURE 4.2 Linear regulator circuit.

The amplifier in the circuit draws base current from the PNP transistor. The
gain of the amplifier is set such that the base current is decreased when the error
voltage increases and vice versa. The error voltage is the difference between the out-
put voltage and the reference voltage, V, — V.. If the error voltage increases, which
corresponds to an increase in V,, the base current is reduced. The decreased base
current causes a proportionate decrease in the collector current, which is also the
load current. If V, — V¢ decreases, which corresponds to a decrease in V, the base
current is increased in order to supply more load current and maintain the output
voltage constant.

The linear regulator effectively solves the regulation problem; however, the
efficiency is still low because the transistor must operate in the active region and
drop the source voltage down to the load voltage. The transistor essentially dissi-
pates the same power as the dropping resistor in the unregulated circuit. To oper-
ate efficiently, the transistor must be operated in the saturation region where the
collector-to-emitter voltage, Vi, is relatively small.

Pulse-Width-Modulation

A control method by which the transistor operates in either saturation or cutoff is
called pulse-width modulation (PWM). The details of a PWM controller are con-
sidered later; it is beneficial to first gain an understanding of how a circuit functions
under PWM control.

When controlled by PWM, the transistor is saturated for a length of time
known as the on-time; it is then driven to the cutoff region for a time called the off-
time. During the on-time V. is very small in comparison to the other voltages in
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the circuit and is typically approximated as zero to simplify the circuit analysis.
During the off-time the transistor is cut off, which effectively results in an open cir-
cuit between the collector and the emitter. The transistor thus operates as a switch
that is closed during the on-time and open during the off-time. When the switch is
closed, the full source voltage appears across the load; when the switch is opened,
the load voltage is zero. Figure 4.3 illustrates the states of the PWM-controlled cir-
cuit along with the instantaneous output voltage.

- f -

FIGURE 4.3 States of the PWM-controlled circuit and
the instantaneous output voltage.

As illustrated in the figure, the sum of the on- and off-times is the period T of
the switch. The switching action repeats every T seconds. The reciprocal of the pe-
riod is the switching frequency, that is, the rate at which the transistor is switched:

f= (4.1)

i
=

The voltage across the load is obviously not constant; however, it does have a
DC component. The average value of the output voltage is determined from

fon

nz?jvm. (4.2)

H

0

Evaluation of the integral in Equation 4.2 leads to

V,=—V.. 43
T (4.3)
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Equation 4.3 reveals that the average output voltage is proportional to the on-
time. The longer the switch stays closed, the larger the DC component of the out-
put voltage. The ratio of the on-time to the switching period is called the duty ratio:

on ; (4-4)

In terms of Equation 4.4, the average output voltage is expressed as
Vo, = DV.. (4.5)

As the duty ratio varies between zero and one, the average output voltage varies
between zero and the source voltage.

The PWM method is also effective as a linear controller of the average power
delivered to the load. The RMS value of the output voltage is determined from

(4.6)

Substitution of Equation 4.5 into Equation 4.6 and evaluation of the integral
results in an RMS value of

Viws = Vs\/B- (4.7)

The average power absorbed in the PWM-controlled load is thus

v2
P=D }; . (4.8)

The PWM-controlled circuit offers the advantage of linear control over the load
power. It is quite effective in the control of the intensity of incandescent lighting and
light-emitting diode (LED) displays, as well as the energy applied to heating elements.
These types of devices suffer no functional problems when the current is periodically
interrupted. However, in the case of the logic circuit described earlier, an interrup-
tion of supply current results in a complete loss of functionality. In order to provide
an effectively constant output, the circuit in Figure 4.3 must be modified with the
addition of energy-storage components that will sustain the output voltage during
the off-time of the power switch. A circuit that provides a constant output voltage
that is lower in magnitude than the input voltage is called a buck converter, or step-
down converter.
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THE BUCK CONVERTER CIRCUIT

The buck converter, shown in Figure 4.4, has a capacitor and an inductor along
with two complementary switches; when one switch is closed, the other is open and
vice versa.

SwWil

I Sw2 ’l\ C R

FIGURE 4.4 Buck regulator circuit.

The switches are alternately opened and closed at the rate of the PWM switch-
ing frequency. The output that results is a regulated voltage of smaller magnitude
than the source voltage.

When switch SW1 is closed (SW2 open), the source delivers energy to the R-L-C
network. The inductor and capacitor store energy during this time interval, and the
resistive load absorbs energy. When switch SW2 is closed (SW1 is open), the source
is disconnected from the network and the inductor terminal that was previously
connected to the source is now short-circuited to ground. During this second
interval a portion of the energy stored in L and C is absorbed by the load. One
switching period is completed when SW2 opens and SW1 closes again. The on-time
for the circuit is defined with respect to SW1. Hence, SW2 is on during the off-time
of SW1. The duty ratio of SW1 is therefore D, and the duty ratio of SW2 is 1 — D.
The switching period of the circuit is illustrated in Figure 4.5, in which the equiva-
lent circuits are shown in accordance with the switch positions.

¥,

- W1 ON |- SW1 OFF -
- SW2 OFF == SW2ION -

- 3 - - i -

FIGURE 4.5 Buck converter equivalent circuits.
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Since the purpose of the circuit is to produce a regulated output, a certain
amount of inductance and capacitance is required to sustain the energy flow to the
resistive load and maintain the output voltage during the off-time of SW1. These
values of L and C are determined from an analysis of the circuit.

DC-DC CONVERTER ANALYSIS

There are various methods of analysis for DC-DC converters. One approach is to
derive the differential equations that describe the inductor current and capacitor
voltage and then solve them in accordance with the boundary conditions of the
switching period. This exacting method, although accurate, produces a cumber-
some set of equations that require extensive computation and is best reserved for
simulation purposes.

Another approach is based on the assumption that the output voltage is essen-
tially constant throughout the switching period. This method greatly simplifies the
mathematics; however, the method neglects the dynamic behavior of the circuit.
Although the simplified approach is less accurate, it nevertheless yields an excellent
body of theory that is widely applicable in DC-DC converter design.

The analysis begins with a formulation of the instantaneous inductor current.
A development of the duty ratio follows, where an expression is obtained in terms
of the input and output voltages. Finally, the assumption of absolutely constant
output voltage is relaxed and a formula for capacitance is derived from a specified
amount of allowable output voltage variation.

Inductor Current

The current through a linear inductor is expressed by the integral equation

1

1
il(t):zij{T)dT +Im1'n) (4.9)

L]

in which v;(7) is the voltage across the inductor and I, is the value of inductor
current at { =t,. The voltage across the inductor in the buck converter is deter-
mined by Kirchhoff’s voltage law (KVL) applied to the equivalent circuits in Figure
4.5. In the time interval between 0 and t,,, the inductor voltage is

VL,! ZVS_ Vo) (410)
and from time ¢, to T, the voltage is

Vng =—Vo. (411)
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The instantaneous inductor voltage is illustrated in Figure 4.6.

FIGURE 4.6 Instantaneous inductor voltage.

Substitution of Equations 4.10 and 4.11 into Equation 4.9 yields the inductor
current expressions

t

; 1
IL.!(t)=—j(vs_vo)dt+1min’04—:tEton (412)
L 0
and
1 t
iLkZ(t)zzj(_Vo)dT"-Inmx’ Lon <t<T. (413)
ton
The solutions to the integral expressions in Equations 4.12 and 4.13 are
; V.-V,
ILJ({): - t +Im.in (4}-4)
L
and
, Vo (o
!L.z(t):T(f_t)-'-lmin' (415)

The instantaneous inductor current is illustrated in Figure 4.7.

FIGURE 4.7 Instantaneous inductor current.
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Inductance

There are further implications that arise from the assumption that the capacitance
is large enough to maintain the output voltage constant. The expression “large
enough” essentially means infinite. As the value of capacitance approaches infinity,
the capacitive reactance, - 6:(3' approaches zero. The capacitor thus appears as a short
circuit to all the harmonic content of the inductor current. The average value of
inductor current, however, is blocked by the capacitor but flows freely into the load
resistance. This diversion of the alternating components of the inductor current
into the capacitor and the average value into the resistor is illustrated in Figure 4.8.

J/““‘a__‘_/\\

FIGURE 4.8 Flow of inductor current
into the capacitor and load resistance.

Since only the average value of inductor current flows into the load, it is the DC
component of the inductor current that defines the load current. The average value
is obtained from the rectangular and triangular areas between the inductor current
waveform and the horizontal time-axis. The waveform geometry is illustrated in
Figure 4.9.

L =1

max min

- T -

FIGURE 4.9 Geometry of the inductor current waveform.

The total area under the waveform is

AzTImini—%T(fnm_Imin)' (4}.6)
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Division of the area expressed in Equation 4.16 by the period T results in the
average value

la\gzé(‘{ma){_ lrmin)"'fmin- (417)

The peak current is obtained from Equation 4.14 with t =t,.

J!-ma.)c=710n'|'lrmiu- (418)

Substitution of Equation 4.18 into Equation 4.17 results in an average value of

la\'g =:‘70t0n+1min- (419)

=—. (4.20)

Substitution of Equation 4.20 into Equation 4.19 yields the expression for the av-
erage inductor current in terms of the duty ratio and the PWM switching frequency:

D(V.-V,)

Ja\g:T'l-lmin- (42])

As stated earlier, it is only the average value of i;(t) that flows into the load re-
sistance. Consequently, the average inductor current is also the output current:

5. (4.22)

-[:I\ =
® R

Substitution of Equation 4.22 into 4.21 results in the load current expression

VO o D( Vx_vu) I
e 41 (4.23)
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The solution of Equation 4.23 for the inductance is

D(V.-V,)R

:—Zf( Vo—lminR)- (4.24)

Equation 4.24 is the desired result of the analysis: it expresses a value of induc-
tance calculated from desired voltage and current levels, the duty ratio, the load
resistance, and the PWM switching frequency.

The initial inductor current at the beginning of the switching cycle has a sig-
nificant effect on the behavior of the converter. If I, >0, the inductor current is
continuous throughout the switching period and the converter operates in the con-
tinuous conduction mode (CCM). If the initial current is zero, the inductor current
becomes zero before the end of the period; the inductor current is thus discontin-
uous and the circuit operates in the discontinuous conduction mode.

THE CONTINUOUS CONDUCTION MODE

With sufficient inductance, the circuit is made to function in CCM for a desired
range of operating conditions. This value of inductance is such that I, is always
positive.

CCM Inductance

From Equation 4.23, the expression for the minimum current is

vn D[ Vi- V")
Imin = . (425)
R 2Lf
For CCM operation, the inequality
vo D[ Vs £ v")
S0 TR PR (4.26)
R 2Lf

must be satisfied. The solution of Equation 4.25 for L when I,;, = 0 yields the ex-
pression for the minimum inductance required for CCM operation:

D(V,-V,)R
o,

o

(4.27)

oM =
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The value of CCM inductance computed from Equation 4.27 results in a min-
imum inductor current of zero. In practice, to ensure CCM operation, a larger
inductance is used to provide a margin of error with a guaranteed positive value
of Imin'

CCM Duty Ratio

The derivation of the duty ratio expression is based on the principle that the average
voltage across an inductor is zero in the periodic steady-state condition. The voltage
across a linear inductor is expressed by

Ve (4.28)

dr’

Substitution of Equation 4.28 into the definition of the average value yields the
expression for the average inductor voltage

1 ¢ di 17
W= 22 s [ rk 429
s f-!( dr]" T-[ ’ (4:29)

Evaluation of the integral in Equation 4.29 leads to

L L
Vig = ?i]{T =Lin-io] (4.30)

Since the inductor current is periodic, the current at time T is equal to the cur-
rent at time zero; hence, the average inductor voltage is zero. With zero average
voltage, the algebraic sum of the rectangular areas above and below the time-axis in
Figure 4.6 must sum to zero:

(V= Vo)ton+(=Vo)( T= ten ) =0. (4.31)
Simplification of Equation 4.31 results in

Vit =VoT; (4.32)

and, with Equation 4.4, Equation 4.32 simplifies to

(4.33)
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Equation 4.33 is both the expression that determines the duty ratio and the
transfer function of the circuit. With the duty ratio expression, the CCM induc-
tance expressed by Equation 4.27 simplifies to

(1-D)R
2f

Applications of Equation 4.34 are illustrated in the examples and exercises that
follow.

(4.34)

Leaw =

ExampLE 4.1

A buck regulator is supplied from a 12 VDC source and outputs 5 VDC at 4 A. De-
termine the CCM inductance if the PWM switching frequency is 20 kHz.

Solution

The duty ratio of the circuit is D = V,/V, = 5/12 = 0.42, or 42%. The load resistance
is R=V,/1,=5/4=125 £, With Equation 4.34, the CCM inductance is com-
puted as

1-0.42)(1.25
oM = 4( A ) =18 L H.

(2)(20E3)

Conclusion

The inductance must be greater than 18 puH to ensure CCM operation. The final
choice of inductance used in a design is based on size, weight, and economic fac-
tors, as well as other circuit limitations and specifications.

Exercise 4.1
Determine Ly, if the load current in Example 4.1 is 2 A. Why is more inductance

required for the smaller load current?

Answer
Leem = 36 pH.

ExAmPLE 4.2

The buck converter in Example 4.1 has a load current that varies between 1 and 8 A,
while the source voltage may vary between 10 and 14 V. Determine the inductance
required to maintain CCM operation under all circuit conditions.
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Solution

An inspection of Equation 4.34 reveals that the largest inductance occurs at mini-
mum duty ratio and maximum load resistance. These limits occur at maximum
source voltage and minimum load current, respectively. The minimum duty ratio
is D =5/14 = 0.36. The maximum load resistance is R = 5/1 = 5 . Hence, the min-
imum inductance required for CCM operation under all variations is

[ _1-036)5) _
(2)(20E3)

Conclusion

When the source voltage and/or load current vary, as they do in practice, the largest
CCM inductance must be used to guarantee CCM operation under all circuit con-
ditions.

EXERCISE 4.2

A buck regulator has an input voltage range of 24 to 32 VDC and an output current
range of 5 to 15 A. The output voltage is 12 VDC. Determine the CCM inductance
for a switching frequency of 25 kHz.

Answer
Leey =30 pH.

Minimum Inductor Current Specification

Often the inductance is specified by a required minimum inductor current. This
specification provides a margin of error inside the CCM region. From Equations
4.23, 4.33, and 4.34, the inductance in terms of I ;, is

Leen
L= L;M ‘
e

I,

(4.35)

in which I, is the load current. Equation 4.35 reveals that if the minimum inductor
current is zero, the required inductance is Ly As the required minimum current
increases, the inductance must also increase; and, as [, approaches the load cur-
rent, the inductance approaches infinity.
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The Lambda Ratio

A rearrangement of Equation 4.35 produces the ratio:

L—Ii" A 4.36
LCCM - Io—Imi.n . ( . )

The A-ratio is the ratio of the actual inductance used in the converter circuit to
the minimum required CCM inductance. The ratio also represents the ratio of the
load current to the difference between the load current and the minimum inductor
current. A A-value of unity, for example, indicates that L = Leey and I, = 0. As the
inductance is increased above Lq¢y, the minimum inductor current also increases
and the difference between I, and I;, decreases. From Equation 4.36, the mini-
mum inductor current expressed in terms of the A-ratio is

A-1
Foon =i, 4.37
A (4.37)

With Equations 4.18, 4.20, 4.33, 4.34, and 4.37, the peak inductor current is
also expressed in terms of the A-ratio as

1 —EI 4.38
max = 5 Lo- (4.38)

An additional inductor specification that is sometimes used is the inductor
ripple current, the difference between the peak and the minimum currents:

MLZIm;JJ(_Imin- (439)
With Equations 4.37 and 4.38, the ripple current is expressed in terms of the
A-ratio:
2
Al =1, (4.40)

A large value of A, which corresponds to a large value of inductance, results in
a lower inductor ripple current. As A approaches infinity (L — <o), the ripple
current approaches zero, and both [, and I.;;, approach the load current 1. A low
ripple current, which corresponds to a limited peak current, is often required to
prevent saturation of the inductor. If the inductor becomes saturated, the induc-
tance value will decrease and DCM operation may result. The examples and exer-
cises that follow illustrate the use of the A-ratio in the computation of inductance.
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EXAMPLE 4.3
Specify the inductance required for a minimum inductor current of 0.5 A for the

buck converter in Example 4.2.

Solution

The CCM inductance required for Example 4.2 was found to be 80 pH. From Equa-
tion 4.35, the inductance needed for a minimum inductor current of 0.5 A is

80

L=—"—=160pH.
fruaites
1

Equation 4.36 provides a convenient solution in terms of the A-ratio:

I
k: L = :2_
I, -1

o min

Thus, the required inductance must be twice the CCM inductance.

Conclusion

If the load current varies, the minimum load current must be used to calculate the
inductance to guarantee the minimum required inductor current under all speci-
fied operating conditions. The A-ratio provides a convenient method for the com-
putation of inductance based on the minimum or maximum inductor current, or
the ripple current.

EXERCISE 4.3
Determine the A-ratio for the buck converter in Example 4.2 with the specification

that the ripple current must not exceed 30% of the maximum load current.

Answer
=7
ExampLE 4.4

Compute the inductance for the converter in Example 4.2 with the requirement
that the inductor current not exceed 10 A to prevent saturation.
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Solution

From Equation 4.36, the A-ratio is

A= ® = =4.
10-8

Thus, the required inductance is (4)(80) = 320 uH.

Conclusion

To limit the peak inductor current, the A-ratio computation must be based on the
maximum expected load current.

Exercise 4.4

Determine the largest peak inductor current that will occur for the converter circuit
in Example 4.2 with a A-ratio of 2.5.

Answer
L, =112 Al

max

CCM Capacitance

The inductor current analysis is based on the assumption of infinite capacitance.
This requirement must be relaxed to arrive at a practical method to compute a
finite value of capacitance from a given specification. That specification is typically
the peak-to-peak allowable load-voltage variation known as the ripple voltage. The
capacitor ripple voltage is determined from an analysis of the capacitor current and
the principle of capacitor charge balance.

CCM Capacitor Current

As demonstrated earlier, the capacitor current is the sum of all the harmonics of the
inductor current, that is, it is the instantaneous inductor current minus the average
value:

thLin— Ly DSt St (4.41)

. Ve
ica(t)=—7+(T =) +Loia = Lo, ton S¢<T. (4.42)
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With the relationships of Equations 4.1, 4.20, 4.25, and 4.33, the capacitor cur-
rent equations are reformulated as

bl =] g 3

1ca(t)= I of (4.43)
and

. ({)_VO 1+D—t

I = 1 —zf . (444}

The solutions of Equations 4.43 and 4.44 for t when i = 0 are the zero-crossing
points of the capacitor current:

-y (4.45)
2f

, _1+D

= (4.46)

These zero-crossing points define the time interval during which the capacitor
current is positive and is thus being charged. In accordance with the charge balance
principle, the charge accumulated during a periodic cycle must equal the charge
dispersed during the same cycle. In other words, the capacitor must discharge the
same amount it is charged each period. The charge accumulation begins at time t,
and continues until t,, when the capacitor current becomes zero again. These points
in time also coincide with the capacitor voltage minimum (¢,) and maximum (t,).
The capacitor ripple voltage is plotted over one period in Figure 4.10 in reference
to the capacitor current.

t, ty

FIGURE 4.10 Capacitor current and ripple voltage.
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CCM Ripple Voltage

The capacitor ripple voltage is defined as the difference between the maximum and
minimum capacitor voltages:

Avo = Vmax ~ Vmin- (447)

For a linear capacitor, this voltage difference corresponds to the amount of
charge accumulated between the two voltage levels:

AQ=CAV,. (4.48)

The total charge accumulated is also the integral of the capacitor current over
the interval t; —t,. The result of the integration is represented by the area under i
(), which is readily computed as the area of the triangle with base > —t, and height

lpk:

AQ:%(:2 —ty ) I (4.49)

The peak capacitor current is obtained from Equation 4.43 upon substitution
of the relationship of Equation 4.20:

D(V.-V,)

21f (4.50)

ka=

With Equations 4.45, 4.46, 4.49, and 4.50, the accumulated charge becomes

_ELD(V,.—VO) V,(1-D)

= = ; 4.51
22f 2If 8Lf* i-51)
From Equations 4.48 and 4.51, the ripple voltage expression emerges as
V,(1-D)
AV, =—— (4.52)
8LCf

The ripple voltage specification is typically stated as a fraction or as a content-
percentage of the output voltage:

=. (4.53)
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Upon substitution of Equation 4.53 into Equation 4.52, the solution of Equa-
tion 4.52 for the CCM capacitance is

_1-D
8rLf*

(4.54)

The use of a ripple specification in the computation of the CCM capacitance is
illustrated in the next example.

ExampLE 4.5

Specify a capacitor for the buck converter in Example 4.3 for a ripple content of 1%.

Solution

Directly from Equation 4.54, the required capacitance is

1-0.36

= =

(8)(0.01)(160E —6)(20E3) .

Conclusion

The capacitor calculation must be based on the minimum expected duty ratio in
order to meet the ripple specification under all operating conditions.

Exercise 4.5

Derive the expressions for the CCM capacitance and the CCM peak capacitor cur-
rent in terms of the A-ratio.

Answers
c= . (4.55)
4ARfr '
£
Too=—. (4.56)
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THE DISCONTINUOUS CONDUCTION MODE

If the inductance in the buck converter is less than the CCM inductance, the induc-
tor current is not sustained throughout the switching cycle but becomes zero before
the end of the period. The circuit thus operates in DCM. The instantaneous induc-
tor current and voltage are illustrated in Figure 4.11 for a DCM buck converter.

I
Lt /\—/

A U] V-V -=

- I

FIGURE 4.11 DCM inductor current and voltage.

DCM Inductor Current

During the on-time of SW1 in Figure 4.4, the DCM inductor current is expressed
by Equation 4.14, with [, =0:

V.

5

-V,
I t,0<t<t,,. (4.57)

i ()=

As in CCM, the peak inductor current occurs at t = t,,;:

f =) (4:58)
max Lf & .

The next conduction interval ends at t, when the inductor current is extin-
guishcd. In this interval, t,, <t <t,, the inductor current is derived from

2
ia(0)= [ = dttiva(t), (4.59)

Ton
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in which i; ,(#,,) is the peak inductor current. Evaluation of the integral in Equation

4.59 and substitution of Equation 4.58 into the result yields the inductor current

expression

p(v.-v.)
Lf

fL,l(t):E(tun T t)+

s SR, (4.60)
L

The inductor current is zero from the extinction time to the end of the switch-
ing period.
ir3(t)=0,t, <t<T. (4.61)
The extinction time is the solution of Equation 4.60 for ¢t when i, 5(t) = 0:

, DbV,
RN

With the definitions of the inductor current conduction intervals, the duty
ratio is determined from the geometry of the inductor current waveform.

(4.62)

DCM Duty Ratio

As in CCM, the capacitor in the DCM converter is assumed to shunt all the har-
monics of the inductor current and leave only the average value to flow into the
load resistance. The average inductor current, which is also the load current, is
computed as the area under the i;(f) curve divided by the period:

1
VO = tx-Ima.\

?Z T (4.63)

Substitution of Equation 4.62 into Equation 4.63 and simplification yields

v, V.(v.-v,)D?
e e 4.64
R 2Lf V, (4:64)
The solution of Equation 4.64 for the duty ratio is
2L
= f (4.65)

RV, (V~Vy)
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Unlike the duty ratio of the CCM buck converter, the duty ratio of the DCM
converter is dependent upon the inductance, the switching frequency, and the load
resistance. The next example illustrates an application of Equation 4.65.

EXAMPLE 4.6
Determine the duty ratio of the buck converter in Example 4.1 if the inductance is

10 pH.

Solution

Since the inductance in the circuit is less than the CCM inductance (18 uH), the
converter is in DCM and, directly from Equation 4.65, the duty ratio is

2)(10E-6)(20E3
D:S\/( ) X ) =0.31 or 31%.

(1.25)(12)(12-5)

Conclusion

The duty ratio of the DCM converter is less than the duty ratio of the correspond-
ing CCM converter. This result is consistent with the fact that a lower duty ratio
results in less energy storage in the inductance. The lower energy is insufficient to
sustain the inductor current throughout the entire switching period.

EXERCISE 4.6

What is the highest frequency at which the converter in Example 4.6 will operate
and still be in DCM?

Answer
36 kHz.

DCM Output Voltage

A rearrangement of Equation 4.65 yields a quadratic equation for the output voltage:
2Lf V] +RV,V,D’ -RD*V? =0. (4.66)

The solution to the quadratic equation is straightforward; however, a much
more direct and simple expression is available in terms of the A-ratio relationship

= kLCCM . (467)
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Substitution of Equation 4.67 into Equation 4.65 and simplification by the re-
lationship of Equation 4.27 results in the DCM duty ratio expression

”
Dzv‘j\/i. (4.68)

Equation 4.68 reveals that the DCM duty ratio is always less than the corre-
sponding CCM duty ratio because A < 1 in DCM. From Equation 4.68, the output
voltage in terms of the A-ratio is

Vo=—=. (4.69)

ExampLE 4.7
Recompute the duty ratio for the buck converter in Example 4.6 in terms of the

A-ratio.

Solution

With an inductance of 10 pH, the A-ratio is 10/18 = 5/9. Directly from Equation
4.68, the DCM duty ratio is

D:%\/sm 151

Conclusion

The A-ratio greatly simplifies the duty ratio calculation for the DCM buck converter.

Exercise 4.7

Solve Equation 4.66 for V,, and verify that the solution yields the same numerical
results as Equation 4.69 for V,=15,D=0.3,L=20puH,R=4.2Q,and f =20 kHz.

Answer

o

RV,D’ 8Lf
= 1+—=—-1|=67 V.
4Lf

The A-ratio is an indicator of the mode of operation of the buck converter. If
A is in the range 0 < A < 1, the converter is in DCM. If 4 > 1, the converter is in
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CCM. The next example illustrates the output voltage calculation for both modes
of operation.

ExampLE 4.8

A buck converter has an inductance of 30 pH, a load resistance of 5 Q, and a source
voltage of 24 VDC and operates with a duty ratio of 0.5. Determine the output volt-
age if the PWM switching frequency is (a) 25 kHz and (b) 50 kHz.

Solution

At 25 kHz, the CCM inductance is

L (1-05)(5) -
M= oN25E3) P
Since the actual inductance in the circuit is less than the CCM inductance, the
converter operates in DCM. The A-ratio is 30/50 = 3/5 and, from Equation 4.69, the
output voltage is V, =(0.5)(24)v/5/3 =15.5 VDC. At 50 kHz, the CCM inductance
is 25 puH; the A-ratio is 30/25 = 6/5, and the converter operates in CCM. By Equa-
tion 4.33, the output voltage is (0.5)(24) = 12 VDC.

Conclusion

The mode of operation of the buck converter is readily determined by a compari-
son of the CCM inductance with the actual circuit inductance. The A-ratio greatly
simplifies the output voltage calculation for the DCM converter.

EXercise 4.8

At a switching frequency of 25 kHz, what range of load resistance will cause the
converter in Example 4.8 to operate in CCM? At a frequency of 50 kHz, what range
of load resistance results in DCM operation?

Answer
CCM:R<3Q; DCM:R>6Q.

DCM Capacitance

As in the CCM case, the capacitor current is equal to the instantaneous inductor
current minus the load current. Application of the charge balance principle to the
capacitor current leads to the formulation of the DCM capacitance.
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DCM Capacitor Current

Subtraction of the load current from Equations 4.57, 4.60, and 4.61 yields the DCM
capacitor current equations:

V.-V
ic,(t)= bL “t—1,,0<t<t,,. (4.70)
V, D(V,-V,)
Iea(t)=—(ton—t) + ————1,, ton St <. 4.71
calt) L( ) 7] (4.71)
i{:.3(t) = ‘_‘Io) ty <t<T. (472)

The DCM capacitor current is plotted in Figure 4.12.

i, ()

A0

-1

FIGURE 4.12 DCM capacitor current.

As shown in Figure 4.12, the capacitor current follows the inductor current
waveform until the inductor current is extinguished. After the inductor current
is zero, the capacitor must supply the load current during the remainder of the
switching period. Since the capacitance is assumed to be infinite, there is no expo-
nential decay of capacitor current after the inductor ceases to conduct; the capaci-
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tor continues to discharge into the load and maintains constant load current to the
end of the period.

DCM Ripple Voltage

The charge-balance principle applied to the capacitor current yields the output rip-
ple voltage expression of the DCM converter. The total charge is determined from
the geometry of the positive portion of the DCM capacitor current illustrated in
Figure 4.12.

The solutions of Equations 4.70 and 4.71 for t when i-(t) = 0 are the zero-cross-
ing points of the capacitor current:

t = g (4.73)

.L.Io D(vs_vo)

g, ~ g 2 A (4.74)
TV fv.
The time interval during which the capacitor current is positive is
DV, LIV,
ty—t = - (4.75)

Ve Vo(Vi=Vi)

With Equations 4.27 and 4.68, the positive current conduction interval in
terms of the A-ratio is expressed as

PN/
2f

t,—1, = (476)

The maximum capacitor current occurs at t =t,, Substitution of Equation
4.20 into Equation 4.70 yields the peak capacitor expression

_D(Vs—vn)~1

Lf >

With Equations 4.27 and 4.68 once again, the expression for the peak capacitor
current is expressed in terms of the A-ratio as

L =(%~1]In. (4.78)

I (4.77)
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The accumulated charge is the integral of the capacitor current, that is, the area
bounded by i.(t) and the time-axis. With Equations 4.76 and 4.78, the area under
positive current, which is equal to the accumulated charge, is expressed as

12JA-A( 2 Vn(??—\/?:)2
=5T(ﬁ‘1}°= TR

With Equations 4.48, 4.53, and 4.79, the expression for the capacitance of the
DCM buck converter is formulated as

(2 —J?T)z
T (4.80)

AQ (4.79)

If A =1, Equation 4.80 reverts to Equation 4.55. The examples and exercises
that follow illustrate some applications of Equation 4.80.

ExampLE 4.9

Specify a capacitor for the buck converter in Example 4.1 with a ripple specification
of 1% and an inductance of (a) L = 10 pH and (b) L = Ly

Solution

The A-ratio for the converter when L = 10 pH is 10/18 = 5/9. Directly from Equa-
tion 4.80, the required capacitance is

(245;9)2
C= ~1,600 uF.
(4)(1.25)(20E3)(0.01)

When the inductance is Lecy, the A-ratio is unity and Equation 4.55 is applic-
able. The required capacitance is

C= - =1,000 pF.
(4)(1.25)(20E3)(0.01)

Conclusion

A significantly greater capacitance is required for the DCM converter. This result is
consistent with the fact that the capacitor must sustain the load current for a longer
period of time.
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Exercise 4.9

Show that Equations 4.80 and 4.55 are equal when A = 1. Determine the expression
for the largest possible DCM capacitance.

Answer

1
_Rﬁ"

ExampLE 4.10

Design a buck converter with the following specifications:

Input Output Output Switching Ripple A-
Voltage Voltage Current Frequency Content ratio
30<V,<42 12 VDC 36A 25 kHz 5% 2
VDC

Determine the required inductance and capacitance. Repeat the design with 4= 0.5.

Solution
With A = 2, the converter is in CCM. The CCM inductance is

. —(1_12f42)(3'33)~43 .
CCM = (2)(25E3) 5= L.

The required inductance for a A-ratio of two is (2)(48) = 96 uH. The required
capacitance is
. 1

C= - ~30 uF.
(4)(2)(3.33)(25E3)(0.05)

With A = 0.5, the converter is in DCM and the inductance is 24 pH. The DCM
capacitance is
2
(2-o5)

C = m = 100 “F
(4)(3.33)(25E3)(0.05)
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Conclusion

The CCM inductance must be based on the minimum expected CCM duty ratio.
The DCM converter requires less inductance but significantly more capacitance.
Exercise 4.10

Redesign the converter in Example 4.10 for a load current range of 2 <[, <4 A.

Answers
CCM:L=172uH, C=17 pF
DCM: L =43 uH, C=56 pF.

PRACTICAL BUCK CONVERTERS

The previous analyses were based on ideal components: zero voltage drop across the
switches and no series resistance in the inductor or in the capacitor. These
assumptions facilitate the analyses but yield an unpractical circuit efficiency of
100%. In the ideal circuit, the input power is equal to the output power with no loss
of energy. In practical circuits there are losses in every component. Efficiency is
extremely important not only as a marketable or competitive specification but also
for thermal management. Electronic devices that are used as switches have a nonzero
voltage drop across them and generate significant amounts of heat energy that must
be removed to prevent them from being destroyed. The most commonly used power
devices in DC-DC converter technology are the bipolar junction transistor (BJT),
the metal oxide semiconductor field-effect transistor (MOSFET), and the diode. A
buck converter implemented with a BJT and diode is illustrated in Figure 4.13.

FIGURE 4.13 Practical buck converter.

CCM and DCM Duty Ratios

During the first portion of the switching period, 0 <t <t,,, the transistor is switched
on and the voltage difference from collector to emitter is the saturation voltage,
Viar- The diode is reverse-biased and appears as an open circuit. When the transis-
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tor is cut off, the collector-to-emitter junction behaves as an open circuit, and the
load and capacitor currents flow through the forward-biased diode back into the
inductor. The voltage across the forward-biased diode is V. Figure 4.14 illustrates
the two circuit structures during one switching period.

FIGURE 4.14 Switching stages of the
practical buck converter.

When the transistor is on and the diode is off, application of KVL produces the
inductor voltage equation

VL\IzvsH_VSAT_AVO! Ogtéton. (481)
When the diode is forward-biased and the transistor is cut off, KVL yields
VL,E :—(VO+VF)) lt0r| StET' (482)

Application of the zero-average inductor-voltage principle to Equations 4.81
and 4.82 yields the expression

D(V, ~Vear =V, ) — (Vo + Vi )(1-D)=o0. (4.83)

The solution of Equation 4.83 for D is the expression for the duty ratio of the
practical buck converter:

V,+ V;

=— (4.84)
Vi — Vaar + Vs
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The DCM duty ratio for the practical buck converter is

V. +V
p=—2m2""1 [y (4.85)
Vi = Vaar +V¢

Equations 4.84 and 4.85 reveal that the duty ratio is larger in a practical buck
converter than in the ideal converter.

Switching-Device Power Dissipation

The power dissipated in the transistor is found with the definition of average power
applied to the collector current and the collector-to-emitter voltage:

s
1 )
Pirn :T__‘ijE(t)fC“)dt- (4.86)
0

In Equation 4.86 the collector-to-emitter voltage is the saturation voltage, and
the collector current is equal to the inductor current in the interval 0 <t <. Since
the saturation voltage is virtually constant, the transistor power dissipation is

nr

17 :
Py = Viar ; -0[ i (t)dt |, (4.87)

in which the quantity in brackets is the average collector current. The diode current
is equal to the inductor current during the interval ¢, <t < T. Consequently, the
diode power dissipation is
1 T
Poio = Vi ? I i (t)dt | (4.88)

DT

The diode power is thus the product of the forward voltage and the average
diode current. The sum of the average collector current and the average diode cur-
rent is the average inductor current, which is also the load current:

1 DT 1 T
F!fu(r)dr + ?L‘LEL‘Q(H(& e (4.89)

Equations 4.87 to 4.89 reveal that the average collector and diode currents are
fractions of the load current. These fractions correspond to the duty ratios of the
transistor and the diode. Consequently,
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I nr
T j i (t)dt = DI,, (4.90)
0
and
1 T
= | it =(1-D)L.. (4.91)
nr

Substitution of the results of Equations 4.90 and 4.91 into Equations 4.87 and
4.88, respectively, yields the transistor and diode average power dissipation formulas:

Pyrr = DViurl. (4.92)
Poio =(1- D) V(L (4.93)

Efficiency

The efficiency of the circuit is the ratio of the output power to the input power:

n= (4.94)

Ho |o

The input power is the sum of the output power and the individual device
losses:

P =P, + Perr + Poio- (4.95)
Substitution of Equation 4.95 into Equation 4.94 yields the efficiency expression

P
- (4.96)
B, + P + Poio

n
Substitution of the individual power expressions into Equation 4.96 and sim-
plification yields

i
. ) _ (4.97)
Vo+ DVsar +(1-D) Vi

n

Equation 4.97 reveals that the BJT-diode converter efficiency is dependent largely
upon the output voltage, and the individual voltage drops across the switching
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devices. To maximize efficiency, devices with low Vi,; and V; are required. Addi-
tionally, converters with larger output voltages are more efficient.

The efficiency equation also reveals that for low duty ratios, the efficiency is
more influenced by Vthan by Vg,. Similarly, for larger duty ratios, the efficiency
is affected more by V. For example, when the duty ratio is effectively zero, the
efficiency equation becomes

- T 4.98
=V +v; (4.98)
When the duty ratio is unity, the efficiency is
— L 4.99
n_vo"'vsn- ]

The efficiency thus varies between the limits expressed by Equations 4.98 and
4.99; however, the magnitude of the limits depends upon the relative values of V;
and Vgur. If Vgar > Vs the efficiency is lower for the larger duty ratios. If Vi > Vi,
the efficiency is lower for the smaller duty ratios. In any case, the variation between
the two limits decreases dramatically as the output voltage increases.

A DC-DC converter must be specified by its worst-case efficiency so that the
source may be sized to meet the maximum energy demand of the circuit. The fol-
lowing example illustrates the application of the device dissipation and efficiency
equations.

ExampLE 4.11

Compute the efficiency and device dissipation for the buck converter of Example
4.10if Vour =04 Vand V;= 1.3 V.

Solution

For the CCM converter (A = 2), the duty ratio is governed by Equation 4.84, in
which V, varies between 30 and 42 VDC. Since V; > Vi,r, the smaller duty ratio de-
termines the worst-case efficiency:

12413
T 42-04+13

With Equation 4.92, the transistor dissipation is computed as Py =
(0.31)(0.4)(4.6) = 0.45 W. With Equation 4.93, the diode dissipation is determined
as P = (0.69)(1.3)(4.6) = 4.23 W. The efficiency is computed from Equation 4.97:
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12
']‘] = = 9229”0
12+(0.31)(0.4)+(0.69)(0.7)
For the DCM converter, the duty ratio is
12+1.3
=—/0.5=0.22.
42-04+13

The transistor dissipation is Py = (0.22)(0.4)(4.6) = 0.32 W, the diode dissi-
pation is Ppig = (0.78)(1.3)(4.6) = 4.65 W, and the efficiency is

12
12+(0.22)(0.4)+(0.78)(1.3)

n ~ 91.6%.

Conclusion

There is clearly little difference between the efficiencies of the two converters. This
result is mainly due to the relatively large input and output voltages with respect to
the diode and transistor voltage drops. The DCM converter is less efficient because
Vi > Viups the smaller duty ratio for the transistor translates to a larger duty ratio
for the diode. The choice of CCM or DCM in regards to efficiency is influenced by
the relative values of Vyand Vi,, the transistor and diode thermal characteristics,
and the device-to-heatsink mounting configuration.

Exercise 4.11

a. Compute the power device dissipations and the efficiency of the buck con-
verter in Example 4.10 with Vg, = 1.5 and V= 0.7.

b. Compute the power device dissipations of the buck converter in Exercise
4.10 with Vg4 = 0.4 and V= 1.3.

Answer a
CCM: PK'['R = 23 W, PDIO = ]..4 W, T] = 920/0
DCM PX'I'R = 1.7 W, PDIO = 1.7 W, Tl = 930/0.

Answer b
CCM: PX'['R =0.5 W, PD[(‘) =46 W
DCM P}&ll{ = 0.4 W, PD[D = 4.1 W
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Capacitor and Inductor Losses

The efficiency study would not be complete without the inclusion of the capacitor
and inductor losses caused by series resistances. If these resistances are added to the
circuit model, however, the analysis is completely altered: the inductor voltage and
current waveforms are no longer rectangular and triangular in shape, respectively,
but are exponential in form. Furthermore, the assumption of constant output volt-
age is compromised because of the voltage drop across the equivalent series resis-
tance (ESR) of the capacitor, and the inductor voltage is further modified by the
voltage drop across its series resistance.

An approximate approach to compute the additional losses is to continue to
neglect the series resistances in the circuit model but include them in the efficiency
calculation. The powers dissipated in the energy-storage devices are computed with
the RMS values of the respective current waveforms. This approach results in an
overestimation of the inductor/capacitor (L/C) losses but yields a more accurate
and realistic circuit efficiency.

When the L/C losses are included in the efficiency calculation, the input power
becomes

P=P+Pr+Poo+b +F, (4.100)
in which the power dissipated in the inductor series resistance is
P, =1Ij qusR.. (4.101)
and the power dissipated in the physical capacitor is

Pe= IE’,RMSRESR- (4.102)

CCM Efficiency with L/C Losses

A triangular waveform with no DC component and a peak value of X, hasan RMS
value of

X
XA.RMS === (4-103)
V3
With Equations 4.56 and 4.103, the RMS value of the CCM capacitor current

in terms of the A-ratio is

I,

I C,RMS = m

(4.104)
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The RMS value of a triangular waveform that is level-shifted by a DC compo-
nent has an RMS value that is the square-root of the sum of the squares of the RMS
values of the orthogonal components:

2

Xl'l'l
Xavpe,rus = 3 + Xbe . (4.105)

With Equation 4.56 again and Equation 4.105, the RMS value of the CCM in-
ductor current in terms of the A-ratio is

1
IL.R.D\{S=IO E"‘l (4.106)

Equations 4.104 and 4.106 determine the CCM L/C losses as follows:

l b
P = —+1 |IZR.. (4.107)
3\°
B.= ! IR (4.108)
C 3)\,2 o LVESH - .

Equations 4.107 and 4.108 determine the CCM efficiency with L/C losses to be

Vo
n= . (4.109)

VO+DVSAT +(]- ‘_‘D)V:F + 3;: (R, +RESR)+10R5

2

Equation 4.109 reveals that the efficiency is dependent upon additional voltage
drops. These voltages are related to the average voltages across R, and Rygz. The
equation further reveals that it is possible to reduce the L/C losses with larger A-
ratios (larger inductance values) as long as the inductor series resistance, R, is not
subsequently increased.

DCM Efficiency with L/C Losses

Equation 4.103 also applies to a triangular waveform with a maximum of X, and a
minimum of zero. If the base of the triangle is less than the period of the waveform,
the RMS value is

t
Ko =Xy ﬁ (4.110)
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in which t, is the length of the base. The peak DCM inductor current is determined
by the addition of I, to Equation 4.78:

il
=2 (4.111)

IITH].X_
Jr

As illustrated in Figure 4.12, the base of the triangular DCM inductor current
waveform is the extinction time, t,. With Equations 4.62 and 4.68, the extinction
time is expressed in terms of the A-ratio as

ty=——. (4.112)

With Equations 4.1, 4.110, 4.111, and 4.112, the RMS value of the DCM in-
ductor current as a function of the A-ratio is

3L
I}_‘RMS:W. (4.113)

The RMS DCM capacitor current is determined from the piece-wise waveform
geometry illustrated in Figure 4.12 and the respective duty ratio segments:

2
If:.m-isz\/fit_x'i'fsT_tx- (4.114)
37T T

With Equations 4.1,4.78, 4.112, and 4.114, the RMS DCM capacitor current in
terms of the A-ratio is

Lo s = —2—Ja— 20— . (4.115)

%;\.IM

Equations 4.113 and 4.115 determine the DCM L/C losses as follows:

p = p (4.116)
L 3\/% 5. .
12
PC=3ji(4—2h—\/i)RESR. (4.117)

The next example illustrates how the L/C losses are incorporated into the effi-
ciency calculations.




Chapter 4 Introduction to DC-DC Converters: the Buck Converter 223

ExampLE 4.12

Compute the L/C losses and the circuit efficiency of the buck converter in Example
4.11 with R, =0.25 Q and Ry = 0.1 Q.

Solution

From Equations 4.104 and 4.106, the RMS CCM inductor and capacitor currents
are

I; s =(3.6) +1=375A

1
(3)(2)
and

3.6
Ieps =—+==1.04 A.
(213

With Equations 4.101 and 4.102, the CCM L/C losses are determined as
P, =(1.36)*(0.25)=351 W
and
P-=(1.04)’(0.1)=0.11 W.

The efficiency is computed with Equations 4.94 and 4.100 or with Equation
4.109:

12
n= =85.6%.

12+(0.31)(0.4)+(0.69)(1.3)+(3)3(‘ (025+0.1)+(3.6)(0.25)

2

The RMS DCM inductor and capacitor currents are determined from Equations
4.113 and 4.115 to be

(2)(3.6)
IL,RMS = W =494 A

and

(3.6)

Ie rus =—,\/4—(2)(0.5)— 05 =3.74 A.
\/5(0_5}:}.2;
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With Equations 4.101 and 4.102 again, the DCM L/C losses are determined as

P, =(4.94)*(0.25)=6.1 W

and
P-=(3.74)*(0.1)=14 W.
The DCM efficiency is
432
n= =79%.
43.24+0.32+3.65+6.11+14
Conclusion

The L/C losses and efficiency may be calculated directly with their respective equa-
tions or calculated, as in this example, in separate steps that begin with the RMS
current values. The DCM converter is less efficient because the smaller A-ratio re-
sults in larger RMS current values.

EXErcISE 4.12

To increase the efficiency of the CCM converter in Example 4.12, is it more effec-
tive to use a larger inductance or to use an inductance with a smaller series resis-
tance? Compute the efficiency of the CCM converter for (a) A = 10 and R, = 0.25
and (b) A=2and R, =0.1.

Answers
(a) 1=286.2% and (b) = 89.3%.

CHAPTER SUMMARY

The buck converter is an effective circuit solution to the problems associated with
the supply of a lower DC voltage from a higher voltage DC source. The efficiency
issue is addressed by the saturated switching of the main power switch, and the reg-
ulation problem is solved by PWM.

The A-ratio is a new addition to the theory of DC-DC converters. The ratio
provides a means to determine the mode of operation and clearly shows how an in-
crease or decrease in inductance affects the design issues of the circuit. In addition,
the A-ratio greatly simplifies the analysis of the DCM converter.
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The ideal CCM buck converter equations are summarized as follows:

V(]
p=2,
£
L (1-D)R
cCM — 2{ )
P
AARfr

The ideal DCM buck converter equations are summarized as follows:
V.
D=1,

4Rfr

e

Of the efficiency expressions developed in the chapter, the choice of which
equation to apply depends on the desired computational accuracy and the type of
semiconductor devices used in the circuit design.

Tue MATLAB TooLBoXx

The functions listed below are located in the Toolbox subfolder of Chapter 4 on
the CD-ROM.

LBUCK

Function [buck.m computes the minimum inductance required for a buck con-
verter from the duty ratio, A-ratio, load resistance, and PWM switching fre-
quency.

Syntax
L = lbuck(D, lambda, R, f)
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CBUCK

Function ebuck.m computes the minimum required capacitance for a buck
converter from the ripple, A-ratio, load resistance, and PWM switching fre-
quency.

Syntax
C = cbuck(r, lambda, R, f)

PROBLEMS

For the design problems, compute the minimum inductance and capacitance that
meets the circuit specification. For the efficiency problems, compute the worst-case
efficiency. Use A = 2 for CCM and A = ¥ for DCM.

Problem 1

Design a CCM buck converter to output 12 VDC at 50 W with 2% ripple from

a source that varies between 30 and 42 VDC with a PWM switching frequency of
25 kHz.

Problem 2

Design a DCM buck converter to output 12 VDC at 50 W with 2% ripple from
a source that varies between 30 and 42 VDC with a PWM switching frequency of
25 kHz.

Problem 3

Design a CCM buck converter to output 5 VDC at 4 to 6 A with 1% ripple from a
source that varies between 10 and 14 VDC with a PWM switching frequency of
20 kHz.

Problem 4

Design a DCM buck converter to output 5 VDC at 4 to 6 A with 1% ripple from a
source that varies between 10 and 14 VDC with a PWM switching frequency of
20 kHz.
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Problem 5
Repeat Problem 1 for a buck converter implemented with a BJT and diode with
Var = 0.5 Vand Vy=0.7. Compute the circuit efficiency.

Problem 6
Repeat Problem 2 for a buck converter implemented with a BJT and diode with
Vear = 0.5 Vand V= 0.7. Compute the circuit efficiency.

Problem 7
Repeat Problem 3 for a buck converter implemented with a BJT and diode with
Viar = 0.5 Vand V= 0.7. Compute the circuit efficiency.

Problem 8
Repeat Problem 4 for a buck converter implemented with a BJT and diode with
Viar = 0.5 Vand Vy=0.7. Compute the circuit efficiency.

Problem 9

Repeat Problem 1 for a buck converter implemented with two MOSFETS with on-
resistances of 0.01 ©, an inductor with a series resistance of 0.1 £, and a capacitor
with an ESR of 0.05 Q. Compute the circuit efficiency.

Problem 10

Repeat Problem 2 for a buck converter implemented with two MOSFETS with on-
resistances of 0.01 €, an inductor with a series resistance of 0.1 £, and a capacitor
with an ESR of 0.05 Q. Compute the circuit efficiency.

Problem 11

Repeat Problem 3 for a buck converter implemented with two MOSFETS with on-
resistances of 0.01 Q, an inductor with a series resistance of 0.1 £, and a capacitor
with an ESR of 0.05 Q. Compute the circuit efficiency.

Problem 12

Repeat Problem 4 for a buck converter implemented with two MOSFETS with on-
resistances of 0.01 €, an inductor with a series resistance of 0.1 €, and a capacitor
with an ESR of 0.05 Q. Compute the circuit efficiency.
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INTRODUCTION

The design equations developed for the buck converter in Chapter 3 are a subset of
a general set of equations that are applicable to a great variety of DC-DC convert-
ers. These types of converters are called two-level DC-DC converters because of the
two voltage levels of the inductor voltage waveform. In this chapter the principles
of analysis applied to the buck converter are generalized as a theory from which the
design equations for other converters are formulated. The general theory is devel-
oped and applied to the boost and buck/boost converters, both in CCM and DCM
operation.

The terms buck and boost come from electrical transformer jargon. A bucking,
or buck, transformer is a step-down transformer that outputs a lower secondary
voltage than the primary source. The rated secondary current is greater than the
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primary current by a factor of the ratio of the primary to secondary voltages. A
boost transformer steps the source voltage up to a higher voltage but requires a pri-
mary current that is greater than the secondary current by a factor of the ratio of the
secondary to primary voltages. These voltage and current relationships are also
true for the buck and boost converters, except that the voltages and currents are DC
rather than AC. Indeed, DC-DC converters are often called “DC transformers.” As
the name implies, the buck/boost converter can output voltage magnitudes that are
greater or less than the source.

GENERAL THEORY OF CCM CONVERTERS

The primary energy-transfer element in DC-DC converters is the inductor; capac-
itors are seldom used. The general theory of CCM converters begins with an analy-
sis of the voltages across the inductor throughout the switching period. From the
inductor voltage waveform, the general expression for the duty ratio follows from
the volt-second balance principle.

The analysis continues with a formulation of the inductor current from which
the expression for the CCM inductance is determined. The capacitor current is
then formulated, along with the output ripple voltage and, finally, the expression
for the CCM capacitance.

Generalized CCM Duty Ratio

The steady-state inductor voltage waveform of a general CCM converter is shown
in Figure 5.1.

FIGURE 5.1 General CCM inductor voltage
waveform.

As indicated in Figure 5.1, the voltage across the inductor is

VL,I(I)zvt) OSISIOII' (51)
VL,z(i):Vz‘ lton <IET (5.2)
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Application of the zero-average principle produces the identity
The solution of Equation 5.3 for the duty ratio is

Dcey = £ (5.4)
CCM — V2 _ Vl . -

Equation 5.4 is the general duty ratio expression for CCM converters in terms
of the on-time and off-time voltages across the inductor. Example 5.1 illustrates an
application of the generalized duty ratio expression.

ExAmPLE 5.1

Derive the CCM duty ratio expression for the buck converter from Equation 5.4.

Solution

The on-time voltage across the inductance of the CCM buck converteris V, = V,—
V,; the off-time voltage is V, = —V,.. Substitution of the on- and off-time voltage
expressions into Equation (5.4) results in

= vn R vo = vn E

D: = = -
_V(J_(Vs_vn} _Vn_vs+vo _Vs \/s

Conclusion

Equation 5.4 yields the expression for the CCM buck converter duty ratio directly
without need of further analysis.

Exercise 5.1
A certain CCM converter has an inductor on-time voltage of 24 V and an off-time

voltage of negative —12 V. Determine the duty ratio of the converter.

Answer

1
D=~
3




232

Fundamentals of Power Electronics with MATLAB

Average Inductor Current and Load Current

Application of the inductor current integral to Equations 5.1 and 5.2 results in the
expressions for the general CCM inductor current:

. Vi

1L.l(t)=ft+1min! O‘f_:ti:{'m_ (5.5)
. V, N
IL,E(t):T(r‘_ton)+Ijnax) ton gtST (5_6)

The generalized CCM inductor current is illustrated in Figure 5.2.

!
i (0 iy ,lr)
’t:l

1} l T

FIGURE 5.2 Generalized CCM inductor current.

If the capacitor shunts all the harmonics of i,(t), as assumed in Chapter 4, the
load current is equal to the average inductor current. However, in some converters
the inductor is disconnected from the R-C load during a portion of the switching
cycle. In these converters, only a fraction of the average inductor current flows into
the load. This fraction is defined as

Lo

D,=—,
T

[+]

(5.7)

in which ¢, is the time interval during which the inductor is load-connected. If
the inductor is always connected to the load, as in the buck converter, the load-
connected time interval is the switching period, and the load current is the average
inductor current. If the inductor is not always load-connected, then the load
current is

I, =Dyl (5.8)
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If the inductance is load-connected only while the power switch is on, then
t,=t,, and

o on

B, =D. (5.9)

If the inductance is load-connected only during the power switch off-time,
then t,=T—t,, and

D,=1-D. (5.10)

The load-connected duty ratio, in accordance with Equation 5.8, is the ratio of
the load current to the average inductor current:

Dy=—2, 511
] (5.11)

avg

The average inductor current is computed from the geometry of the inductor
current waveform as illustrated in Figure 5.2. As indicated in the figure, the peak

inductor current occurs at t = t,,. With the on-time expressed as t,, = ?, the peak
inductor current is formulated as ’

DV,
J!n’m.x = +Imin- (512)
If

The sum of the rectangular area and the triangular area of the inductor current
waveform illustrated in Figure 5.2 is computed as

1._( DV,
A==T| —> |+TI.,. (5.13)
27\ If

The average inductor current is the ratio of the area expressed by Equation 5.13
to the PWM switching period:

DV,

l-.n T
®2If

+Im.in- (514)
The product of the average inductor current and the load-connected duty ratio
results in the load current:

_ DDV,
°aIf

+DoImin- (515)
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Generalized CCM Inductance

The solution of Equation 5.15 for L when I;, = 0 is the minimum inductance re-
quired for CCM operation:

Leew=—7"——. (5.16)

Example 5.2 illustrates an application of Equation 5.16.

EXAMPLE 5.2

Derive the expression for the CCM inductance of the buck converter from Equa-
tion 5.16.

Solution

As stated previously, the inductor is always connected to the load in the buck
converter. The load-connected duty ratio, therefore, is D, = 1. With the on-time
voltage from Example 5.1 and a duty ratio of D = V/V,, the CCM inductance is
computed as

Va RS
v W(V-Ve)R [1 Vv, )R (1-D)R
Loy =— = == :
2fV, 2f 2f

Conclusion

Equation 5.16 directly yields the CCM inductance for the buck converter.

EXercise 5.2

A certain CCM converter has an inductor on-time voltage of V, = V, and a load-
connected duty ratio of D, = 1 — D. Determine the expression for the CCM induc-
tance.

Answer
_ D(1-D)V,R
CCM — 2V0f -

CCM Capacitance

When the inductor is load-connected, the capacitor current is equal to the induc-
tor current minus the load current. When the inductor is disconnected from the
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load, the capacitor must supply the load current. The capacitor current is thus
related to the load-connected duty ratio. The capacitor currents are illustrated in
Figure 5.3 along with their corresponding load-connected duty ratios.

FIGURE 5.3 CCM capacitor currents and
load-connected duty ratios.

When D, = D, the CCM capacitor current is
; Vi
1(_-_1(1')=Tlf+f,,,,-n— I, 0<t<t,,. (5.17)

fes(t)==I,, t. St <T. (5.18)
If D, = 1 - D, the capacitor current is

'I.C,I(i):_lonoc—:'tgt()n' (5]9)

; V.
'!C.z(i)z'f(t_1011)+1max—Ioa ton StET. (520}

on —

When D, = 1, the capacitor current is expressed by Equations 5.17 and 5.20.
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Capacitor Charge Balance

In accordance with the charge-balance principle, the integral of the capacitor cur-
rent over the switching period is zero. Because the integral represents area and
charge, the areas above and below the time-axes in Figure 5.3 must have equal
magnitudes. When D, = D, the magnitude of area is readily calculated as the area
of the rectangle in the interval between T and ¢,,,. Application of the charge-balance
principle to the waveform in Figure 5.3a results in

CAV, =(T—tu)l,. (5.21)

In terms of the switching frequency and duty ratio, Equation 5.21 is reformulated

as
(1-D)V,
CAV,=——+—, 5.22
Rf (5.22)
The solution of Equation 5.22 for the ripple voltage is

(]- L D) vo

AV, =——= (5.23)
RCf

With the definition of ripple voltage from Chapter 4, the solution of Equation
5.23 for C yields the expression for the CCM capacitance when D, = D:

1-D
C= (5.24)

Rfr

Equation 5.24 indicates that larger capacitances are required for smaller duty
ratios when the inductor is load-connected during the on-time. This conclusion is
consistent with the operation of the circuit since the capacitor must sustain the load
current for a longer time interval.

The charge-balance principle applied to the waveform in Figure 5.3b produces

CAV, =1.t,.. (5.25)
In terms of D and f, Equation 5.25 is expressed as

DV,
Rf

CAV, = (5.26)
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With the definition of ripple again, the CCM capacitance when D, =1-D is

pes (5.27)
s :
When D, = 1, the load current expressed by Equation 5.15 becomes
I,= DY; +1 (5.28)
o - sz mn - .

As illustrated in Figure 5.3¢, the accumulated charge is equal to the area of
the triangle above the time axis. To compute the area, the zero-crossing points are
required and are readily obtained by a reformulation of Equations 5.17 and 5.20 in
terms of the duty ratio and frequencys:

: Vi D
(t)=—| t—— [, 0t < 1. 5.29
ic(t) L[ 2f:| ( )

Vs 1+D
ica(t)=—|t——— |, ton St<T. 5.30
ica(¥) L[ 2f ] (5.30)

The solutions of Equations 5.29 and 5.30 for ic(t) = 0 yield the zero-crossing
points. The difference between the zero-crossing times is the length of the base of
the triangle:

b
~oF

The height of the triangle is the peak capacitor current that occurs at the same
time as the maximum inductor current. Substitution of t = t,, into Equation 5.29
yields

ts=1

(5.31)

W (5.32)
SEETT N '
With Equations 5.31 and 5.32, the accumulated charge is computed as
1 1 DV, DV,
AQ=———F=—! (5.33)

T22f 20f 8Lt
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The charge-balance principle, along with the definition of ripple, applied to
Equation 5.33 yields the CCM capacitance for a unity load-connected duty ratio:

C=———. (5.34)
8rV,Lf"

ExamPLE 5.3

Derive the expression for the CCM capacitance of the buck converter from Equa-
tion 5.34.

Solution

For the CCM buck converter, V, = V, — V, and D = V,/V,. Substitution of these
expressions into Equation 5.34 and simplification yields

V. . 1
DV, =-1| D|—=-1
o DVi-Ve) _ [vo )_ (D )_1_9
8rV,Lf? 8V, Lf? 8rLf?  8rLf*

Conclusion

Equation 5.34 yields directly the CCM capacitance for the buck converter.

EXERCISE 5.3

Determine the CCM capacitance for the converter in Exercise 5.2.

Answer
_D
Rfr’

The CCM Boost Converter

As stated earlier, the boost converter outputs a voltage that is greater than the input
voltage. The functional schematic of the boost converter is shown in Figure 5.4.
The equivalent circuits of the boost converter, in accordance with the switch
closures, are illustrated in Figure 5.5.
As indicated in Figure 5.5a, the inductor is switched directly across the DC
source during the on-time; thus V; = V.. When SW1 is open and SW2 is closed, as
illustrated in Figure 5.5b, the inductor is load-connected and the voltage across the
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FIGURE 5.4 Boost converter.

I lTl

(b)

FIGURE 5.5 Equivalent circuits of the
boost converter.

inductor is V, = V, = V,. Substitution of these voltage expressions into Equation 5.4
yields the CCM duty ratio of the boost converter:

D=1-—. 5.35
v (5.35)

The solution of Equation 5.35 for the ratio of the output-to-input voltages re-
sults in the transfer function of the circuit:

L (5.36)
i : :

Although Equation 5.36 indicates a possible limitless output voltage, the prop-
erties of the physical components impose an upper bound on the output.
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CCM Inductance

The boost converter inductance is load-connected during the off-time of SW1. The
load-connected duty ratio is therefore 1 — D. Substitution of Equations 5.10, 5.35,
and 5.36 into Equation 5.16 yields the CCM inductance for the boost converter:

2
D(1-D) R
Leew =——F"—. (5.37)
2f

As stated in Chapter 4, the CCM inductance specified for a converter must be
the largest value computed under varying circuit conditions. For the buck con-
verter, the largest CCM inductance occurs at maximum load resistance and mini-
mum duty ratio. For the boost converter, the largest inductance occurs with
maximum resistance as well; however, the minimum duty ratio does not provide
the largest inductance. Differentiation of Equation 5.37 with respect to the duty

ratio yields the expression

Loy (1-4D+3D)R

= . 5.38
dD 2f (5-38)

The maximum inductance is determined with Equation 5.38 set to zero:
1-4D+3D* =0. (5.39)

The solutions to the quadratic equation are

Jll.’S
D= .
1

A duty ratio of unity is not practical, nor does it yield maximum inductance.
The maximum inductance therefore occurs at a duty ratio of one-third, as illus-
trated in Figure 5.6, in which the normalized CCM inductance is plotted versus
duty ratio.

According to Figure 5.6 and the applicable solution to Equation 5.39, the
largest required CCM inductance occurs at the operating duty ratio that is closest
to one-third.

Example 5.4 illustrates the CCM inductance calculation for the boost converter
under variable circuit conditions.
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__________ Maximum LCCM

duty ratio

FIGURE 5.6 Normalized CCM boost converter inductance.

ExAmPLE 5.4

A boost converter has an output voltage of 48 VDC, with an input voltage that
varies from 10 to 14 VDC. The load current varies between 3 and 6 A. Compute the
CCM inductance if the PWM switching frequency is 5 kHz.

Solution

The maximum load resistance occurs at minimum load current: R = 48/3 = 16 Q.
The duty ratio at an input voltage of 10 VDCis D = 1 —10/48 = 0.79, or 79%. The
duty ratio at 14 VDCis D=1 — 14/48 = 0.71, or 71%. Since 71% is closer to 33%,
the CCM inductance must be based on the 71% duty ratio to ensure CCM opera-
tion under all circuit variations. The CCM inductance therefore is

_ (0.71)(1-0.71)(3) _
Leem = (2)5E3) =18 uH.

Conclusion

If the CCM inductance is based on the 79% duty ratio, the approximate value is
10 pH. It is evident that a small variation in duty ratio can result in a large variation
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of CCM inductance. If the inductance is not at least 18 uH for this example, the
converter will not always operate in CCM; consequently, the output voltage will not
always be 48 VDC.

EXERcISE 5.4

Determine the expression for the maximum CCM inductance for a boost converter
under all possible operating conditions.

Answer
2R

L et X

TR

CCM Boost Converter Capacitance

Since the load-connected duty ratio of the boost converter is D, = 1 — D, the CCM
capacitance is specified by Equation 5.27.

The CCM Buck/Boost Converter

As stated in the introduction, the buck/boost converter has the capability to provide
output voltage magnitudes that are less than or greater than the input voltage. If
the negative terminal of the source is the reference node, the polarity of the output
voltage is opposite the polarity of the source voltage. The functional schematic of
the buck/boost converter is shown in Figure 5.7.

SWI

FIGURE 5.7 Buck/boost converter.

The equivalent circuits of the buck/boost converter in accordance with the
switch closures are illustrated in Figure 5.8.

As illustrated in Figure 5.8, the voltage across the inductor during the on-time
is, as the boost converter, V| = V.. During the off-time, the inductor voltage is
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FIGURE 5.8 Equivalent circuits of the
buck/boost converter.

V, =-V,. Substitution of these voltages into Equation 5.4 yields the CCM duty ratio
of the buck/boost converter:

(5.40)

From Equation 5.40, the transfer function of the buck/boost converter is de-
termined as

. (5.41)
1=-D° '

Vo

Ve

Equation 5.41 indicates that if the duty ratio is less than one-half, the magni-

tude of the output voltage is less than the input voltage; if the duty ratio is greater

than one-half, the output voltage is greater than the input voltage. At a duty ratio

of exactly one-half, the input and output voltage magnitudes are equal, but with

opposite polarities. As with the boost converter, the output voltage is bounded by
the physical limitations of the components.

CCM Inductance

As with the boost converter, the inductance of the buck/boost converter is load-
connected during the off-time of SW1. Substitution of Equations 5.10, 5.40, and
5.41 into Equation 5.16 yields the CCM inductance for the buck/boost converter:
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(1-D) R
2f
As with the buck converter, the CCM inductance for the buck/boost converter

is based on maximum load resistance and minimum duty ratio. The next example
illustrates the CCM inductance computation for the buck/boost converter.

(5.42)

Leay =

EXAmPLE 5.5

A buck/boost converter supplies a 28-VDC load from a source that varies between
24 and 32 VDC. The load current varies from 7 to 10 A. Determine the CCM in-
ductance if the PWM switching frequency is 10 kHz.

Solution

The load resistance varies between 28/10 = 2.8 Q and 28/7 = 4 Q. The duty ratio
varies between 28/(32 + 28) = 0.47 and 28/(24 + 28) = 0.55. The required CCM
inductance is

1-047)’ (4
Leem = w =2/ U

(2)(10E3)

Conclusion

To maintain CCM operation under the specified variations in load current and
input voltage, the CCM inductance must larger than 57 pH.

EXErcISE 5.5

A 100 pH inductance is used as the CCM inductance of a buck/boost converter
with an output voltage of 144 VDC and an expected input voltage variation of 120
to 162 VDC. The expected output current variation is 5 to 10 amperes. What is the
minimum PWM switching frequency that ensures CCM operation?

Answer
40 kHz.

CCM Capacitance

The load-connected duty ratio of the buck/boost converter is the same as the boost
converter; hence, the CCM capacitance specification is also given by Equation 5.27.
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GENERAL THEORY OF DCM CONVERTERS

As discussed in Chapter 4, the voltage across and the current through the energy-
storage inductance is zero over a portion of the switching period when a converter
is in DCM. These voltage and current waveforms of the general DCM converter are
illustrated in Figure 5.9.

L.
g /\—/

(a)

LA () ¥, -

- v

FIGURE 5.9 Inductor voltage and current waveforms
of the generalized DCM converter.

As indicated in Figure 5.9, the voltage across the inductor during the on-time
is the same as Equation 5.1. The voltage during the off-time is

v ooV tmSt<h .
BN e, 1 speT '

Application of the zero-average principle to the inductor voltage waveform
produces an expression for the extinction time:

t=o|1-2 5.44
.t_f Vg. ()

Generalized DCM Duty Ratio

As demonstrated by Equation 5.15, the relationship between the average inductor
current and the load current is dependent upon the duty ratio and the load-
connected duty ratio. It is possible, therefore, to extract a general DCM duty ratio
expression from that relationship. The average value of the general DCM inductor
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current is readily computed with the base and height of the triangular waveform in
Figure 5.9a. The height of the triangle is the maximum inductor current expressed
by Equation 5.12 with I,;, = 0:

Pt (5.45)
max — Lf 4 i o
The base of the triangle is the extinction time. The average DCM inductor cur-
rent is thus

E :Dzvl 1—i . (5.46)
P v,

In accordance with Equation 5.8, the output current is the product of the aver-
age inductor current and the load-connected duty ratio:

Yo _ DDV, 1A 5.47
R 2If vy ) i24)

The solution of Equation 5.47 for D yields the expression for the generalized

DCM duty ratio:
2LFV, V.
D= # (5_43)
RD,V; (V2= V))

Derive the expression for the DCM duty ratio of the buck converter from Equation
5.48.

ExampLE 5.6

Solution

Substitution of the buck converter inductor voltages from Example 5.1 yields

2Lf Vy(=Vy) 2Lf

e e

Conclusion
Equation 5.48 yields directly the DCM duty ratio of the buck converter.
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EXERCISE 5.6

Derive the expression for the DCM duty ratio of a DC-DC converter with inductor
voltages V| = V, and V, = —V,. The load-connected duty ratio is D, = 1 — D, in
which D is expressed by Equation 5.40.

Answer
Vo [2Lf
AN

Generalized Lambda Ratio and DCM Inductance

The generalized A-ratio is formed by the ratio of the circuit inductance to the gen-
eralized CCM inductance as expressed by Equation 5.16:

_2LfV,

= : 5.49
DD,V,R h:49)

Since the A-ratio is based on the CCM inductance, the duty ratio in Equation
5.49 is the CCM duty ratio. Substitution of Equation 5.4 into Equation 5.49 results

in
2Lf Vo (Va -V,
= # (5.50)
D,V,V,R
The solution of Equation 5.50 for L is the generalized DCM circuit inductance:
— —ViVaR (5.51)
2fVe(Va-Vi) '
Example 5.7 illustrates the application of Equation 5.51 to the DCM buck
converter.
EXAMPLE 5.7

Derive the DCM duty ratio of the buck converter in terms of the A-ratio from
Equation 5.51 and the duty ratio expression in Example 5.6.

Solution

Substitution of the buck converter inductor voltages and a load-connected duty
ratio of unity into Equation 5.51 results in a circuit inductance of
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_(v-v)r

Conclusion
The generalized A-ratio and inductance equations yield directly the DCM duty
ratio of the buck converter as a function of A.

EXERCISE 5.7

Express the DCM duty ratio of the converter in Exercise 5.6 in terms of the A-ratio.

Answer

|
D=—"—+A.
V, +V, \/_
Generalized DCM Duty Ratio as a Function of the Lambda Ratio

Substitution of Equation 5.51 into Equation 5.48 produces the expression for the
generalized DCM duty ratio in terms of the A-ratio.

D_i(vz—vl)ﬁ' (5.52)

The generalized CCM duty ratio is readily recognized in Equation 5.52; the
DCM duty ratio is thus related to the CCM duty ratio through the A-ratio:

D=DeeuvA. (5.53)

Equation 5.53 reveals that once the CCM duty ratio of a converter is known,
the DCM duty ratio is also known without need of further analysis. Equation 5.53
yields the results of Example 5.7 and Exercise 5.7 directly.
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ExampLE 5.8

A certain CCM converter has inductor voltages expressed by V, = V, — V, and
V, = V,. Determine the CCM and DCM duty ratios.

Solution
Substitution of the inductor voltage expressions into Equation 5.4 yields the CCM
duty ratio:
Vo
Deey = m

o~ Vs

The DCM duty ratio follows directly from Equation 5.53.

1%
Dpay = —2—+/A.
oM =0y

o 5

Conclusion

The generalized CCM and DCM duty ratio expressions are determined directly
from the CCM inductor voltages without need of further analysis.

EXERCISE 5.8

A certain CCM converter has inductor voltages expressed by V, = V,and V, = V..
Determine the CCM and DCM duty ratios.

Answers

1% V.
Docw = —=—, Dpay =—=—/A.
CCM VD—- vs DCM V _ V

o 5

Generalized DCM Capacitance

As presented in Chapter 4, the capacitor current is equal to the difference between
the inductor current and the load current. When the inductor current is zero, or
when the inductor is disconnected from the load, the capacitor must sustain the
load current. During the on-time, the DCM inductor current is expressed by Equa-
tion 5.5 with a minimum current of zero:

; Vi
ina(t)= T+, 02 <t (5.54)
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During the off-time, the inductor current is expressed by Equation 5.6 until
t=1

X

V.
iL,z(t)zf(t—rou)'FIma_xa ':(Jrl Stg{x (555}

The inductor current is zero from the extinction time to the end of the switch-
ing period:

i a(t)=0,t, £t<T. (5.56)

If the load-connected duty ratio is unity, the capacitor current is the inductor
current expressed by Equations 5.54 to 5.56 less the load current:

) Vi
icill=—t—1., 0€t <t
calt) 1 (5.57)
. 14
1C.2(t)=f(t‘_ton)+-rmax‘_jo) tonq—:t‘—:tx- (553)
i(:,_’»(t):_l{n) fx <t<T. (559)

If the inductor is load-connected during the on-time, the capacitor must sus-
tain the load current from t = ¢, for the remainder of the period. In particular, if
D, = D, the capacitor current is expressed by Equation 5.57 and

ics(t)=—1I, ton St <T. (5.60)

If the inductor is load-connected during the off-time, the capacitor must sus-
tain the load current during the on-time and during the interval ¢, <t <T. Conse-
quently, if D, = 1 — D, the capacitor current is expressed by Equation 5.58 and

ics(t)==1,,0<t<t,, and t, <t <T. (5.61)

The DCM capacitor currents are plotted in Figure 5.10 along with their re-
spective load-connected duty ratios.

The DCM capacitance is determined by application of the charge-balance prin-
ciple to the waveforms illustrated in Figure 5.10. To compute the accumulated
charge in the capacitor, the area above the time axis is formulated in terms of the
A-ratio for each load-connected duty ratio.
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in
D=1

il
‘J/ )

(b)

iin
D =1-0

. 5
0 \
-,

<)

FIGURE 5.10 DCM capacitor currents and load-connected
duty ratios.

D,=1

The accumulated charge is the area of the triangle with base t, — ¢, and height
ILy=IL. -1

P max o

1
AQ= E(r2 —t1 ) Ik (5.62)

The peak capacitor current occurs at the same time as the maximum inductor
current; ¢ = t,,. In terms of D and f, the peak capacitor current from Equation 5.57
is

_ DV,
-

L I (5.63)
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With Equations 5.51 and 5.52, the DCM inductance is reformulated as

D,DV,
pes :
= VA (5.64)

With D, = 1 in Equation 5.64, the peak capacitor current expressed by Equa-
tion 5.63 is reformulated in terms of the A-ratio as

I. =[%—1JIO. (5.65)

The zero-crossing points in Figure 5.10a are the solutions of Equations 5.57
and 5.58 for t when i(t) = 0:

h=—. (5.66)

Iy =ton +_(Io“'1rmx)- (567)

With Equation 5.45, the base of the triangle is expressed as

a D[I Vl] LIQ(VZ_VI)
s =T A= | e
f Vi ViV,
The first term on the RHS of Equation 5.68 is readily recognized as the extinc-
tion time expressed by Equation 5.44. With Equation 5.52, the extinction time is
reformulated in terms of the A-ratio as

(5.68)

ty=——. (5.69)

With Equations 5.51 and 5.69, the base of the triangle in terms of the A-ratio is
_2JA-2
==F

Substitution of Equations 5.65 and 5.70 into Equation 5.62 yields the accumu-
lated charge in the capacitor:

i (5.70)
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(2-a)
af

From Equation 5.71 and the definition of ripple, the generalized DCM capaci-
tance for a load-connected duty ratio of unity is

2]
C:Tfr' (5.72)

CAV, = L (5.71)

Equation 5.72 is the same capacitance expression developed for the DCM buck
converter in Chapter 4.

D,=D
Substitution of D, = D into Equation 5.64 yields the DCM inductance for a load-
connected duty ratio equal to the on-time:

D2

7 =S¢ JE. (5.73)

With reference to Figure 5.10b, the accumulated charge in the capacitor is

1
AQ:E(tnn_tl)(Imax_Iu)- (574)

With Equation 5.73, the zero-crossing time expressed by Equation 5.66 is re-
formulated in terms of the A-ratio as

i—‘Dz\/I
1.5 2f .

Also with Equation 5.73, the peak capacitor current expressed by Equation 5.63
is formulated in terms of the A-ratio as

2
Lyp=l —/——1 |L;. 5.76
. (Dﬁ ] (e)

Substitution of Equations 5.75 and 5.76 into Equation 5.74 yields the accumu-
lated charge:

(5.75)
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(2—13\5)2
WIO. (5.77)

With the definition of ripple, the solution of Equation 5.77 for C yields the
DCM capacitance for a load-connected duty ratio of D:

_(2—Dﬁ)2_

CAV, =

C= (5.78)
ARfrIL
D,=1-D
Substitution of D, = 1 — D into Equation 5.64 yields a DCM inductance of
(1-D)DV,
L="——""——+A. 5.79
o JA (5.79)
Substitution of Equation 5.79 into Equation 5.63 yields a peak capacitor cur-
rent of
I - - 11 (5.80)
k = - o B
" (1-D)Va

In reference to Figure 5.10c, the accumulated charge is equal to the area of the
triangle above the time-axis:

1
AQ:E(IE_IOD)(IH’IELX_IO)' (581)
Subtraction of t,, from Equation 5.67 yields the base of the triangle as

t,—t =L(1 — I ) (5.82)
on v2 o max f- B

Substitution of Equations 5.79 and 5.80 into Equation 5.82 yields the triangle
base in terms of the A-ratio:

S )

Substitution of Equations 5.80 and 5.83 into Equation 5.81 yields the accumu-
lated charge:
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o))
af

The solution of Equation 5.84 for C is the DCM capacitance for a load-connected
duty ratioof D, =1 - D:

-}
ARfr2

CAV, =

[2-(1-D)V2 ] (5.84)

=

[2-(1-D)V2 | (5.85)

The DCM Boost Converter

The duty ratio of the DCM boost converter is determined directly from Equations
5.35and 5.53 as

D=[I—$]ﬁ. (5.86)

o

From Equation 5.86, the output voltage is

V2 (5.87)

Yo 5.88
V.- : (5.88)

A comparison of Equations 5.36 and 5.88 reveals that the DCM boost converter
is capable of larger magnitude output voltages than the CCM boost converter. Plots
of the CCM and DCM converter transfer functions are shown in Figure 5.11.

In Figure 5.11 each transfer function is plotted for a duty ratio in the range of
0<D<0.8. The DCM curves are plotted for A-values in the range of Ampin <A <0.9,
in which A,;, 1s 0.4, 0.2, 0.1, 0.05, and 0.01. The plots reveal that the smaller values
of inductance result in larger values of output voltage for the same duty ratio.

The DCM capacitance for the boost converter is specified by Equation 5.85
because the inductor is load-connected during the power switch off-time. The next
example illustrates the design of a DCM boost converter.
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FIGURE 5.11 CCM and DCM transfer functions of the boost converter.

ExamPLE 5.9

A boost converter is supplied by an automotive battery whose terminal voltage
varies between 10 and 13.5 volts. The converter must output 120 VDC with 1% rip-
ple to 144 Q at a switching frequency of 25 kHz. Determine the DCM inductance
and capacitance.

Solution

The computations are performed by the program in Listing 5.1. The program is
available in the Examples and Listings subfolder of Chapter 5 on the CD-ROM as
file Example5_9.m.

LISTING 5.1 [ and C Calculations for a DCM Boost Converter

close all, clear all, clec
Vs = 13.5;
Vo = 120:
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R = 144;
r=0.01;
Io = Vo/R;
f = 25E3;

Dccm = 1 - Vs/Vo

Lecem = R*Dcem/ (2*f)*(1 - Dcecm) "2

D = 0.5;

lda = D/Dccm;

L = lda*Lccm

slda = sqrt(lda);

C = (2 - slda)*(slda - D)*{(2 - (1 - D)*slda)/(4*R*f*r*slda)

Conclusion

The larger source voltage results in the largest CCM inductance of 32 pH with a
CCM duty ratio of 0.89. This unreasonably large duty ratio, however, is mitigated
by the A-ratio. A practical DCM duty ratio of 0.5 yields a A-ratio of 0.56 and a DCM
inductance of 18 pH. The DCM capacitance is 4.7 uF.

EXERCISE 5.9

Determine L and C for the converter in Example 5.9 if the computations are based
on a source voltage of 10 V. If these component values are used in the circuit, what
happens if the source voltage increases above 13.5 V?

Answers
L=10pH and C= 4.6 UF.

The DCM Buck/Boost Converter

With Equation 5.35 again and Equation 5.40, the duty ratio of the DCM buck/boost
converter is expressed as

D= —ﬁ (5.89)

Vo= =, 5.90
N (5.90)
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From Equation 5.90, the transfer function of the circuit is formulated as

Vo

Vo D
V. Ji-p

Equations 5.40 and 5.91 are plotted in Figure 5.12 for the same range of duty
ratio and A-values as in Figure 5.11.

(5.91)

VN

0 0.1 02 03 0.4 05 0.6 07 0.8
duty ratio

FIGURE 5.12 CCM and DCM transfer functions of the buck/boost converter.

As with the boost converter, the buck/boost converter also has larger magnitude
output voltages for smaller inductance values for the same duty ratio. The boundary
between the buck and boost modes for the CCM converter is always D = '4. For the
DCM converter, the boundary is dependent upon the circuit inductance.

The DCM capacitance for the buck/boost converter is also specified by Equa-
tion 5.85 because D, =1-D. The next example illustrates the design of a DCM
buck/boost converter.
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ExampLE 5.10

A DCM buck/boost converter must output 36 VDC with 5% ripple from a source
voltage that varies between 10 VDC and 54 VDC. The load current varies between
10 and 20 A. The PWM switching frequency is 20 kHz. Determine the DCM in-
ductance and capacitance.

Solution

The solution is provided by the program in Listing 5.2 and is available as Exam-
ple5_10.m in Chapter 5\Examples on the CD-ROM.

LISTING 5.2 L and C Calculations for a DCM Buck/Boost Converter

close all, clear all, clec
Vs = 10;

Vo = 36;

Io = 10;

R Vo/Io;

r = 0.05;

f = 20E3;

Dcem = Vo/ (Vo + Vs)

Lcem = R/ (2*f)*(1 - Dccm) "2
D = 0.5;

lda = D/Dccm

L = lda*Lccm

slda = sqrt(lda);

C = (2 - slda)*(slda - D)*(2 - (1 - D)*slda)/(4*R*f*r*slda)

Conclusion

The low-end of the source voltage requires a large duty ratio (0.78) to boost the 10-
V volt source to 36 VDC. The CCM inductance is computed with the largest load
resistance and smallest operating duty ratio. The selected DCM duty ratio of % re-
sults in a A-ratio of 0.64, a DCM inductance of 2.7 uH, and a DCM capacitance of
50 pF.

EXErciSE 5.10

Compute L and C for the converter in Example 5.10 if the CCM inductance is
based on the largest output current. If these component values are used in the cir-
cuit, what happens if the load current decreases to 10 A?
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Answers
L=14uH and C =100 [LE:

H-BRIDGE DC-DC CONVERTERS

The buck, boost, and buck/boost converters have a common switching character-
istic in regard to the storage inductance: one terminal of the inductor is fixed while
the second terminal is switched between the source terminals or a source terminal
and the R-C output network. The switching action is that of a single-pole, double-
throw (SPDT) switch with one inductance terminal connected to the pole of the
switch.

Other types of DC-DC converters result when both inductor terminals are con-
nected to SPDT switches. Such a configuration is called an H-bridge because of the
similarity of the circuit to the English letter.

The Watkins-Johnson Converter

The Watkins-Johnson converter has one inductor terminal that is alternately con-
nected to the positive and negative source terminals. The other inductor terminal
is alternately connected to the positive source terminal and the R-C output net-
work. The functional schematic of the Watkins-Johnson converter is shown in Fig-
ure 5.13, in which the inductor connection is indicated for the first portion of the
switching period.

FIGURE 5.13 Functional schematic of the
Watkins-Johnson converter.

Application of KVL to the circuit in Figure 5.13 yields the voltage across the in-
ductor during the first part of the switching period:

Via(t)=V,=V,. (5.92)
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Application of KVL to the circuit with the inductance connected alternately re-
sults in the inductor voltage during the second portion of the switching period:

Via(t)=-V.. (5.93)

Substitution of Equations 5.92 and 5.93 into Equation 5.4 yields the duty ratio
of the Watkins-Johnson converter:

- . 5.94
C2V.-V, (e3)

8

The solution of Equation 5.94 for the ratio of the output voltage to the input
voltage is the transfer function of the circuit:

V, 2D-1 o5
V. D ° (5485}

s

Equation 5.95 reveals that the output voltage of the Watkins-Johnson converter
is negative with respect to the source voltage for duty ratios less than 2. Further-
more, the output voltage is of greater magnitude than the input voltage for D < %.
For duty ratios greater than 5, the output voltage is less than the input voltage but
has the same polarity. The circuit thus performs buck/boost operations with the
boost voltage of opposite polarity of the source. Equation 5.94 is plotted in Figure
5.14.

Since one terminal of the inductor in the Watkins-Johnson converter is always
connected to the positive source terminal, the converter always operates in CCM.

The Inverse Watkins-Johnson Converter

The terminals of the inductor in the inverse Watkins-Johnson converter are alter-
nately switched between the positive source terminal and the positive node of the
R-C output network and between the negative source terminal and the positive
node of the R-C network. The functional schematic of the inverse converter is
shown in Figure 5.15.

Application of KVL to the circuit in Figure 5.15 with the inductor connected as
indicated results in the same inductor voltage expression as Equation 5.92. Appli-
cation of KVL with the inductor in the alternate connection results in the inductor
voltage during the second portion of the switching period:

Vi.(t)=V,. (5.96)
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FIGURE 5.14 Transfer function of the Watkins-Johnson converter.

FIGURE 5.15 Functional schematic of the
inverse Watkins-Johnson converter.

Substitution of Equations 5.92 and 5.96 into Equation 5.4 yields the duty ratio

expression of the inverse converter:

Vo

D=—r——,
2‘/0_1/5
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The transfer function of the inverse converter is the solution of Equation 5.97
for VO/VS:

Yoo (5.98)
V. 2D-1 '
A plot of Equation 5.98 is shown in Figure 5.16.
6 T T 1 l T
4k i
VENS
2= -
0
-2
4 "
o 0.1 02 03 04 05 06 07 08 09 1

duty ratio

FIGURE 5.16 Transfer function of the inverse Watkins-Johnson converter.

As shown in Figure 5.16, the inverse converter is a boost-type converter with
negative output voltages for D < '» and positive output voltages for D > %. The
larger magnitude output voltages occur with a duty ratio near %.

Unlike the Watkins-Johnson converter, the inverse converter is capable of
DCM aoperation. Directly from Equation 5.53, the DCM duty ratio is

Vi
D=—"% 3, (5.99)
2V,—V,
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and the DCM transfer function is

v, D

i T A (5.100)
V., 2D-+/4 &

The transfer function of the DCM inverse converter is plotted in Figure 5.17 for
various values of A-ratio.

VIV,

o s

04| 0B

A=02

4

2

-6 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9 1
duty ratio

FIGURE 5.17 Transfer function of the DCM inverse Watkins-Johnson converter.

As Figure 5.17 indicates, the DCM inverse converter, as the boost converter, is
capable of larger-magnitude output voltages than the equivalent CCM converter.

The Bridge Converter

The functional schematic of the bridge converter is shown in Figure 5.18.

Unlike the Watkins-Johnson converters, the inductor and the R-C load net-
work are alternately switched across the terminals of the DC source.

In reference to Figure 5.18, application of KVL again results in the same ex-
pression as Equation 5.92. With the inductor and load network in the alternate con-
nection, the inductor voltage is
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L || Q
= q R 1
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FIGURE 5.18 Functional schematic of the bridge converter.

Via()=—(Vi+V,). (5.101)

Substitution of Equations 5.92 and 5.101 into Equation 5.4 yields the duty ratio
expression

D—V“+V° 5.102
=55 ° (5.102)

]

and the transfer function expression

Vo
22 —2D-1. (5.103)
V

5

As the buck converter, the transfer function of the bridge converter is linear.
The transfer function expressed by Equation 5.103 is plotted in Figure 5.19.

Figure 5.19 reveals that the bridge converter is indeed a buck-type converter and
is capable of producing negative output voltages. The bridge converter always oper-
ates in CCM because the inductance is continually supplied by the source voltage.

The Current-Fed Bridge Converter

The final DC-DC converter considered in this chapter is the current-fed bridge
converter. The functional schematic is shown in Figure 5.20.

In contrast to the bridge converter, the inductance in the current-fed converter
is fixed, and the R-C network is alternately switched between an inductance termi-
nal and the negative side of the source voltage.

Application of KVL with the R-C network connected as shown in Figure 5.20
once again vields the same expression as Equation 5.92. With the R-C network
connected alternately, application of KVL yields

Via(t) =V +V, (5.104)
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FIGURE 5.19 Transfer function of the bridge converter.

w— N

[

FIGURE 5.20 Functional schematic of the current-fed
bridge converter.

Substitution of Equations 5.92 and 5.104 into Equation 5.4 yields the duty ratio
of the current-fed bridge converter:

V4V,
o

D (5.105)
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From Equation 5.105, the transfer function expression is derived as

V, 1
M. — (5.106)
V. Bhie1
Equation 5.106 is plotted in Figure 5.21
10 | T T I
vﬂNB
0
A0k 1 I I I i 1 I =
0 0.1 0z 03 04 05 06 07 08 09 1

duty ratio

FIGURE 5.21 Plot of Equation 5.106.

Figure 5.21 reveals that the current-fed converter is a boost-type converter and
is much like the inverse Watkins-Johnson converter but is capable of larger magni-
tude output voltages.

CHAPTER SUMMARY

The duty ratio derivation problem of any two-level converter has been effectively
solved by the general theory of two-level converters. No longer subject to individ-
ual analysis, any converter whose storage inductance experiences two voltages that
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are constant over portions of the switching period and are of opposite polarity are
subject to the theory.

The concept of the A-ratio revolutionizes the theory of DCM converters. Qua-
dratic equations are no longer necessary to expresses the output voltage of a two-
level DCM converter. Once the expression for the CCM duty ratio is known, the
DCM duty ratio and output voltage expressions directly and immediately follow.
The A-ratio and general theory effectively render the traditional methods of DC-
DC converter analysis obsolete.

Tue MATLAB TooLBox

The functions listed below are located in the Toolbox subfolder of Chapter 5 on
the CD-ROM.

LBOOST

Function lboost.m computes the minimum inductance required for a boost
converter from the duty ratio, A-ratio, load resistance, and PWM switching
frequency.

Syntax
L = lboost(D, lambda, R, f)

CBOOST

Function cboost.m computes the minimum required capacitance for a boost
converter from the duty ratio, ripple, A-ratio, load resistance, and PWM switch-
ing frequency.

Syntax
C = cboost(D, r, lambda, R, f)

LBKBST

Function Ibkbst.m computes the minimum inductance required for a buck/boost
converter from the duty ratio, A-ratio, load resistance, and PWM switching
frequency.

Syntax
L = lbkbst(D, lambda, R, T)
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CBKBST

Function cbkbst.m computes the minimum required capacitance for a buck/
boost converter from the duty ratio, ripple, A-ratio, load resistance, and PWM
switching frequency.

Syntax
C = lbkbst(D, r, lambda, R, f)

PROBLEMS

For the design problems, compute the minimum inductance and capacitance that
meets the circuit specification. Use A = 2 for CCM and A = %5 for DCM.

Problem 1

Design a CCM boost converter to output 48 VDC at 10 W with 2% ripple from

a source that varies between 10 and 14 VDC with a PWM switching frequency of
25 kHz.

Problem 2

Design a DCM boost converter to output 48 VDC at 10 W with 2% ripple from

a source that varies between 10 and 14 VDC with a PWM switching frequency of
25 kHz.

Problem 3

Design a CCM boost converter to output 90 VDC at 0.5 to 1 A with 5% ripple from
a source that varies between 30 and 42 VDC with a PWM switching frequency of
20 kHz.

Problem 4

Design a DCM boost converter to output 90 VDC at 0.5 to 1 A with 5% ripple from
a source that varies between 30 and 42 VDC with a PWM switching frequency of
20 kHz.
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Problem 5

Design a CCM buck/boost converter to output 12 VDC at 50 W with 1% ripple
from a source that varies between 10 and 14 VDC with a PWM switching frequency
of 25 kHz.

Problem 6

Design a DCM buck/boost converter to output 12 VDC at 50 W with 1% ripple
from a source that varies between 10 and 14 VDC with a PWM switching frequency
of 25 kHz.

Problem 7

Design a CCM buck/boost converter to output 36 VDC at 2 to 4 A with 3% ripple
from a source that varies between 30 and 42 VDC with a PWM switching frequency
of 20 kHz.

Problem 8

Design a DCM buck/boost converter to output 36 VDC at 2 to 4 A with 3% ripple
from a source that varies between 30 and 42 VDC with a PWM switching frequency
of 20 kHz.

Problem 9

Derive the transistor and diode dissipation expressions and the efficiency expres-
sion for a practical boost converter implemented with a BT and diode.

Problem 10

Derive the transistor and diode dissipation expressions and the efficiency expres-
sion for a practical buck/boost converter implemented with a BJT and diode.

Problem 11

Derive the CCM inductance expression for the inverse Watkins-Johnson converter.

Problem 12

Derive the CCM capacitance expression for the inverse Watkins-Johnson converter.
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Problems

INTRODUCTION

The prior chapters on DC-DC converters presented circuit models without dynamic
characteristics. Those models present no indication of how the converter behaves
under transient conditions. The neglect of the dynamic behavior, however, provided
an elegant and highly useful body of theory that provides the circuit designer with
a valuable commodity: a starting place.

Once the inductance and capacitance values are determined from the CCM or
DCM equations, those circuit parameters are used in simulation to observe the
transient behavior of the circuit and to understand the effects of an increase or de-
crease in inductance and/or capacitance.

27




272 Fundamentals of Power Electronics with MATLAB

The mathematical transient features of a circuit must be expressed by differen-
tial equations. To facilitate the simulation process, the differential equations are
formulated into the state-space model of the circuit.

STATE-SPACE MODELING OF LINEAR SYSTEMS

The state-space model of a linear system is a set of simultaneous, or coupled, first-
order differential equations. An example of two coupled, first-order differential
equations is the equation set

ﬁ:ﬂ“xl +ad; X, +f(f)

dt
t‘ng
— = aynX; tdnX;, (6.1)
dt
in which x, and x; are the state variables, a,, ... a,, are constant coefficients, and f{(t)

is a forcing function. The state-space model is a reformulation of the coupled equa-
tions into the matrix-vector form

x=Ax+Bu. (6.2)

In the case of Equation 6.1, vectors x and u in the state-space model are
and matrices A and B are

In general, for n first-order linear differential equations with m forcing func-
tions, the state-space model is expressed by Equation 6.2 with

LT ¢ T ¢ 511 X1 bll bl‘ b]ur fl(t)

Qup Auz o ot gy Xn II)ul bn2 o bum f;” (t]
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In Equation 6.3, A is the state transition matrix with dimensions [n X n], x is the
state vector with dimensions [n x 1], B is the control input matrix with dimensions
[n x m], and u is the control vector with dimensions [m x 1]. An nth-order linear
differential equation is readily formed into the state-space model by the definition
of n state variables. The next example illustrates the method.

ExampLE 6.1

Find the state-space model of the second-order differential equation
Xtax+bx=f(t). (6.4)
Solution
First, the dependent variable x in Equation 6.4 is renamed state variable x;:
X +ax,+bx; = f(t). (6.5)

Next, state variable x; is differentiated with respect to time and assigned to the
state variable x,:

x=2%3 (6.6)
Substitution of x, for the first derivative of x, in Equation 6.5 results in
R +axy+ba = f(¢). (6.7)
From Equation 6.6, the first derivative of x, is also the second derivative of x;:
X2 =X (6.8)
Substitution of Equation 6.8 into Equation 6.7 results in
Xy +ax; +bx, = f (1), (6.9)
The solution of Equation 6.9 for the first derivative of x, is
%y =—bx,—ax, + f(t). (6.10)

Equations 6.6 and 6.10 form the coupled equations of the state-space model:

[j]:[_ob _la}[j;]”mf(f)- (6.11)
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Conclusion

The second-order differential equation is transformed into two first-order differ-
ential equations. The first derivative of the first state variable becomes itself a state
variable in the state-space model. In general, the state-space method generates n
first-order differential equations from an nth-order differential equation with one
forcing function:

J&l =X
xz =X3
j&lu—l = Xp-2. (612)

The nth first-order equation is a linear combination of the state variables and
the forcing function:

Ji:” ==X —A2Xy — . — Ay_1 Xy +f{f'). (6 13)

EXERcISE 6.1

Find the state-space model of the third-order differential equation

X +ai+bx+ox=f(t).

Answer

X 0 1 0 || x 0
=10 0 1 ||x [+ 0]f(r)
X3 — =b -al|x; 1

STATE-SPACE MODELING OF LINEAR CIRCUITS

The state variables of a linear circuit are voltages and currents. The state-space
model is greatly facilitated if the state variables are chosen as inductor current and
capacitor voltage because of the first-derivative circuit laws:

di

Vi=l.
T

(6.14)
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and

dv

ir=C—.
¢ dt

(6.15)

In general, the number of inductors plus the number of capacitors determines
the number of state variables and, hence, the order of the state-space system. The
sources in the circuit are the forcing functions and comprise the control vector. In
general, the number of sources m determines the dimensions of the control vector
and the control input matrix. The next example illustrates how to determine the
state-space model after application of KVL and KCL.

EXAMPLE 6.2

Develop the state-space model of the circuit shown in Figure 6.1.

g IMRWJm_L Wﬁh Ly
T T 1

FIGURE 6.1 Circuit for Example 6.2.

Solution

The state variables are chosen as inductor current i and capacitor voltage v. Appli-
cation of KVL around the left circuit loop yields the voltage equation

di
V.=iR,+L—+v. 6.16
B (6.16)

Application of KCL at the common node of the inductor and capacitor yields
the current equation

Yy L dm ] (6.17)
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A rearrangement of Equations 6.16 and 6.17 with the first derivatives on the
lefthand side (LHS) yields

di R, .1 . 1 v 618
R e T iyl i
dt L L L ( )
and
v 1. 1 i Vi (6.19)
—=—i— v . ;
d C RC RC
From Equations 6.18 and 6.19, the state-space model emerges as
R, 1 1
alil ™7 Tl ° [v
21° |= + d" (6.20)
dat| v 1 1 v 0 1 Vi
C R,C R,C
Conclusion

The coupled equations are readily obtained by application of KVL around loops
that contain inductors and application of KCL at capacitor-connected nodes.

ExErcise 6.2

Develop the state-space model of the circuit shown in Figure 6.2

Answer
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SIMULATION OF STATE-SPACE MODELS IN MATLAB

MATLAB is an excellent platform for state-space model simulation because of the
matrix data structure upon which it is based. MATLAB also has function files that
compute numerical solutions to coupled differential equations. Two m-files are re-
quired to simulate a state-space model. The first file contains the circuit parameters
along with the definitions of the state transition and control input matrices. The
second file contains the control function and the state derivative function described
by Equation 6.2. The following examples illustrate how to simulate a state-space
model in MATLAB.

ExampLE 6.3

Compute and plot the inductor current response of the circuit in Example 6.1
with circuit parameters V, = 170, R, = 0.3 Q, L = 10 mH, C =220 uF, R, = 0.5 €3,
V, = 144 VDC, and zero initial conditions.

Solution

The solution code is provided in Listings 6.1 and 6.2. The solution programs are
(< available on the CD-ROM as Example6_3.m and ckt6_3.m in the Examples and
ovmece [ jsting subfolder of Chapter 6.

LISTING 6.1 MATLAB Program to Compute and Plot the Inductor Current Response

close all, clear all, clc

global A B u
mH = 1E-3;
uF = 1E-6;
Vs = 170;

Vb = 144:

Rs = 0.3;

Rb = 0.5:

L = 10*mH;

C = 220*uF;
RC = Rb*C;

n

[-Rs/L -1/L; 1/C -1/RC];
[1/L 0; O 1/RC];

= [Vs; Vb];
X0 = [0; 0];
[t, X] = ode23(‘ckt6_3', [0 0.1], XO0);
IL = X(:, 1);

plot(t, IL), grid
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LISTING 6.2 MATLAB Function File to Compute the State Derivative

function dx = ckt6_3(t, x)
global A B u
dx = A*x + B*u;

Conclusion

The program in Listing 6.1 makes use of the global statement. This command allows
the variables in the list to be available to and used by any function that includes the
same global statement.

Once the variables, matrices, vectors, and initial conditions are defined, the
ordinary differential equation solver ode23.m is invoked with a filename, a time
vector, and an initial condition vector. The file processed by ode23 is ckt6_3.m,
shown in Listing 6.2, the file that contains the coded form of Equation 6.2.

The ode23 function applies the Runge-Kutta algorithm to solve a system of dif-
ferential equations. The system of equations must appear in the file with the name
that appears in single quotes in the ode23 function call. The algorithm computes a
time vector t and a state matrix X. The time vector contains elements that begin and
end with the time values specified in the function call. Matrix X contains the values
of the state variables. The first state variable is placed in the first column of X, the
second state variable is placed in the second column, and so on. MATLAB state-
ment IL = X(;, 1) assigns all the elements in the first column of X to the variable IL.
The colon operator (:) is synonymous with the word all as pertains to rows or
columns of a matrix. Therefore, vector IL is assigned the values of the elements of
all rows of the first column of X. The inductor current is plotted in Figure 6.3.

Asindicated in Figure 6.3, the inductor current reaches the steady-state value of

V.-V, 170-144
TR 4R, 03405

=325 A.

85

EXErciSE 6.3

Simulate and plot the capacitor voltage of the circuit in Exercise 6.2 with circuit
parameters C = 10 uF, L=5mH, [, = 10 A, R, = 0.3 Q, and R}, = 100 Q, within the
time interval 0 to 0.1 seconds.

Answer

See Figure 6.4.
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FIGURE 6.3 Inductor current response.
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The forcing functions of the circuits in Example 6.3 and Exercise 6.3 are con-
stants and as such are defined in the global statement. Time-varying sources must
be computed in the function file along with the state derivative. The next example
shows how to simulate circuits with time-varying sources.

ExAmPLE 6.4
Simulate the circuit in Example 6.2 with V, =50 sin(lZOm)+ 170. Plot the inductor

current and the capacitor voltage.

Solution

The solution code is provided in Listings 6.3 and 6.4. The programs are available on
the CD-ROM as Example6_4.m and ckt6_4.m in folder Chapter 6\Examples and
Listings.

LISTING 6.3 Circuit Simulation with a Time-Varying Source

close all, clear all, clc
global A B Vb

Vb = 144:
mH = 1E-3;
uF = 1E-6;
Rs = 0.3;:
Rb = 0.5;
L = 10*mH;
C = 220*uF;
RC = Rb*C;

A = [-Rs/L -1/L; 1/C -1/RC];
B = [1/L 0; 0 1/RC];

X0 = [0 0];
[t, X] = ode23(‘ckt6_4*, [0 0.1], X0);
IL = X(:, 1);
VG = X(:, 2);

subplot(1,2,1), plot(t, IL, ‘k'), grid
axis square, title(*i_L(t)’), xlabel(‘t (sec)’)
subplot(1,2,2), plot(t, VC, ‘k'), grid
axis square, title(‘v_C(t)’), xlabel('t (sec)')

LISTING 6.4 Function File for Example 6.4

function dx = ckt6_4(t, x)
global A B Vb

Vs = 50*%sin(120*pi*t) + 170;
u = [Vs; Vb];

dx = A*x + B*u;
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Conclusion

The circuit state variables are plotted in Figure 6.5.

i Vel
50 : 200 : : : :

100
0 : ; 0 ; ; ; ;
0 002 004 008 008 01 0 002 004 008 008 01
t (sec) t (sec)

FIGURE 6.5 State variables for Example 6.4.

The time-varying source is readily accommodated in the function file. The time
variable ¢ is computed by ode23 and passed to the function file. The subplot com-
mand is used to divide the screen into two graphs. The general syntax of the com-
mand is subplot(m,n,p), in which m and »n are the numbers of rows and columns,
respectively, into which the screen is divided, and p is a particular graph number.
Thus, subplot(1,2,2), for example, accesses graph 2 (p) in row 1 (m), column 2 (n).

The axis command has several features. In this example, the square parameter
is used to make the vertical and horizontal axes of equal length. The title command
provides a plot caption, while xlabel generates a horizontal axis label. The under-
score is used in the text strings of title to create a subscript.

EXERcCISE 6.4

Simulate the circuit in Exercise 6.3 with the time-varying current source
L= l{labs[sin(40ﬂr)] , in which abs is the absolute value. Plot the state variables.

Answer

See Figure 6.6.
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FIGURE 6.6 Solution to Exercise 6.4.

STATE-SPACE MODELING OF DC-DC CONVERTERS

The DC-DC converter has the special distinction of being a system of variable struc-
ture; that is, the circuit topology changes in accordance with the switching action of
the semiconductor devices. The state-space model, therefore, must describe the
dynamic behavior of the circuit for each portion of the switching cycle. In the case
of the buck converter, the first structure contains the source voltage V,; the second
structure is source free.

State-Space Model of the Buck Converter

The two circuit topologies of the buck converter are illustrated in Figure 6.7.

(a)0=sr=r (b)r, =t<T

FIGURE 6.7 Topologies of the buck converter.
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With reference to Figure 6.7a, KVL and KCL yield the differential equations
that describe the dynamic behavior of the buck converter during the on-time:

V. L—d£+ 6.21
s = v :
0 (6.21)
and
dv v
j=C—+4—.
i + R (6.22)

During the off-time, the inductor is disconnected from the source and short-
circuited to ground. In reference to Figure 6.7b, Equation 6.21 becomes

di
O0=L—+v, (6.23)
dt

while Equation 6.22 remains unchanged. Equations 6.21 and 6.23 are combined by
the definition of a binary control switch u:

1, 0<t<t,, _
U= ; ;
0, tn,<t<T ( )
With Equation 6.24, Equations 6.21 and 6.23 are combined to form
di
uVe=L—+v. (6.25)

dt

The solutions of Equations 6.22 and 6.25 for the derivatives yield the dynamic
equations of the buck converter over the entire switching period:

e V+VS 6.26
—=——t—u

dt L L (6:26)
dv 1. 1

—=—i——1 (6.27)
dt C RC

With Equations 6.26 and 6.27, the variable structure state-space model of the
buck converter is formulated as
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: 0 — : Vi
e fL LA+ T | (6.28)
delv] |1 _ 1 llvl |1 '
C RC

The buck converter is thus a single-input linear system with constant coefficients.

State-Space Model of the Boost Converter

The circuit topologies of the boost converter are illustrated in Figure 6.8.

(a)0=r=r, (byr, <t<T

FIGURE 6.8 Topologies of the boost converter.

With reference to Figure 6.8a, application of KVL and KCL yields, respectively,

di
V.=L— 6.29
& (6.29)
and
dv v
0=C—+—. 6.30
dt R ( )

Equations 6.29 and 6.30 describe the dynamics of the boost converter during
the on-time. When the primary switch is off, the differential equations of the boost
converter are the same as the on-time equations of the buck converter: Equations
6.21 and 6.22. With the binary control described by Equation 6.24, Equations 6.21,
and 6.29 are combined in the form of

di
VS_LE+(1~u)v. (6.31)
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Similarly, Equations 6.22 and 6.30 are combined to form

gl ¥
(l—u)z—Cdr+R. (6.32)

The solutions of Equations 6.31 and 6.32 for the derivatives yield the dynamic
equations of the boost converter throughout the switching period:

s L +1V+1 6.33
—=——y+—V. +—wu ;
dt L L L ( )

dv 1. 1 1.
— = V——1u. (6.34)
dd C RC C

With the source voltage and binary switch treated as separate control inputs,
the variable structure state-space model of the boost converter is formulated as

0 1 v 1
dli Tl T 1l u
“H = L + L. L x (6.35)
arlv] 11 _ 1 |lv]T| i,

C RC G

Unlike the buck converter, the state-space model of the boost converter has two
forcing functions. Additionally, the control input matrix does not have constant el-
ements; it is a function of the state variables.

State-Space Model of the Buck/Boost Converter

The circuit topologies of the buck/boost converter are shown in Figure 6.9.

(a)0<i<r, (bye, <1<T

FIGURE 6.9 Topologies of the buck/boost converter.
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Application of KVL and KCL to the circuit in Figure 6.9a results in the same
equations as the boost converter during the on-time: Equations 6.29 and 6.30. Ap-
plication of KCL and KVL to the circuit in Figure 6.9b vields

0 Ldi+ 6.36
=L—+v
& (6.36)
and
dv v
=C—+—.
1 # R (6.37)

The binary control variable allows Equations 6.29 and 6.36 to be combined into

di
uV, =LE+(1_M)V’

(6.38)
while Equations 6.30 and 6.37 are combined as

P L (6.39)

d R '

The solutions of Equations 6.38 and 6.39 for the derivatives are
di 1 1

—=——vt+—(v+V,|u :

b treden) o

and

dv 1, 1 1,
—= V——iu.
d C RC @ :AL)

With Equations 6.40 and 6.41, the variable structure state-space model of the
buck/boost converter emerges as

1
1 | Zv+v)
' L
[ }+ . (6.42)
Vv
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As the state-space model of the buck converter, the buck/boost model is a sin-
gle-input system. As the state-space model of the boost converter, the control input
matrix of the buck/boost model is a function of the state variables.

SIMULATION OF DC-DC CONVERTERS IN MATLAB

The Runge-Kutta algorithm employed in ode23 uses a variable step length to im-
prove computational accuracy. The step-length is decreased for large-magnitude
derivatives and increased for smaller magnitude derivatives. Unfortunately, the
values of physical components typically result in large-magnitude derivatives and
long simulation times. However, this issue is readily addressed if the differential
equations and state-space models are normalized with respect to the switching
frequency. The normalization process alleviates the requirement to compute large
derivatives and significantly decreases the simulation time.

Normalization with Respect to Frequency

Since the units of time are seconds and the units of frequency are the inverse of sec-
onds, a normalization results from the product of frequency and time:

T=f. (6.43)

The solution of Equation 6.43 for time is

1
t=—1. (6.44)
f
Differentiation of Equation 6.44 results in
dt= : dt (6.45)
5 :

A differential equation is normalized upon substitution of Equations 6.44 and
6.45 for t and dt, respectively. The normalization process is illustrated by the fol-
lowing examples and exercises.

EXAmMPLE 6.5

Normalize the differential equations and the subsequent state-space model from
Example 6.1 with respect to a frequency of 10 Hz. The system parameters are a =10
and b =10000; the forcing function is f(t)=100cos(207¢).
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Solution

Expressed in terms of the given system parameters and the forcing function, Equa-
tions 6.6 and 6.10 become

dx
—=x, (6.46)
dt

and

dx,
dt

=—10000x; —10x, +100 cos( 207 ). (6.47)

Substitution of Equations 6.44 and 6.45 into Equations 6.46 and 6.47 with
f =10 results in the normalized equations

B ] 6.48
=—X, v
dt 10 §540)
and
dx
—2 =—-1000x, — x, +10cos (21 1). (6.49)

dt

With Equations 6.48 and 6.49, the normalized state-space model is
1
d Xy 0 — | X 0
= 10 H e cos(2mt). (6.50)
el o000 -1 |

Equations 6.48 and 6.49 reveal that the normalization process has reduced the mag-
nitudes of the derivatives. Since the independent variable T is dimensionless, the
period of the forcing function has been normalized to 2w radians.

Conclusion

EXERCISE 6.5

Normalize the differential equation

& +2000% +1000x = 1000 cos (20007t )+ 2000 sin (40007t )

with respect to an appropriate frequency.
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Answer
dx, 1
2o i,
dt 1000
dx, -
d— =—x —2x> +cos(21t’r)+ 231n(4rr1).
T
EXAMPLE 6.6

Simulate the system described by Equations 6.46 and 6.47 from 0 to 1 second with
zero initial conditions.

Solution

The solution code is provided in Listings 6.5 and 6.6. The programs are located in
folder Chapter 6\Examples and Listings on the CD-ROM as files Example6_6.m
and ckt6_6.m.

LISTING 6.5 Simulation of Equations 6.46 and 6.47

close all, clear all, clc

global A B

a = 10;

b = 10000;
A=[01; -b -a];
B = [0; 1];

X0 = [0; 0O];

tic

[t, X] = ode23(‘ckt6_6', [0 1], X0);
toc

X1 = X(:, 1);

x2 = X(:, 2);

subplot(1,2,1), plot(t, x1), grid
axis square

title('x_1'), xlabel('t (sec)’)
subplot(1,2,2), plot(t, x2), grid
axis square

title('x_2'), xlabel('t (sec)’)

LISTING 6.6 Function File for Example 6.6

function dx = ckté_6(t, x)
global A B

u = 100*cos (20*pi*t);

dx = A*x + B*u;
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Conclusion

The results of the simulation are plotted in Figure 6.10.

0.03 T 3

U.U?l‘
001}

0 02 04 06 08 1 0 02 04 06 08 1
t{sec) t (sec)

-0
0.

0
o1
-0.02
-0.02

FIGURE 6.10 Simulation results of Example 6.6.

The code in Listing 6.5 makes use of tic and foc, which display the elapsed time
between the executions of the commands.

EXerciSeE 6.6

Simulate the circuit in Example 6.6 from 0 to 2 seconds and determine the number
of computed time points with the length command. Compare this number with the
number of points from the 0 to 1 second simulation.

Answers
[0 1], 327 points

[0 2], 625 points.
ExampLE 6.7

Simulate the normalized system described by Equation 6.50 and verify that the re-
sults are identical to Figure 6.10.

Solution

The solution code is provided in Listings 6.7 and 6.8. The code is contained in files
Example6_7.m and ckt6_7.m on the CD-ROM in the Examples and Listings sub-

ovmec  folder of Chapter 6.
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LISTING 6.7 Simulation of Equation 6.50

close all, clear all, clc

global A B

A= [0 0.1; -1000 -1];

B = [0; 10]:

X0 = [0; 0];

tic

[tau, X] = ode23(‘ckt6_7’, [0 10], X0);
toc

x1 = X(:, 1);

X2 = X(:, 2);

subplot(1,2,1), plot(tau, x1), grid
axis square

title(‘x_1"), xlabel('\tau’)
subplot(1,2,2), plot(tau, x2), grid
axis square

title(‘x_2"), xlabel(‘\tau’)

LISTING 6.8 Function File for Example 6.7

function dx = ckt6_7(tau, x)
global A B

u = cos(2*pi*tau);

dx = A*x + B*u;

Conclusion

In accordance with Equation 6.43, 1 second in time normalized at 10 Hz results in

10 units of 7. Hence, the time vector in ode23 is specified as [0 10]. It is not neces-

sary to change t to tau in the main program or in the function file, but it has been

done so here for clarity. The results of the simulation are shown in Figure 6.11.
The results of the simulation shown in Figure 6.11 are indeed the same as those

in Figure 6.10. The only difference is the normalized horizontal axis in Figure 6.11.

EXERCISE 6.7
Simulate the normalized differential equation from Exercise 6.5. Plot the state

variables.

Answer
See Figure 6.12.
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= (cycles) t (eycles)

FIGURE 6.12 Solution to Exercise 6.7.

Normalized DC-DC Converter Models

There is little to no difference in the simulation times of the system in Example 6.6
and the normalized system in Example 6.7 because the forcing function changes
relatively slowly. The forcing functions in DC-DC converters, however, change
quite abruptly and lead to large state derivatives. The normalized DC-DC con-
verter model simulates significantly faster than the time-based model.

The normalized state-space models of the buck, boost, and buck/boost con-
verters are obtained upon substitution of Equation 6.45 into Equations 6.28, 6.35,

and 6.42.
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Normalized State-Space Model of the Buck Converter

The normalized buck converter model is

1

d : 0 _E ¥ Vs
i i —
E[ } ] 1 |:v:|+ If e (6al)

g RS *

The frequency in the model is the PWM switching frequency. The simulation
“time” is the number of integral periods.

Normalized State-Space Model of the Boost Converter

The normalized boost converter model is

1 v 1

0 ol N
dafi]_ Lf i If If u
d’t|: }_ 1 1 [v]+ - [v} 9:52)

o  RCS o

As the buck converter, division of the model by the PWM switching frequency
fresults in smaller magnitude derivatives and shorter simulation times.

Normalized State-Space Model of the Buck/Boost Converter

The state-space model of the normalized buck/boost converter is

_ g = _ L(v+vs)
215 HALY i 6.53
0 I N O M I o
o RO of

As the boost converter, the control input matrix is a function of the state vari-
ables; however, division by the PWM switching frequency reduces the effect of this
dependency.

Simulation of CCM Converters

The simulation process of CCM converts is relatively simple. The binary control
variable is switched between zero and one based on whether the current value of T
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falls within the off-time or on-time portion of the switching period. The following
examples illustrate the techniques of CCM converter simulation.

ExampLE 6.8
Simulate a buck converter with circuit parameters V, = 12 VDC, V, = 5 VDC,
R=25Q,L=200pH, C=47uF, and f=5 kHz.

Solution

The solution programs appear in Listings 6.9 and 6.10 and are available on the CD-
ROM as Example6_8.m and buck.m in Chapter 6\Examples and Listings.

LISTING 6.9 Code to Simulate a CCM Buck Converter

close all, clear all, clc
global AB D

f = 5000;

R = 2.5;

Vo = 5;

Io = Vo/R;

Vs = 12;

Va/Vs;

200E-6;

47E-6;

[0 -1/(L*F); 1/(C*F) -1/ (F*R*C)1;
[Vs/(f*L); 0];

x0 = [Io; Vo]l;

tf = 10;

Ll

n

n

W= Or o
1

n

[t, X] = ode23(‘buck’, [0 tf], x0);
toc

I = Xi{E, 1)

VC = X(:, 2);

subplot(2,1,1), plot(t, IL), grid
title(‘Inductor Current’)
subplot(2,1,2), plot(t, VC), grid
axis([0 tf 0 10])

title(‘Output Voltage')

xlabel( ‘cycles’)
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LISTING 6.10 Function File for Simulation of the Buck Converter

function dx = buck(t, x)

global AB D

u = 0.5%(1 - sign(t - fix(t) - D));
dx = A*x + B*u;

Conclusion

The initial conditions of the simulation are chosen as the load current and the de-
sired output voltage in order for the system to reach the steady-state condition in
the shortest amount of time. Although the variable name ¢ is used in the files, the
independent variable is the normalized 7, which represents the number of cycles of
the PWM switching frequency. The specified simulation interval of [0 10] thus
presents a time interval of 10 cycles, or 10/5000 = 2 ms.

The binary switching control # is based on MATLAB's sign function, which is
a numerical implementation of the signum function, o(x), illustrated in Figure
6.13.

FIGURE 6.13 The signum function.

As shown in Figure 6.13, o(x) = 1 when x > 1 and o(x) = -1 when x < 0. When
x =0, o(x) is undefined. The sign function works similarly, except that when the
argument is zero, sign returns a value of zero.

As used in the function file of Listing 6.10, sign returns a value of 1, -1, or 0
based on whether the quantity t — fix(t) — D is positive, negative, or zero, respec-
tively. Variable t represents the current value of 7. The fix function truncates any
fractional part of t and leaves only the integer part. The quantity ¢ — fix(t) is thus the
fractional part of 7. For example, if t = 5.734, then fix(t) = 5, and t — fix(t) = 0.734.
Since t represents cycles, the quantity f — fix(t) represents the fraction of a cycle. If
this fraction is greater than the duty ratio, then the quantity ¢ — fix(t) — D is positive,
and u = 0.5%(1 — 1) = 0. This value of t corresponds to a point in the off-time
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interval of the switching period. The primary switch is therefore open and the
inductor is disconnected from the source. If the cycle fraction is less than the duty
ratio, then the quantity ¢ — fix(t) — D is negative, and the binary switch becomes
u=0.5*[1—(=1)] = 1. This value of ¢ falls within the on-time interval of the switch-
ing period during which the inductor is connected to the source. The results of the

simulation, the inductor current, and capacitor voltage (also the load voltage) are
plotted in Figure 6.14.

Inductor Current

0 | 2 3 4 5 6 7 g g 10

Output Voltage

0 1 2 3 4 5 -] 7 & 9 10
cycles

FIGURE 6.14 CCM buck converter simulation.

The CCM inductance of the converter of this example is 146 uH. The actual in-
ductance used, 200 uH, represents a A-ratio of approximately 1.37. The minimum
and maximum inductor currents calculated in terms of the A-ratio are

A—-1 1.37-1
jlrnin = Io = (2.0)=054 A
A 1.37

and

A+1 1.37+1
= I,= (2.0)=3.46 A.
A 1.37

L nax
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These values agree remarkably well with the steady-state inductor current
shown in Figure 6.14.

The steady-state peak-to-peak ripple voltage from Figure 6.13 is approximately
1.7 V and corresponds to a ripple content of 1.7/5.0 = 0.34, or 34%. The ripple
computed from the circuit parameters is

5 1-5/12
r: > = 2
8LCf*  (8)(200E—6)(47E—6)(5E3)*

=0.31 or 31%.

In practice, much larger capacitances are used to significantly reduce the ripple.
The simulation results are in excellent agreement with the buck converter the-
ory developed in Chapter 4.

Exercise 6.8

Change the value of the capacitance in the program of Listing 6.9 to 470 uf and de-
termine the peak-to-peak ripple voltage with MATLAB’s max and min functions
applied to the steady-state output voltage. Simulate 40 cycles of the PWM switch-
ing frequency.

Answer

AV,=02V.

EXAMPLE 6.9
Simulate a boost converter with circuit parameters V, = 12 VDC, V, = 28 VDC,

R =8.0Q, L= 150 uH, C = 100 uF, and f = 5 kHz.

Solution

The solution programs are provided in Listings 6.11 and 6.12 and are available on
the CD-ROM as Example6_9.m and boost.m in Chapter 6\Examples and Listings.

LISTING 6.11 Code to Simulate a CCM Boost Converter

close all, clear all, clc
global A D Cf LT Vs

f = 5000;

R = B;

Vo = 28;

Io Vo/R;

Vs = 12;

D=1- Vs/Vo;

1
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L = 150E-6;
C = 100E-6;

Lf = L*f;

Cf = C*f;

A= [0 -1/Lf; 1/Cf -1/(R*Cf)];
x0 = [D*Io; Vo];

tf = 20;

tic

[t, X] = ode23(‘boost', [0 tf], x0);
toc

IL = X(:, 1);

VC = X(:, 2);

subplot(2,1,1), plot(t, IL), grid
axis([0 tf 0 15])

title(‘Inductor Current’)
subplot(2,1,2), plot(t, VC), grid
axis([0 tf 0 35])

title(Output Voltage')

xlabel( ‘cycles’)

LISTING 6.12 Function File for Simulation of the Boost Converter

function dx = boost(t, x)

global A D Cf Lf Vs

ik = x(1);

vC = x(2);

B = [vC/LT 1/Lf; -iL/Cf 0];

u = [0.5%(1 - sign(t - fix(t) - D)); Vs];
dx = A*x + B*u;

Conclusion

The results of the simulation are shown in Figure 6.15.
The minimum inductance required for CCM operation of the boost converter
in this example is

D(1-D)'R _ (0.57)(043)*(8)
2f  (2)(5000)

=84 uH.

Leam =

The control input matrix does not appear in the global statement of Listings
6.11 and 6.12 because it is not constant; it must be computed in the same function
file as the state derivative. In the function file, the inductor current and capacitor
voltage are extracted from the state vector, as a matter of convenience, before com-
putation of the control input matrix.
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FIGURE 6.15 CCM boost converter simulation.

The initial condition for the inductor current is set to DI instead of I, because
the load-connected duty ratio of the boost converter is less than unity.
EXERCISE 6.9
Simulate the boost converter of Example 6.9 with a load resistance of 4 Q. Deter-

mine the peak steady-state inductor current.

Answer
I..=20A

ExampLE 6.10
Simulate a buck/boost converter with circuit parameters V, = 12 VDC, V, = -12

VDC, R=4.0 Q, L =300 uH, C =75 uF, and f= 10 kHz.

Solution

< The solution code is provided in Listings 6.13 and 6.14 and also on the CD-ROM
ovmece  as Example6_10.m and bkboost.m in Chapter 6\Examples.
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LISTING 6.13 Code to Simulate a CCM Buck/Boost Converter

close all, clear all, clc
global A D Cf LT Vs

f = 10000;

R = 4;

Vo = 12;

Io = Vo/R;

Vs = 12;

D = Vo/(Vo + Vs);
L = 300E-6;

C = 75E-6;

LT = L*f;

Cf = C*f;

A = [0 -1/Lf; 1/Cf -1/(R*Cf)];

x0 = [D*Io; Vo];

tf = 20;

tic

[t, X] = ode23(‘'bkboost’, [0 tf], x0);
toc

IL = X(:, 1);

VG = X(:, 2);

subplot(2,1,1), plot(t, IL), grid
axis([0 tf 0 5])

title(‘Inductor Current’)
subplot(2,1,2), plot(t, VC), grid
axis([0 tf 0 20])

title(‘Output Voltage')
xlabel(‘cycles’)

LISTING 6.14 Function File for Simulation of the Buck/Boost Converter

function dx = bkboost(t, x)

global A D Cf Lf Vs

il = x(1);

vC = x(2);

B = [(vC + Vs)/Lf; -ilL/Cf];

u = 0.5%(1 - sign(t - fix(t) - D));
dx = A*x + B*u;

Conclusion

The simulation results are shown in Figure 6.16.
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FIGURE 6.16 CCM buck/boost converter simulation.

The minimum required CCM inductance for the converter in this example is

1-D)’R 0.5)%(4
L(IZMz( ) =(D)()=5H

2f (2)(10E3)

As with the boost converter, the control input matrix must be computed in the
function file. Also, the initial inductor current is DI, because of the load-connected
duty ratio.

The output voltage appears positive in Figure 6.16 because of the polarity indi-
cated in the circuit schematic when the design equations were developed for the
buck/boost converter. The output voltage is actually of opposite polarity than that
of the source voltage.

EXErcISE 6.10

Simulate the buck/boost converter in Example 6.10 with a load resistance of 2 Q
and determine the peak inductor current.
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Answer
1 5A.

max ~

Conclusion

The simulation results reveal the dynamic behavior of CCM converters and con-
firm the theory developed in previous chapters. The inductor current waveform has
the level-shifted triangular waveform typical of CCM converters.

The simulation results of the buck converter reveal a common problem with
some DC-DC converters: significant voltage over-shoot at start-up. This overshoot
could damage equipment supplied by the converter. In such over-voltage tran-
sients, voltage suppression techniques are employed to absorb the potentially
harmful energy.

Simulation of DCM Converters

The simulation process of DCM converters is not quite as direct as that of CCM
converters. In DCM, the inductor current must be extinguished before the start of
the subsequent switching period. Consequently, to simulate the effect of the diode
in the circuit, any computed negative values of current must be replaced by zero in
the off-time interval. The simulation thus requires a cycle-by-cycle computation
followed by a postprocessing of data to include the diode behavior. Additionally,
the initial conditions of each cycle simulation must be reset so that the final capac-
itor voltage and zero inductor current of the present cycle become the initial
capacitor voltage and initial inductor current of the next cycle.

The use of ede23 also presents a problem to DCM simulation. The nonconstant
step length leads to inconsistent inductor current extinction times. A constant step-
length Runge-Kutta algorithm is introduced as an alternative to ode23.

Runge-Kutta Algorithm with Constant Step Length

As stated previously, ode23 adjusts the step length of the algorithm to improve

numerical accuracy. An alternative to an adjustable step length is to use a smaller

constant step length to maintain accuracy and preclude the problems caused by a

variable step length. The disadvantage to this alternative is longer simulation times.

A constant step-length Runge-Kutta algorithm is implemented in the MATLAB
<~ function rk4 presented in Listing 6.15. Function rk4.m is available on the CD-ROM
ONHE  in the Toolbox subfolder of Chapter 6.
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LISTING 6.15 Constant Step-Length Runge-Kutta Algorithm

function [t, X] = rk4(mfile, tvec, X0, N)
t0 = tvec(1);

tf = tvec(2);

h = (tf - t0)/N;

t = linspace(tO,tf,N}";

X(:,1) = X0;
for g = 1:N - 1,
tgq = t(q);
Xg = X(:,9);
F1 = h*feval(mfile, tq, Xq);

tgq2 = tq + h/2;

F2 = h*feval(mfile, tg2, Xq + F1/2);

F3 h*feval(mfile, tq2, Xq + F2/2);

F4 = h*feval(mfile, tq + h, Xg + F3);

X(:, g+ 1) = Xgq + ([1 22 1]*[F1 F2 F3 F4]°/6)";
end
X=Xy

I

The function arguments are in the same order and structure as ode23, with the
exception that the number of computed points is specified by the last argument N.
The structure of the output of rk4 is identical to ede23. The next example illustrates
the use of rk4 in a simulation.

ExampLE 6.11

Simulate the normalized system of Exercise 6.5 with the rk4 function.

Solution

The solution programs are presented in Listings 6.16 and 6.17 and are available on
the CD-ROM in folder Chapter 6\Examples and Listings as files Example6_11.m
and ckt6_11.m.

LISTING 6.16 Simulation with a Constant Step-Length Runge-Kutta Algorithm

close all, clear all, clc

global A B
A = [0 1/1000; -1 -2];
B = [0; 1];

X0 = [0; 0];
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tic

[t, X] = rk4(‘ckt6_11', [0 4], X0, 500);
toc

X1 = X(:, 1);

x2 = X(:, 2);

subplot(1,2,1), plot(t, x1), grid
axis square

title(‘x_1'), xlabel('\tau (cycles)’)
subplot(1,2,2), plot(t, x2), grid
axis square

title(‘x_2'), xlabel('\tau (cycles)’)

LISTING 6.17 Function File for Example 6.11

function dx = ckt6_11(t, x)
global A B

U = cos(2*pi*t) + 2*sin(4*pi*t);
dx = A*x + B*u;

Conclusion

Listings 6.16 and 6.17 show that the only difference between the use of rk4 and
ode23 is the specification of the number of computed points in rk4.

EXercise 6.11
Use rk4 to simulate the CCM buck converter of Example 6.8.

The following examples illustrate the technique of DCM converter simulation.
ExAmPLE 6.12

Simulate the buck converter in Example 6.8 with L = 50 pH and C = 470 pF.

Solution

The solution program is provided in Listing 6.18 and as Example6_12.m in Chap-
ter 6\Examples and Listings on the CD-ROM.

LISTING 6.18 Code to Simulate a DCM Buck Converter

close all, clear all, clc

global AB D

N = 100; % Number of computed points per cycle
h 1/N; % step-length

f = 7000;
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R = 2.5;
Vo = 5}

Io = Vo/R;

Vs = 12;

L = 50E-6;

Lmin = lcem(Vs, Vo, Io, f, ‘buck’);
Imda = L/Lmin;

D = Vo/Vs*sqrt(lmda);
C = 470E-6;

A= [0 -1/(L*f); 1/(C*f) -1/(f*R*C)];
B = [Vs/{(f*L); 0];

x0 = [0; Vol;

Ve = [1];

IL = [1;

tau = [];

ti = 0;

tf =1 - h;

tic

for T = 1:10,
[t, X] = rk4(‘buck’, [ti tf], X0, N);
il = X(:, 1);
vC = X(:, 2);
m length(ilL};
n fix(D*m);
for g = n:m,
if iL(q) < 0,
iL(qg) = 0; % zero the negative values of inductor current

end
end
IL = [IL; iL];
vC = [VC; vC];
tau = [tau; t];

X0 = [0; vC{m)]; % Reset the initial conditions
ti = t(m) + h;
tf =T+ 1 - h;

end

toc

subplot(2,1,1), plot(tau, IL, ‘k'), grid
axis([0 T -5 10]}

title(‘Inductor Current’)
subplot(2,1,2), plot(tau, VC, ‘k'), grid
axis([0 T 0 10])

title(‘Output Voltage')

xlabel( ‘cycles’)
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Conclusion

The buck function specified in rk4 is the same code as in Listing 6.10. The cycle-by-
cycle simulation requires rk4 to be repeated for as many cycles as specified by vari-
able T in the first for statement. Once the data for one cycle is computed, the state
variables are extracted into temporary variables iL and vC. The second for loop
searches for negative values of inductor current within the off-time interval and
replaces those values with zero. The processed inductor current and computed
capacitor voltage are then stored in vectors IL and VC, respectively, while the
normalized time vector t is stored in vector tau. The initial conditions are subse-
quently reset to zero inductor current and the final value of capacitor voltage from
the present cycle. The initial time is set to the beginning time of the next cycle, and
the cycle counter is advanced to the next period. The simulation results are shown
in Figure 6.17.

Inductor Current

_55 Il 1 1 L 1 1
0 1 2 3 4 5 -1 7 8 9 10
Output Valtage
10| T T T T T
| |
| |
8- -1
|
6! |

cycles

FIGURE 6.17 DCM buck converter simulation.

The simulation results show that the converter outputs 5 VDC with the duty
ratio set to the generalized DCM duty ratio developed in Chapter 5.

The program in Listing 6.18 uses the lccm function to compute the CCM in-
ductance. Function lccm.m is located in the Toolbox subfolder of Chapter 6 on the
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CD-ROM. The function computes the CCM inductance for the buck, boost, and
buck/boost converters. The default computation is for the buck/boost converter;
otherwise the strings ‘buck’ or ‘boost’ specify the respective converter.

EXERCISE 6.12

Simulate the DCM buck converter from Example 6.12 with a switching frequency
of 5 kHz and observe the output voltage and the ripple voltage.

ExAmPLE 6.13

Simulate the boost converter in Example 6.9 with L = 20 uH, C = 100 pF, and

f=15kHz.

Solution

The solution program is provided in Listing 6.19 and as Example6_13.m in Chap-
ter 6\Examples and Listings on the CD-ROM.

LISTING 6.19 Program to Simulate the DCM Boost Converter

close all, clear all, clc
global A D Cf LT Vs

N = 100;
h = 1/N;
f = 15000;
R = 8;

Vo = 28;
Io = Vo/R;
Vs = 12;
L = 20E-6;

Lmin = lccm(Vs, Vo, Io, f, ‘boost’);
Imda = L/Lmin;
D= (1 - Vs/Vo)*sqrt(lmda);

C = 100E-6;
Lf = L*f;
Cf = C*f;

A = [0 -1/Lf; 1/CFf -1/ (R*Cf)];
x0 = [0; Vol;

VC = [1;

IL = [15

tau = [1;

ti = 0;
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tie
for T = 1:10,
[t, X] = rkd4(‘boost’, [ti tf], x0, N);
iL = X{:, 1);
vC = X(:, 2);
m = length(iL};
n = fix(D*m);
for g = n:m,

if iL(q) < 0,
iL(q) = 0;
end
end
IL = [IL; iL];
VC = [VC; vC];
tau = [tau; t];
X0 = [0; vC(m)];
ti = t(m) + h;
tf = T+ 1 - h;
end
toc

subplot(2,1,1), plot(tau, IL, ‘k'), grid
axis([0 T -5 30])

title(‘Inductor Current’)
subplot(2,1,2), plot(tau, VC, ‘k'), grid
axis([0 T 0 40])

title(‘Output Voltage')

xlabel( ‘cycles’)

Conclusion

The boost function specified in rk4 is the same code as in Listing 6.12. The results of
the simulation are shown in Figure 6.18.

EXERCISE 6.13

Simulate the boost converter at a switching frequency of 10 kHz and observe the
output voltage and the ripple voltage.

ExampLE 6.14

Simulate the buck/boost converter in Example 6.10 with L = 10 pH, C = 220 puF,
and f= 20 kHz.
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FIGURE 6.18 Simulation of the DCM boost converter.

Solution

10
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< The solution program is provided in Listing 6.20 and as Example6_14.m on the

NMEC®  CD-ROM in the Examples and Listings subfolder of Chapter 6.

LISTING 6.20 Program to Simulate the DCM Buck/Boost Converter

close all, clear all, clc
global A D Cf LT Vs

N = 100;
h = 1/N;

f = 20000;
R = 4;

Vo = 12;
Io = Vo/R;
Vs = 12;
L = 10E-6;

Lmin = lecm(Vs, Vo, Io, f, “');
Imda = L/Lmin;
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D = Vo/(Vo + Vs)*sqrt(lmda);

C = 220E-6;
Lf = L*f;

Cf = C*f;

A= [0 -1/Lf; 1/Cf -1/(R*Cf)];
X0 = [0; Vo];
Ve = [];

IL = [1;
tau = [];
ti = 0;

tf =1 - h;
tic

for T = 1:10,
[t, X] = rk4(‘bkboost’, [ti tf], x0, N);
iL = X{:, 1);
vC = X(:, 2);
m = length(iL);
n = fix(D*m);
for g = n:m,
if ilL(q) < 0O,

iL(q) = 0;
end
end
IL = [IL; ilL];
vC = [VC; vC1;
tau = [tau; t];
x0 = [0; vC(m)];
ti = t(m) + h;
tF=T+1-h;
end
toc

subplot(2,1,1), plot(tau, IL, ‘k'), grid
axis([0 T -5 30])

title(‘Inductor Current’)
subplot(2,1,2), plot(tau, VC, ‘k'), grid
axis([0 T 0 20])

title(‘Output Voltage')

xlabel( ‘cycles’)

Conclusion

The bkboost function specified in rk4 is the same code as in Listing 6.14. The simu-
lation results are shown in Figure 6.19.
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FIGURE 6.19 Simulation of the DCM buck/boost converter.

EXercise 6.14

Simulate the buck/boost converter from Example 6.14 with an inductance of 5 uH
and observe the output voltage and output ripple voltage.

CHAPTER SUMMARY

MATLAB proves to be an excellent platform for the simulation of DC-DC con-
verters. Unlike PSpice®, no circuit schematic or cryptic netlist is required for the
simulation—only the circuit equations derived by application of KCL and KVL and
formed into a normalized state-space model.

The simulation methods for both CCM and DCM operations presented are ap-
plicable to virtually any DC-DC converter.
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THE MATLAB TOOLBOX

The functions listed below are located in subfolder Toolbox of Chapter 6 on the
CD-ROM

BUCK

Function buck.m computes the state derivative of the normalized state-space
model of the buck converter. See Examples 6.8 and 6.12 for syntax and use with
ode23 and rk4.

BOOST

Function boost.m computes the state derivative of the normalized state-space
model of the boost converter. See Examples 6.9 and 6.13 for syntax and use with
ode23 and rk4.

BKBOOST

Function bkboost.m computes the state derivative of the normalized state-space
model of the buck/boost converter. See Examples 6.10 and 6.14 for syntax and
use with ode23 and rk4.

LCCM

Function Iccn.m computes the CCM inductance for the buck, boost, and
buck/boost converters from the input and output voltages, the load current, and
the PWM switching frequency.

Syntax

Lmin = lcem(Vs, Vo, Io, f, ‘converter’)

String variable ‘converter’ is ‘buck’ or ‘boost’ for the respective converter; other-
wise the CCM inductance for the buck/boost converter is computed.

Example
Lmin = lcem(12, 5, 2, 15E3, ‘buck’)
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RKa

Function rk4.m computes the integral of the state derivative of a state-space
model by use of a fourth-order, constant step-length, Runge-Kutta algorithm.

Syntax
[t, X] = rka(‘file', [t0 tf], X0, N)

String ‘file’ is the filename with .m extension that contains the state derivative.
Vector [t0 tf] is the time interval over which the state derivative is integrated,
vector X0 is the initial state vector, and N is the number of computed points
within the time interval. The step length is

fe—t,
N

PROBLEMS

Problem 1

Simulate the buck converter of Problem 3, Chapter 4.

Problem 2

Simulate the buck converter of Problem 4, Chapter 4.

Problem 3

Simulate the boost converter of Problem 3, Chapter 5.

Problem 4

Simulate the boost converter of Problem 4, Chapter 5.

Problem 5

Simulate the buck/boost converter of Problem 7, Chapter 5.

Problem 6

Simulate the buck/boost converter of Problem 8, Chapter 5.
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Problem 7

Develop the normalized state-space model of the Watkins-Johnson converter from
Chapter 5.

Problem 8

Develop the normalized state-space model of the inverse Watkins-Johnson con-
verter from Chapter 5.

Problem 9

Develop the normalized state-space model of the bridge converter from Chapter 5.

Problem 10
Develop the normalized state-space model of the current-fed converter from
Chapter 5.

Problem 11

Simulate the Watkins-Johnson converter with the same circuit parameters as the
boost converter in Problem 1, Chapter 5.

Problem 12

Simulate the inverse Watkins-Johnson converter with the same circuit parameters
as the boost converter in Problem 3, Chapter 5.
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INTRODUCTION

An inverter is used to generate an AC voltage from a DC source. Typically, a trans-
former is employed to step the voltage up significantly above the magnitude of the
DC voltage. The DC source polarity is alternately switched across the transformer
primary, which produces an alternating voltage at the transformer secondary,
where the load is connected.

If the AC load is purely resistive, the actual waveform shape produced at the
secondary is not critical. Examples of purely resistive AC loads are incandescent
lights and heating elements. If, for example, a 120-VAC coffee pot is to be powered
from an automobile starting battery, the inverter must generate the necessary RMS
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voltage that results in the average power required by the appliance. Since the de-
sired effect is heat, the waveform shape across the load is not important; it need not
even be AC.

For some loads, however, the waveform shape is essential. An AC induction
motor, for example, is designed specifically to operate from a sinusoidal source.
Motor torque variations and additional heat losses result if the phase current wave-
forms deviate from the sinusoidal shape.

The focus of this chapter is inverters that employ transformers to generate
high-voltage AC from low-voltage DC. The presentation begins with a review of the
fundamentals of the AC transformer and concludes with inverter simulation tech-
niques in MATLAB.

AC TRANSFORMERS

The operation of the AC transformer is based on Michael Faraday’s law of induc-
tion: a changing current in a coil induces a current in a second coil that is in close
proximity to the first. The key to induction is a changing current: the current must
change with time in order to induce current elsewhere. A constant current, such as
that produced by a DC source, cannot be transformed.

The Ideal Transformer

A schematic of an ideal, two-winding transformer is illustrated in Figure 7.1.

FIGURE 7.1 Ideal, two-winding
transformer.

The heavy lines shown between the coils in Figure 7.1 represent the core of the
transformer, which is typically iron. The core of the ideal transformer is infinitely
permeable. The windings of an ideal transformer are perfectly coupled and suffer no
losses. If the primary winding is composed of N, turns of wire and the secondary
with N, turns of wire, the ratio of the primary voltage to the secondary voltage is
equal to the ratio of the primary turns to the secondary turns:
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YAy (7.1)
v, Nz' ’

The ratio N,/Nj is called the turns-ratio of the transformer and is notated as
N;:N; or as

N
a=—. (7.2)
N,

The secondary voltage in terms of the primary voltage and the turns-ratio is

Vi
Vo =—. (7.3)
a

If a>1, the transformer is called a buck, or step-down transformer. If a <1, the
transformer is a boost, or step-up transformer. The ratio of the primary and sec-
ondary currents is related inversely to the transformer turns ratio:

i1
~=— (7.4)
12 el

ExampLE 7.1
A transformer with a turns ratio of a=0.25 draws 10 A from a 120 VAC source.

Determine the secondary voltage and current.

Solution

Directly from Equations 7.3 and 7.4, the secondary voltage is

120 =
=480 VAC.
0.25

Vi
sz—:
a

and the secondary current is

i, =ai; =(0.25)(10)=2.5 A.

Conclusion

Since a <1, the transformer is a boost-type. The output voltage is four times the
input voltage, and the secondary current is one-fourth of the primary current.
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Exercise 7.1

Repeat Example 7.1 for a turns ratio of a=2.

Answers
v, =60 VAC, i, =20 A.

If the ideal transformer has a secondary-connected impedance Z,, the load im-
pedance in terms of the secondary voltage and secondary current is expressed as

pe Va
Ly=—. (7.5)
5!
The equivalent impedance at the primary terminals is
v
Z| = _I (76)

By

Substitution of the relationships of Equations 7.3 and 7.4 into Equation 7.6
results in

i v
Zi=a*-=, (7.7)

In terms of the secondary impedance expressed by Equation 7.5, the impedance
at the primary terminals is

Zi=a’Z,. (7.8)

Equation 7.8 reveals that the equivalent impedance at the primary winding is
equal to the square of the turns ratio multiplied by the load impedance connected
to the secondary winding. Thus, an ideal transformer with a load impedance may
be replaced by an equivalent impedance referred to the primary winding. This im-
pedance referral is illustrated in Figure 7.2.

The referred impedance of a step-down transformer is greater than the original
load impedance, while the referred impedance of a step-up transformer is less. The
utility of impedance referral is illustrated in the next example.
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a:l

zZ, —» aZ,

FIGURE 7.2 Impedance referral from
secondary to primary.

ExampLE 7.2

Determine the power delivered by the source to the load impedance of the circuit
shown in Figure 7.3 with V, = 240 VAC.

03+j0.2Q 2:]

| — |
—

10+j4Q

FIGURE 7.3 Circuit from Example 7.2.

Solution

= The solution is provided by the code in Listing 7.1. The program is also available as
ovmece  Example7_2.m in Chapter 7\Examples and Listings on the CD-ROM.

LISTING 7.1 Solution Code for Example 7.2

close all, clear all, cle
Vs = 240;

a = 2;

ZL = 10 + j*4;

Zs = 0.3 + j*0.2;

Zr = a2 * ZL;

Ze = Zs + ZIr;

Is = Vs/abs(Ze);

P = Is"2 * real(Zr)

[}
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Conclusion

Once the impedance is referred to the primary, it is summed with the primary
series impedance to form the equivalent impedance seen by the source. The RMS
current drawn from the source is the RMS source voltage divided by the magnitude
of the equivalent impedance. The average power delivered to the load, P= 1.2 kW,
is dissipated in the real part of the referred impedance.

EXercise 7.2

Determine the power delivered to the load of the circuit shown in Figure 7.4 with

V, = 480 VAC.
Answer
8.2 kW.
02+j0.3Q 110 1+ j0.7 Q 10°1

1 1
| N | e
H 25+ 80

FIGURE 7.4 Circuit for Exercise 7.2.

Physical Transformer Model

A physical transformer incurs losses both in the windings from series resistance and
in the iron because of currents induced in the core. These losses are modeled by the
addition of series and parallel resistive and reactive elements to the ideal trans-
former model. The schematic of the physical transformer is illustrated in Figure 7.5.

R, b

FIGURE 7.5 Physical transformer model.
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Series elements R, L, and R,, L, represent, respectively, the resistance and in-
ductance of the primary and secondary windings. The series elements model the
voltage drops that occur in the physical transformer; the resistances model the
power losses in the windings. Parallel element R, models the losses that occur in
the core. Parallel element L., is called the magnetizing inductance and represents the
current required to permeate the core with a magnetic field. In the ideal trans-
former model the series elements are zero, while the parallel elements are infinite.

The physical transformer model is crucial to the design of inverters that must
output a sinusoidal waveform. Indeed, the loss elements actually assist in the wave-
shaping process, as they impede the higher-frequency components. The physical
model also determines the overall efficiency of the circuit. The next example illus-
trates how the physical transformer model affects the efficiency computation of a
circuit.

ExampLE 7.3

Compute the efficiency of the circuit shown in Figure 7.6 with (a) the ideal trans-
former model and (b) the physical transformer model with #, = 0.1 Q, L, = 50 puH,
rm=1kQ, L, =08 H, r, =0.02 Q, and L, = 10 uH. The source voltage is V, = 120
VAC at 60 Hz, the turns ratio is a = 5, and the load impedance is Z; = 1 + j0.3 Q.

A

R
v [ — l ;

3

. =1l

it

al

FIGURE 7.6 Circuit for Example 7.3.

Solution

With the ideal transformer model, there are no computations to perform; the effi-
ciency is 100%. Although computation of average load power is simple with the
ideal transformer, the ideal model is not suitable for efficiency computations.
With the physical model, the load impedance and secondary winding elements
are referred to the primary winding to facilitate the efficiency calculation. The
solution is provided by the code in Listing 7.2 and is available as Example7_3.m in

ovmeco  Chapter 7\Examples and Listings on the CD-ROM.
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LISTING 7.2 Code to Compute the Efficiency of the Circuit in Figure 7.6

close all, clear all, clc

Vs = 120:
a=5;
uH = 1E-B;
w = 120*pi;
R1 = 0.1;
R2 = 0.02;
Rm = 1000;
L1 = 50*uH;
L2 = 10*uH;
Lm = 0.8;
X1 = wL1:
X2 = wrL2;
Xm = w*Lm;

ZL =1 + j*0.3;

Z2 = R2 + j*X2 + ZL;

Zr = a"2 * Z2;

Zp = 1/(1/BRm + 1/(j*xXm) + 1/Zr);
Zs = R1 + j*X1;

V1 = abs(Vs*Zp/(Zp + Zs));
V2 = Vi/a;

12 = abs(V2/Z2);

PL = I2"2 * real(ZL);

Z1 = Zs + Zp;

Is = abs(Vs/Z1);

P1 = Is*2 * R1;

Pm = W1~2 / Rm;

P2 = I2"2 * RZ;

eta = PL/(PL + P1 + Pm + P2)

Conclusion

Once the secondary winding impedance and the load impedance are referred to the
primary, the referred impedance is combined in parallel with the magnetizing im-
pedance. The primary voltage of the ideal transformer is found by voltage division.
The secondary voltage of the ideal transformer is determined from the turns ratio;
the secondary current is determined from the secondary voltage and the total sec-
ondary impedance. The power losses are determined from the loss elements and
their respective RMS values of voltage or current. The computed value of efficiency
is 17 = 95%.
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Exercise 7.3

The question often arises as to whether it is possible to use a step-down trans-
former as a step-up transformer simply by “turning the transformer around,” that
is, by using the secondary winding as the primary and vice versa. It is possible as
long as the voltage and current ratings of the windings are not exceeded. The out-
put voltage, however, tends to be lower than expected because of the larger imped-
ance of the primary winding.

Compute the output voltage of the circuit shown in Figure 7.7, in which the
same transformer from Example 7.3 is used with a voltage source of 24 VAC
applied to the secondary winding and a load impedance of Z, = 25 + j7.5 Q is
connected to the primary winding,.

Answer
Vi =117 VAC.

la

FIGURE 7.7 Circuit for Exercise 7.3.

THE INVERTER CIRCUIT

The functional schematic of the full-bridge, or H-bridge, inverter is illustrated in
Figure 7.8.

The alternating voltage is produced when switches SW1 and SW3 are closed for
half the switching period while SW2 and SW4 are open. In the second half-period
SW1 and SW3 are open while SW2 and SW4 are closed. The load voltage is thus

Vi, O<b<m
VI_— (7-9)

-Vi, m<B<2m

The load voltage is illustrated in Figure 7.9.
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fﬁ

SW4 '\ SW3

FIGURE 7.8 Full-bridge inverter circuit.

FIGURE 7.9 Load voltage of
the H-bridge inverter.

Square-Wave Inverter

The circuit in Figure 7.8 is often referred to as a square-wave inverter because of the
rectangular wave shape of the load voltage produced by the switching sequence. If
the load of the inverter is purely resistive, the load current is simply Equation 7.9
divided by the load resistance
v
“>, 0<6<n
‘ R
I = v ; (7.10)
-2, m<@<2m
R
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and the power absorbed in the load is

P=— (7.11)

Square-Wave Inverter with Inductive Load

In practice, the load impedance of the square-wave inverter is significantly induc-
tive, especially when the load is the primary winding of a step-up transformer. In-
ductive loads require diodes in the circuit to provide a conductive path for the
energy stored in the inductance when the switches are opened. The diodes protect
the switches from large voltage transients that would otherwise result from a sud-
den interruption of the load current. Figure 7.10 shows the full-bridge inverter
with protective diodes placed across the switches.

SW1

SW4

FIGURE 7.10 Inverter circuit with protective diodes.

If the inductive load is modeled as a series resistance and inductance, applica-
tion of KVL to the circuit yields the differential equation

Vi, =mL£+iR. (712}
de
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In terms of the quality factor of the load, Equation 7.12 becomes

B. 4.0 (7.13)
0 q ¢qR

With switch pair SW1-SW3 closed and SW2-SW4 open, the solution of Equa-
tion 7.13 is

. o W
i(0)=Ae "-i+§".ogegn, (7.14)

in which A, is a constant determined by the boundary conditions. When 6=,
switch pair SW1-SW3 opens and SW2-SW4 closes, and the load current becomes

o VA
7, (0= A5 -’-"—?", n<0<2m. (7.15)

Since the inductor current cannot change instantaneously, evaluation of Equa-
tion 7.14 at the beginning of the period is equal to Equation 7.15 evaluated at the
end of the period. For the same reason, Equations 7.14 and 7.15 are also equal at the
midpoint of the period. The boundary conditions, therefore, are

11(0)=1,(2m), (7.16)
and
i(m) =i (7). (7.17)

Application of the first boundary condition to Equations 7.14 and 7.15 results in

Vi wle Vb
Aj+—=Ay,e M1 ——, 7.18
1t = R (7.18)
Application of the second boundary condition produces
wo Y V
A ™42 =4, L2 (7.19)
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The solutions of Equations 7.18 and 7.19 for A, and A, are

2V, 1-e ™1
AR e P
and
2V, 1-¢ ™4
AR e 7

The exponential term in Equations 7.20 and 7.21 is an identity from hyperbolic
trigonometry:

1% A 1
€ st 2] (7.22)
e 2 2 2

With the relationship of Equation 7.22, Equations 7.20 and 7.21 become

YL B . 7.23
=— anh| —
l R 2{1_ 2:23)
Vi T
A, =—|1+tanh| — | |.
2 R|: an [2q]] (7.24)

Substitution of Equations 7.23 and 7.24 into Equations 7.14 and 7.15, respec-
tively, yields the expressions for the instantaneous inductive load current of the
square-wave inverter:

and

vV, V, N s
i1(0)=~2— 22| 14 tanh| = |[e, 0<o <. (7.25)
R R 2q
. Vi T | —(o-n)fg Vb
0)=—/| 1+ tanh| — ST _ 2 n<@0<Im. 7.26
1,(0) R{ an (chﬂe = n<O0<2nw ( )

The instantaneous current is plotted in Figure 7.11.
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FIGURE 7.11 Instantaneous load current of the square-wave inverter.

Average Load Power

There are two ways to compute the average load power. One way is to determine
the RMS value of the current expressed by Equations 7.25 and 7.26 and then use
P = [7usR, in which R is the real part of the load. The other way is to determine the
power delivered by the source. If the switches are ideal, the load power and source
power are equal. Since the source voltage is constant, the average power is the prod-
uct of the battery voltage and the average source current. The instantaneous source
current is illustrated in Figure 7.12.

FIGURE 7.12 Source current of the square-wave inverter with
inductive load.
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Application of the average value integral to the waveform in Figure 7.12 results in

Vh K Tl: _H"
Iy =—|41—| l+tanh| — "5 do.
b T[R{,Jl [ a [2:}}]6 } (7.27)

Evaluation of the integral in Equation 7.27 yields the average battery current as

Vi 2
Fomitly Se gl BN (7.28)
R b 2q
Thus, the power supplied by the battery and absorbed by the load is
Vil 2q T
=—| 1—-—tanh| — | |.
B, R [ - an (2‘&‘]:] (7.29)

ExampLE 7.4

Deduce an expression for the RMS load current from Equation 7.29.

Solution
With ideal switches, the source and load power are equal:

B =ItR. (7.30)
The solution of Equation 7.30 for the RMS load current is

P
j S (7.31)
R

Substitution of Equation 7.29 into Equation 7.31 vields the expression
V 2 n
I, == 1-Zanh| — |, (7.32)
R i 2q

By the principle of energy conservation, the expression for the RMS load current is
obtained directly from the source power without integration.

Conclusion
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Exercise 7.4

Compute the average power absorbed in the load of a 60 Hz square-wave inverter
with V,=12VDC,R=1Q, and L =1 mH.

Answer
P=110W.

Efficiency

Inverters typically operate from a low-voltage, high-current source. The MOSFET
is well-suited for low-voltage, high-current applications because of its low on-
resistance. In addition, MOSFETs with low break-down voltages are significantly
less costly than those with large breakdown voltages. Furthermore, the circuitry
that drives the MOSFET H-bridge is less expensive than the drive circuitry for a BJT
H-bridge.

Since two MOSFETs are always in series with the load, the total resistive com-
ponent of the source impedance is

R=R +2R,,, (7.33)

in which R, is the real part of the load impedance. The power delivered by the
source is

B =I{(R.+2R.), (7.34)
and the efficiency is the ratio of the load power to the source power:

Ry

e, (7.35)
-RL t 2R:m

n

The source power expressed by Equation 7.34 represents the sum of the load
power and the power dissipated in four MOSFETs. The power dissipated in one
MOSEFET is thus

1
err =EIER011) (736)
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and the RMS MOSFET drain current is
V, /1 T
fy=—b e Ll | (7.37)
2 T 2q

Compute the source power, load power, MOSFET dissipation, and efficiency of
the circuit in Exercise 7.4 if the H-bridge is constructed of MOSFET's with an on-
resistance of 10 m€.

= |

ExampLE 7.5

Solution

The computations are performed by the code in Listing 7.3. The program is avail-
able on the CD-ROM as Example7_5.m in the Examples and Listings subfolder of
Chapter 7.

LISTING 7.3 Solution Code for Example 7.5

close all, clear all, clec

Vb = 12;
RL = 1;
w = 120*pi;
L = 0.001;
Ron = 0.01;
= RL + 2*Ron;
= W*L/R;
= 2*q/pi;
IL = Vb/R*sqrt(1 - x*tanh(1/x));
IL2 = IL"2;
PL = IL2*RL

Pxtr = 0.5%IL2*Ron
Ps = PL + 4*Pxtr
eta = PL/(PL + 4*Pxtr)

Conclusion
The resistance used in the computations must be the total resistance of the source

impedance expressed by Equation 7.33. The computed results are P = 106 W,
Pyr=0.5W, P, = 108 W, and 11 = 98%.
Exercise 7.5

Compute the RMS MOSFET drain current of the inverter in Example 7.5.
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Answer
.[D = 7.3 A.

INVERTER SWITCHING METHODS

The switching scheme presented earlier is suitable for inverters in very low-power
applications. In higher-power applications, the switching scheme is more complex
to prevent circuit faults caused by the finite switching times of the power devices.
A shoot-through fault occurs, for example, when SW1 and SW4 or SW2 and SW4
are closed simultaneously. This situation arises, for example, if SW1 and SW3 are
switched on when SW2 and SW4 have not yet fully turned off.

To prevent a short circuit across the battery, the switches are actuated in a se-
quence that allows time for a complete transition between the on and off states. The
sequence results in a dead time, or blanking time, between the time intervals during
which the odd-numbered switches and the even-numbered switches are conduct-
ing. The switching sequence is presented in Table 7.1 where a “1” represents a
closed switch and a “0” represents an open switch.

TABLE 7.1 Switch Sequence to Produce Blanking Time

State 1 2 3 4
SwWi 1 1 0 0
Sw2 0 1 1 0
SW3 1 0 0 1
SW4 0 0 1 1

With reference to Figure 7.10, the circuit operates as follows: in state 1 both
SW1 and SW3 are closed and the battery voltage appears across the load. In state 2
SW3 is opened and SW2 is closed; the load is effectively short-circuited and the out-
put voltage is zero. In state 3 SW2 and SW4 are closed and the load voltage polar-
ity is reversed. State 4 has switch SW2 open and SW4 closed to short-circuit the
load once again and output zero voltage. The load voltage waveform that results
from the switching scheme in Table 7.1 is illustrated in Figure 7.13.
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FIGURE 7.13 Load voltage with
blanking time.

Load Voltage Harmonics

The simplicity of the inverter switching scheme, however, is not without conse-
quences. The nonsinusoidal output voltage of the inverter produces current har-
monics that erode load power factors and cause torque variations in AC motors.
Knowledge of the harmonic content is useful in the design of more complex switch-
ing schemes and in the design of filters to remove some of the more troublesome
harmonics. The voltage harmonics are readily determined with a Fourier series
expansion of the waveform in Figure 7.13. Since the waveform possesses odd
symmetry, the cosine coefficients are zero and the sine coefficients are determined
from

2 m—ot
b=" j Vi sin (116) d. (7.38)

Evaluation of the integral in Equation 7.38 results in the sine coefficient
expression

b, = ﬂc:cns(n'tt)':). (7.39)
HT

Equation 7.39 reveals that the magnitudes of the harmonics are dependent
upon the dead time. It is thus possible to control the harmonic magnitudes with a
variable blanking interval. Since the desired output of the inverter is a sinusoidal
voltage, the magnitude of the fundamental component is of particular interest:

4V,
b = T"cosa. (7.40)
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Output voltage regulation is thus available with a variable a. It is also possible
to eliminate selected harmonics when the cosine argument of Equation 7.39 is 90°.
The magnitude of the nth harmonic is zero if

i (7.41)

Voltage regulation and harmonic elimination are not independent operations,
however, because the value of n must be fixed to eliminate a particular harmonic.
A fixed value of # results in a fixed value of @ and a fundamental component with
constant amplitude. Regulation and harmonic control is possible, however, with
PWM techniques.

SIMULATING INVERTERS IN MATLAB

The simulation method of the inverter is similar to that of the DC-DC converter.
The inverter control switch, however, is tri-level as opposed to the binary switch
introduced earlier. In terms of the control switch, the differential equation that
describes the inductively loaded inverter may be expressed as
£+’_=£u(g)‘ (7.42)
49 g gR

in which the control variable u is defined as

0, —o<B<a

1 oa<b<m—o

u(0)= (7.43)

0 m-o<O<m+a
-1 m+o<B0<2n—-o

In Equation 7.43 angle o represents half the dead-time interval; 2« is the total
dead time. The differential equation is best simulated when normalized with re-
spect to the fundamental frequency of the inverter output voltage. In terms of time
variable ¢, Equation 7.42 becomes

£ BBy 7.44
—mrr—il=—Ul .
dt L L W)
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Application of the normalization process to Equation 7.44 yields

Equation 7.43 is normalized upon division of the angles by 2m:
0, -0<T<0

1
1 0<T<——0
2

u(t)= , 7.46
0 l—3<1<l+5 ( )
2 2
1
-1 —+d<t<1-9
2
in which,
o
o=—,
Py (7.47)

In Equations 7.46 and 7.47, variable 6 represents one-half the ratio of the dead
time interval to the total period.
ExamPLE 7.6

Simulate the inverter in Exercise 7.4 with a 30° blanking interval.

Solution

The solution is provided by the programs in Listings 7.4 and 7.5 and are available
on the CD-ROM as Example7_6.m in Chapter 7\Examples and Listings and in-
verter.m in Chapter 7\Toolbox.

LISTING 7.4 Code to Simulate the Inverter in Example 7.6

close all, clear all, clc
global AB d

mH = 1E-3;

T = 360;

f = 60;

L = 1*mH;
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Lf = L*f;

R =1;

A = -R/Lf;
alpha = 15;
d = alpha/T;
Vb = 12;

B = Vb/Lf;
x0 = 0;

[t, IL] = ode23(‘inverter’, [0 4], x0);

u = 0.5%(sign(t - fix(t) - d) - sign(t - fix(t) - (0.5 - d)) -
sign(t - fix(t) - (0.5 + d)) + sign(t - fix(t) - (1 - d)));
subplot(2,1,1), stairs(t, u*Vb), grid

title(‘Load Voltage’)

subplot(2,1,2), plot(t, IL), grid

title(‘Load Current’)

xlabel( ‘cycles’)

LISTING 7.5 Function File for Listing 7.4

function dx = inverter(t, x)

global AB d
u = 0.5%(sign(t - fix(t) - d) - sign(t - fix(t) - (0.5 - d}) -
sign(t - fix(t) - (0.5 + d)) + sign(t - fix(t) - (1 - d)));

dx = A*x + B*u;

Conclusion

Since the portions of the period are expressed in fractions, it is convenient to use
units of degrees for the fundamental period and the blanking interval. The RHS of
the control switch u must be multiplied by 0.5 because the statement composed of
the sign functions has peak values of 2 and -2 rather than 1 and —1. The load volt-
age and load current are plotted in Figure 7.14.

EXErcISE 7.6

Use the MATLAB function trapz to compute the RMS load current of the inverter

in Example 7.6 and use the RMS value to calculate the average power absorbed in
the load.

Answers
Ips=9.9Aand P=99 W.
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Load Voltage
T T T T T T T

Lead Current

cycles

FIGURE 7.14 Load voltage and current of the inverter in Example 7.6.

Inverters with Transformers

As stated earlier, the load of an inverter circuit is typically the primary winding of
a transformer—usually a step-up transformer. The schematic of a full-bridge in-
verter with a step-up transformer is shown in Figure 7.15. The diodes, although
present in the circuit, are omitted for functional clarity.

The voltage of interest in the inverter-transformer circuit is the secondary volt-
age across the load. If the transformer is modeled as ideal, then the load impedance
is referred to the primary winding, and the simulation of the circuit is the same as
the inverter in Example 7.6. If the physical model of the transformer is used, the
simulation is facilitated if the circuit is expressed in state-space form. The full-
bridge inverter with the physical transformer model is illustrated in Figure 7.16.

To facilitate the analysis and simulation of the circuit, the secondary imped-
ances and the load impedance are referred to the primary winding. The circuit with
the referred impedances is shown in Figure 7.17.
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SWi J SW2

l:a

4

SW4 .\ SW3 j
L ]

4

FIGURE 7.15 Inverter with step-up transformer.

FIGURE 7.16 Full-bridge inverter with physical transformer.

With a load impedance of Z, = R, +jolL,, application of KCL and KVL to the
circuit in Figure 7.17 yields the following set of equations:
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& i
Y T T L W

Ay 7.48
dt dt ( )
- Lm dim+- + 749
= Im T 1. i
BT # : 17:49)
di di,
L.—=Ri+L —. 7.50
dt : dt ( )
’ R2+R0
R'=———. (7.51)
a’
’ L2+LD
= 7 - (7.52)
a

FIGURE 7.17 Inverter/transformer circuit with referred impedances.

The state variables of the circuit in Figure 7.17 are the battery current i, the
magnetizing current i_, and the transformer primary current i,. The solutions of
Equations 7.48 to 7.50 for the derivatives of current are as follows:

di, R . Lndin W,

=— t).
df' L; Ll df' L} u( ) (753)
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s (ib = i — i1 ). (7.54)

diy Lediy, R

-

PN T Tl (7.55)

The state-space model must have all derivatives on the LHS of the equations.
Substitution of Equation 7.54 into Equations 7.53 and 7.55 eliminates the derivative
of the magnetizing current from the battery current and primary current equations:

di _ RI + Rm - Rm Rm

; . Y
= I+ —in+—+—ult). 7.56
dt B L i o ®) (7:36)

d'il Rm . Rm . R’+Rm . 7 57
= Ih — Im——— 1. _
& Ir I Lo (7.57)

From Equations 7.54, 7.56, and 7.57, the state-space model of the inverter/
transformer circuit is formulated as

i Rl +-Rm Rm Rm ] B T
K & -
ib 1 1 | fb Li
d| . R R R, .
— i |= = -—— - im [+] O u(t). (7.58)
dr - Lm Lm Lm o
1 " 1 0
R 3 R 3 R+ R,
| L L’ L | S
Upon normalization, Equation 7.58 becomes
[ RI * Rm Rul Rm -I = Vi q
= b b
: Lf L f Lf ;
(i Iy Ltf
d - Rm -Rm Rm - + 0 {T)
V| m |= - - = I u -
dT - Ll“f L]‘ﬂf Jl;I'I’l_]‘ . 0 (759)
i i
‘ R R, R+R, [
Lf L'f 2 | = J

The simulation of the inverter/transformer circuit is presented in the next
example.
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ExampLE 7.7

With the transformer from Example 7.3 used as a step-up transformer, simulate the
inverter illustrated in Figure 7.17 with a load impedance of Z,, = 23 + j7 €, a bat-
tery voltage of 24 VDC, and a dead time of 20°.

Solution

The solution is provided by the code in Listing 7.6. The program is available as
Example7_6.m in Chapter 7\Examples and Listings on the CD-ROM. The state
variables are plotted in Figure 7.18.

LISTING 7.6 Code to Simulate the Inverter/Transformer Circuit

close all, clear all, clec

global A B d
Vb = 24;

d = 1/18;

f = 60;

a = 5;

uH = 1E-6;
w = 2%pi*f;
R1 = 0.02;
R2 = 0.1;
Rm = 200;
L1 = 10*uH;
L2 = 50*uH;
Lm = 0.16;

ZL = 23 + j*7;

Ro = real(ZL);

Lo = imag(ZL)/w;

Rp = (R2 + Ro)/a"2;
Lp = (L2 + Lo)/a"2;

L1f = L1*f;
Lmf = Lm*f;
Lpf = Lp*f;

alt = -(R1 + Rm)/L1f;

al2 = Rm/L1f;

a21 = Rm/Lmf;

a31 = Rm/Lpf;

a33 = -(Rp + Rm)/Lpf;

A = [al1l al12 al12; a21 -a21 -a21; a31 -a31 a33];
B = [Vb/L1f; 0; 0];

X0 = [0; 05 0];
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tic

[t, X] = ode23s(‘inverter’, [0 4], x0);

toc

Ib = X(:, 1); Im = X(:, 2); I1 = X(:, 3);

12 = I1/a;

u = sign{(t - fix(t) - d) - sign(t - fix(t) - (0.5 - d)) -

sign{t - fix(t) - (0.5 + d)) + sign(t - fix(t) - (1 - d));
dX = A*X' + B*u';
dI1 = dX(3,:);
diz2 = dIt/a;
Vo = I2*Ro + Lo*dI2';
save data Vo t
subplot(2,2,1), plot(t, Ib), grid
title(‘Battery Current')
subplot(2,2,2), plot(t, Im), grid
title( Transformer Magnetizing Current’)
subplot(2,2,3), plot(t, I2), grid
title(‘Load Current’)
xlabel( ‘cycles’)
subplot(2,2,4), plot(t, Vo), grid
title(‘Load Voltage')
xlabel( ‘cycles’)

Conclusion

To use the transformer from Example 7.3 as a step-up transformer, the values of the
original primary and secondary impedances have been interchanged. Also, the
magnetizing inductance and resistance have been referred to what is now used as
the primary winding.

The differential equations in this example are known in texts on numerical
methods as stiff equations. Stiff differential equations are characterized by small
time constants that lead to large-magnitude derivatives near the initial conditions.
For example, if x(t)=20e """ the derivative of x(t) is x(t) = —6,000,000e """
The magnitude of the derivative near t = 0 is very large. As stated previously, large
derivatives cause ode23 to reduce the time-step to maintain accuracy and result in
long simulation times. Equations of this variety are best solved with a stiff differen-
tial equation solver—the type of algorithm employed in the MATLAB function
ode23s.

Since the output voltage of the inverter is dependent upon the derivative of
i,, the state derivative is computed once again after the simulation by the statement
dX = A*X’ + B*u’. The transpose operator is required to validate the matrix prod-
ucts. The save command is used to write the output voltage and time data vectors
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in a file named data.mat for future processing. The results of the simulation are

plotted in Figure 7.18.
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FIGURE 7.18 Simulation results of the inverter/transformer circuit.

Exercise 7.7

Use the trapz function to compute the output power of the inverter in Example 7.7.

Answer
P=400W.

Load Voltage Harmonics

The load voltage simulation results shown in Figure 7.18 indicate that the physical
transformer acts as a filter to a small degree. The harmonic content of the output
voltage is readily determined in MATLAB by use of the fft function, which com-
putes the fast Fourier transform (FFT). However, before the FFT is applied to the
voltage data, a bit of processing is first required. The nonconstant step-length pro-
duced by functions ode23 and ode23s affects the spectrum of the computed voltage.
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Most notably, because the numerical mean of the data is not zero, an artificial DC
component appears in the computed spectrum. To more accurately represent the
output voltage, the horizontal axis data from ode23s must be mapped to a constant
step-length vector and the voltage data interpolated to new points that correspond
to the new abscissa. The next example illustrates how to use MATLAB to interpo-
late data and to compute and plot the harmonic content of a vector.

ExampLE 7.8

Compute the FFT of the load voltage waveform of the inverter in Example 7.7 and
plot the magnitude spectrum of the voltage versus frequency in hertz.

Solution
The solution is provided by the program in Listing 7.7. The program is located on

the CD-ROM as Example7_8.m in folder Chapter 7\Examples and Listings.

LISTING 7.7 Program to Compute the Magnitude Spectrum of the Inverter OQutput Voltage

close all, clear all, clec
load data

N = length(Vo);

ff = 60;

cycles = 4;

x = linspace(0, cycles, N);
Vo = spline(t, Vo, x);

k = O:N - 1;

f = k*ff/cycles;

Vw = fft(Vo);

magVw = abs(Vw);

m = 1:4:49;

stem(f(m), magVw(m) /max(magVw), ‘k’'), grid

xlabel( ‘frequency (Hz)')
title(‘Normalized Magnitude Spectrum®)

Conclusion

The load statement retrieves the values of the output voltage vector Vo and the time
vector t from the data file into the MATLAB workspace. Before the FFT is applied,
the output voltage data is mapped to a constant step-length vector x by use of
spline. This function interpolates the data in Vo to new points that correspond to
the values contained in x. The result is a data vector with sample points acquired at
a constant rate. The frequency axis is obtained upon multiplication of the FFT
index k by the ratio of the fundamental frequency to the number of cycles. Each
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value of k thus represents a multiple of 15 Hz. Every fourth sample in the magni-
tude spectrum therefore represents a harmonic of the fundamental, that is, a mul-
tiple of 60 Hz. The magnitude spectrum normalized with respect to the magnitude
of the fundamental component is shown in Figure 7.19.

Normalized Magnitude Spectrum
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FIGURE 7.19 Magnitude spectrum of the inverter/transformer output voltage.

EXercise 7.8

Plot the magnitude spectrum of the output voltage from Example 7.8 without in-
terpolation and observe the effect on the spectrum.

Filtering the Output

A capacitor is sometimes added across the secondary winding in an attempt to
smooth the load voltage and render a more sinusoidal shape. Since the capacitor is
in parallel with the load, the capacitor voltage is the same as the load voltage. The
inverter output voltage thus becomes one of the state variables. The capacitor im-
pedance referred to the primary winding of a transformer with a turns-ratioof 1:a
is expressed as
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1
Zi=—F". (7.60)
Jwa C

The equivalent capacitance on the primary side is thus

C'=a"C. (7.61)
With the capacitor in the circuit, the primary winding current becomes the

sum of the referred capacitor current and the referred load current, as illustrated in
Figure 7.20.

y 1
l'I
.
I
L ]
L

FIGURE 7.20 Inverter output with load-
connected capacitor.

Application of KCL and KVL at the inverter output yields

r

; avi .
L =C'—+i’.

(7.62)

di,

v =i'R+ L. 7.63
0 (7.63)

The solutions of Equations 7.62 and 7.63 for the derivatives yield the addi-
tional state equations of the inverter with an output filter capacitor:

an L. de (7.64)
dt ¢ ¢ '
di, R, .

o o 7.65
dt o b i ( )
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With Equations 7.64 and 7.65 included with Equation 7.58, the state-space
model of the inverter/transformer circuit with load filter capacitance emerges as

Iy

! m

R +R,

L,

e~

m

= =
g 5

o

=]

o

R
— 0
L,
Rlll
—— 0
Lm
R’ +R,
y 0
L
0 R
L,
1 1
(@ C’

ult).

(7.66)

Division of the RHS of Equation 7.66 by the fundamental frequency results in the

normalized state-space model

The next example presents a simulation of Equation 7.67.

ExampLE 7.9

_Ll + R, R_m R_m 0
Lf Lf Lif
Rw  Ra  Ra 0
Lo f Laf L.f
Ru _Rn _R4Rw
L’f L’f L’f
0 0 0 _ R
Luf
0 0 1 _ 1
e Cf

occc::‘ﬁ

u(t). (7.67)

Simulate the inverter from Example 7.7 with a 100-uF capacitor placed across the
load impedance.

Solution

The simulation program is provided in Listing 7.8 and as Example7_9.m in sub-
ovmece  folder Examples and Listings of Chapter 7 on the CD-ROM.
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LISTING 7.8 Program to Simulate the Inverter/Transformer Circuit with Load Filter
Capacitance

close all, clear all, clc

global AB d
Vb = 24;

d = 1/18;

f = 60;

a = 5;

uH = 1E-6;
uF = 1E-B;
w = 2%pi*f;
R1 = 0.02;
R2 = 0.1;
Rm = 200;
L1 = 10*uH;
L2 = 50*uH;
Lm = 0.186;

ZL = 23 + *7;
Ro = real(ZL);
Lo = imag(ZL)/w;

Lof = Lo*f;
Lop = Lo/a"2;
Lopf = Lop*f;

Rp = (R2 + Ro)/a"2;
Lp = (L2 + Lo)/a"2;

Lpf = Lp*f;

Lif = L1*f;

Lmf = Lm*f;

C = 100*uF;

Cp = a*2 * C;

Cpf = Cp*f;

ai1l = -(R1 + Rm)/L1¥;
ai2 = Rm/L1f;

a21 = Rm/Lmf;

a31 = Rm/Lpf;

a33 = -(Rm + Rp)/Lpf;
a44 = -Ro/Lof;

a45 = 1/Lopf;

a53 = 1/Cpf;

A = [al1 al2 ai2 0 0
a21 -a21 -az21 4] 0;
a31 -a31 a33 0 0;

0 0 0 ad44 a45h;
0 0 a53 -ab53 0];
B = [Vvb/L1f; 0; 0; 0O; 0];
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x0 = [0; 0; 0; 0; 0];
tic

[t, X] = ode23s(‘inverter’, [0 4], x0);

toc

Ib = X(:, 1); Iop = X(:, 4); Yop = X(:,5);
subplot(2,1,1), plot(t, Ib, ‘k-", t, Iop/a, ‘k"), grid
title(‘Battery Current and Load Current’)
subplot(2,1,2), plot(t, a*Vop, ‘k’'), grid
title(Output Voltage')

xlabel( ‘cycles’)

Conclusion

The battery and load currents along with the output voltage produced by the sim-
ulation are plotted in Figure 7.21.

Battery Current and Load Current
30 T T T T T

cyclas

FIGURE 7.21 Simulation results of Example 7.9.

As indicated in Figure 7.21, the output voltage is much more sinusoidal with
the capacitor across the load. However, the value of capacitance required to smooth
the output voltage is unreasonably large. A more practical filter is considered in the
next section.




350 Fundamentals of Power Electronics with MATLAB

Exercise 7.9

Repeat the simulation in Example 7.9 with a 10-uF capacitor.

Practical Inverter Filter

A more practical filter for the inverter output consists of two capacitors and an
inductor, as illustrated in Figure 7.22. The filter is sometimes referred to as a “pi
filter” because of its resemblance to the Greek letter.

vooh >
/ ; ’ v
2 3
“y I aC, (:t;a'(“: '
®

gﬁmlml [

FIGURE 7.22 Inverter circuit with practical output filter.

The three additional reactive components add as many variables to the state
space model. Application of KCL and KVL to the inverter circuit with the filter net-
work results in the following set of equations:

i AR i N 7.68
gy | 1 (7.68)
) dvi .
ety (7.69)
dt
di;
vi=Li—+v.. 7.70
1= ( )
-7 -~ d’l’:, o
13:(.2 " +1,. (771)
v =1 % gy (7.72)

o dt o-to*
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The solutions of Equations 7.68 to 7.72 for the state variable derivatives are

m

dii -“m - -Rm -
—=—"",
L3 L3

dt L

ﬂ=L(f,—f;).

& C
B Dy
I_L;(V' %)
dv,

di, 1, R,
— =y, =1
d L ° L

(R.+R})

W

’

2

(7.73)

(7.74)

(7.75)

(7.76)

(7.77)

Equations 7.73 to 7.76, along with Equations 7.53 and 7.54 comprise the state-

space model of the inverter with the pi filter:

Rl + Rm an. Rm
_= s 0 0
L L L
R _& = & 0 0
T ii) b Lm -Lm -Ll'h
: R, R, R, +R; 1
jJI] head - e 0
; : L Ly L;
| 1 1
v |= 0 0 - 0
dt| ! cl c
13 1
v 0 0 0 — 0
o L3
L ] 1
0 0 0 0 =
&
0 0 0 0 0

After normalization, Equation 7.78 becomes

L;

ult).

(7.78)
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A simulation of Equation 7.79 is presented in the next example.

ExampLE 7.10

u(T)

(7.79)

Simulate the inverter from Example 7.7 with a pi filter with C, = C, = 10 uF and

L, =50 mH.

Solution

LISTING 7.9 Program to Simulate the Inverter with a pi Filter

= The simulation program is provided in Listing 7.9 and as Example7_10.m in Chap-
ovmeco  ter 7\Examples and Listings on the CD-ROM.

close all, clear all, clc

global AB d
Vb = 24;

d = 1/18;

f = 60;

a = 5;

a2 = a~2;
uH = 1E-6;
uF = 1E-6;
w = 2%pi*f;
R1 = 0.02;
R2 = 0.1;
Rm = 200;
L1 = 10*uH;
L2 = 50*uH;

Lm = 0.16;
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L3 = 0.05;

C1 = 10*uF;

C2 = 10*uF;

ZL = 23 + j*7;

Ro = real(ZL);

Lo = imag(ZL) /w;

Rop = Ro/a2;

Lop = Lo/a2;

Lopf = Lop*f;

R2p = R2/a2;

L2p = L2/a2;

L1f = L1*f;

Lmf = Lm*f;

L2pf = L2p*f;

L3p = L3/a2;

L3pf = L3p*f;

Cip = a2*C1;

C2p = a2*G2;

Cipf = Cip*f;

C2pf = C2p*f;

ail = -(R1 + Rm)/L1f;

ai2 = Rm/L1f;

a21 = Rm/Lmf;

a31 = Rm/L2pf;

a33 = - (Rm + R2p)/L2pf;

ad34 = -1/L2pf;

a43 = 1/C1ipf;

a54 = 1/L3pf;

a65 = 1/C2pf;

a7r6 = 1/Lopf;

a77 = -a76*Rop;

% Ib Im I1 Vip I3p Vop Iop

A = [al1 a12 ail2 0 0 0 0:
a21 -a21 -a21 0 0 0 0;
a31 -a31 a33 a34 0 0 0;
o] 0 a43 0 -a43 0 0,
0 0 0 as4 0 -a54 0;

0 0 0 0 a65 0 -a65;

0 0 0 0 0 a76 a77];

B = [Vb/Lif; 0; O; 0; 0; 0; 0]

X0 = [0; 0; 0; 0; 0; 0; 0];

tic

[t, X] = ode23s(‘inverter’, [0 4], x0);

toc

Ib = X{:, 1); Im = X(:, 2); I1 = X(:, 3);

Top = X(:, 4); Vop = X(:,5);
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12 = I1/a;

u = sign(t - fix(t) - d) - sign(t - fix(t) - (0.5 - d)) -
sign(t - fix(t) - (0.5 + d)) + sign(t - fix(t) - (1 - d));
subplot(3,2,1), plot(t, Ib), grid

title(‘Battery Current')

subplot(3,2,2), plot(t, Im), grid

title(‘Transformer Magnetizing Current’)

subplot(3,2,3), plot(t, I1), grid

title(‘Primary Current')

xlabel(‘cycles’)

subplot(3,2,4), plot(t, Iop), grid

title(‘Load Current’)

xlabel( ‘cycles’)

subplot(3,1,3), plot(t, a* Vop), grid

title(‘Output Voltage')

xlabel( ‘cycles’)

Conclusion

The results of the simulation are shown in Figure 7.23.
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FIGURE 7.23 Results of Example 7.10 simulation.

As shown in Listing 7.9, the capacitor values are greatly reduced, but a relatively
large inductance is required to achieve sufficient filtering results. In practice the val-
ues of the components used in the simulation are considered too large for eco-
nomic reasons. More practical component values are obtained when PWM is
incorporated into the switching scheme.
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PWM INVERTER

The pi filter components in Example 7.10 are too large because of the low-frequency
operation of the inverter. PWM techniques, fortunately, not only resolve the filter
practicality issues but also provide output voltage control. There exist several PWM
techniques, each with their own advantages and trade-offs. The method considered
here is the bipolar switching scheme.

Bipolar Switching

Bipolar PWM makes use of a sinusoidal voltage reference voltage that is compared
with a triangular carrier waveform. The H-bridge transistors are switched based on
a comparison of the waveforms. The sinusoidal reference and triangular carrier are
illustrated in Figure 7.24a with the output voltage that results shown in Figure 7.24b.

Yeat ™ Yom | Vo=V

[

FIGURE 7.24 Bipolar switching scheme of the PWM Inverter.

In reference to Figures 7.8 and 7.24, the bipolar switching method works as fol-
lows: when the reference voltage exceeds the carrier voltage (V> V., ), switches
SW1 and SW3 are closed; SW2 and SW4 are open. The output voltage is thus +V,,.
When the carrier exceeds the reference (V< V_, ), SW1 and SW3 are open, while
SW2 and SW4 are closed. The output voltage is then —V,. The period of the sinu-
soidal reference is set to the desired fundamental period of the output voltage. The
carrier frequency is set much higher to yield smaller and more practical filter ele-

ment values. A simulation of the PWM inverter is presented in the next example.

ExampLE 7.11

Simulate the inverter in Example 7.10 under PWM control with a carrier frequency
of 12 kHz and pi filter component values C, = C, =1 pF and L, = 10 mH.
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Solution

Listing 7.9 is readily modified to simulate the PWM inverter with the pi filter
components changed to the specified values and with the function call to pwminver
in ode23s instead of the function inverter. The modified program is available as Ex-
ample7_11.m in Chapter 7\Examples and Listings on the CD-ROM and function
pwmiinvr, shown in Listing 7.10, and is available as pwminvr.m in Chapter 7\Toolbox.

LISTING 7.10 Function to Simulate the PWM Inverter

function dx = pwminvr(t, x)

global AB d
u = 0.5%(sign(t - fix(t) - d) - sign(t - fix(t) - (0.5 - d)) -
sign(t - fix(t) - (0.5 + d)) + sign(t - fix(t) - (1 - d)));

dx = A*x + B*u;

Conclusion

The results of the simulation are shown in Figure 7.25.
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FIGURE 7.25 Results of the PWM Inverter simulation.

The simulation results demonstrate the achieved goals of the PWM control
method: a sinusoidal output voltage with much smaller pi filter component values.

Exercise 7.11

Simulate the inverter in Example 7.11 with a carrier frequency of 25 kHz.
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CHAPTER SUMMARY

The inverter is an effective circuit that produces an AC voltage in situations in
which only a DC voltage source is available. For lighting and heating loads, the
simplicity and economy of the square-wave inverter is ideally suited since the RMS
value of the output voltage is of primary importance. If higher voltages are required
than are available from the DC source, a step-up transformer is employed. In the
case of an AC transformer or AC motor load, a sinusoidal output voltage is re-
quired from the inverter. In this case the more complicated but essential PWM in-
verter is employed to provide voltage regulation, sinusoidal wave-shaping, and
practical filter component values.

THE MATLAB TooLBoX

(< The functions listed below are available on the CD-ROM in the Toolbox sub-
ovmecr  folder of Chapter 7.

INVERTER

Function inverter.m computes the state derivative of the inverter state-space
model with dead-time switching.

PWMINVR

Function pwminvr.m computes the state derivative of the inverter state-space
model under PWM control.

PROBLEMS

Problem 1

Specify a transformer for a square-wave inverter that converts 12 VDC to 120 VAC
with a 14.4 Q load resistance.

Problem 2

Specify a transformer for a square-wave inverter that converts 12 VDC to 120 VAC
with a 14.4 + j2 Q load impedance that absorbs the same power as the load in the
circuit of Problem 1.
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Problem 3

Compute the efficiency and actual output voltage and power of the inverter in
Problem 1 for a transformer that has the same physical parameters as the trans-
former in Example 7.3.

Problem 4

Compute the efficiency and actual output voltage and power of the inverter in
Problem 2 for a transformer that has the same physical parameters as the trans-
former in Example 7.3.

Problem 5

Repeat Problem 3 for an inverter implemented with BJTs with a saturation voltage
of 0.8 V.

Problem 6

Repeat Problem 3 for an inverter implemented with MOSFETs with an on-resistance
of 10 mQ.

Problem 7

Repeat Problem 4 for an inverter implemented with BJTs with a saturation voltage
of 0.8 V.

Problem 8

Repeat Problem 4 for an inverter implemented with MOSFET's with an on-resistance
of 10 mQ.

Problem 9

Repeat Problem 1 for an inverter with a 20° blanking time.

Problem 10

Repeat Problem 2 for an inverter with a 20° blanking time.

Problem 11

Design and simulate a PWM inverter for the circuit in Problem 1.

Problem 12

Design and simulate a PWM inverter for the circuit in Problem 2.
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INTRODUCTION

Power electronic devices typically operate at high temperatures. It is not uncommon,
for example, for power devices to get hot enough to vaporize water at the surface of
the device package. The heat generated by a power device must be transported to the
surrounding environment at a sufficient rate so that the internal temperature of
the device from does not exceed the maximum temperature specified by the manu-
facturer. If the maximum temperature is exceeded, the device will be destroyed. The
temperature of electronic devices also affects their reliability; higher temperatures re-
sult in shorter component lifetimes. Device specifications and reliability issues thus
dictate how much thermal energy must be managed to maintain the temperature of
an electronic device at a safe level.
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THERMAL MODEL OF ELECTRONIC DEVICES

Thermal modeling can be a very detailed and complex procedure that requires the so-
lution of multidimensional partial differential equations. In very critical applications,
the thermal computations are performed by computer programs that generate a tem-
perature distribution profile throughout the system being modeled. Fortunately, the
great majority of heat problems that arise in power electronics are solvable with very
simple thermal models. The simplest model results when thermal energy is consid-
ered to flow only in one dimension under steady-state conditions.

One-Dimensional Heat Flow

The heat generated in a power electronic device occurs in the semiconductor ma-
terial inside the device package. Since the semiconductor material comprises PN
junctions, the internal temperature of the device is referred to as the junction tem-
perature. The heat energy flows from the junction to the external device case and
then flows from the case into the ambient environment. To facilitate the flow of
heat, one of the power device terminals is usually attached directly to the case. For
example, the anode or cathode of a rectifier may be part of the actual device case in
order to promote heat flow. Thus constructed, however, the case becomes part of
the electrical circuit and may require isolation from other components.

In one-dimensional heat flow the physical device is represented by thermal
resistances through which energy flows that results from temperature differences
across the resistances. The temperature differences in an electronic device occur
between the junction and the case and between the case and the ambient sur-
roundings. If the rate of energy flow is expressed in watts, a thermal resistance with
units of degrees Celsius per watt experiences a temperature difference in degrees
Celsius. The one-dimensional thermal model of an electronic device is illustrated in

Figure 8.1.
I, Re T. R, T,
!‘].T

FIGURE 8.1 Thermal model
of an electronic device.

In Figure 8.1 T}, T,, and T, are the junction, case, and ambient temperatures,
respectively. Resistance Ry is the thermal resistance between the semiconductor
junction and the case of the device. Resistance R, is the thermal resistance between
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the case and the ambient environment. The rate of thermal energy flow is Py, the
power dissipated in the device.

As indicated by the schematic in Figure 8.1, the one-dimensional heat-flow
problem is analogous to an electric circuit. Temperature is analogous to voltage,
power to current, and thermal resistance to electrical resistance. It is thus possible
to apply KCL and KVL to solve the thermal problem. Thus applied, the circuit laws
yield the junction temperature equation

T}=PD(RK:+R(A)+TA- (8.1)

Device specifications include the maximum junction temperature and the junc-
tion-to-case thermal resistance. The case-to-ambient thermal resistance is not speci-
fied, however. Instead, the total thermal resistance from junction-to-ambient is given;
the reason will be explained shortly. The following example illustrates an application
of Equation 8.1 with the specified parameters of a power electronic device.

ExampLE 8.1

A certain power MOSFET has a maximum junction temperature specification of
150°C, a junction-to-case thermal resistance of 1.0°C/W, and a junction-to-ambient
thermal resistance of 62.5°C/W. If the ambient temperature is 30°C, what is the
maximum allowable power dissipation in the device?

Solution

The solution of Equation 8.1 for the dissipated power is

T,-T,

= 8.2
‘R]C + R(_.A ( )

Py

Substitution of the device parameters and the ambient temperature into Equa-
tion 8.2 yields a maximum dissipated power of

~ 150-30
625

b =192 W.

Conclusion

The thermal resistance specified by the manufacturer is the sum of the junction-to-
case and case-to-ambient thermal resistances.




362

Fundamentals of Power Electronics with MATLAB

Exercise 8.1

If the power device in Example 8.1 dissipates 2.0 W in an ambient temperature of
20°C, what is the junction temperature?

Answer
T, = 145°C.

The power dissipation in the device from Example 8.1 is limited by the large
case-to-ambient thermal resistance: 62.5 — 1.0 = 61.5°C/W. Fortunately, R, can be
significantly reduced with the addition of a heatsink to the thermal model. A
heatsink is a body of material with a low thermal resistance to which the power de-
vice is attached. The material is typically aluminum, and the body is composed of
fins between which air circulation occurs to remove the heat. A common heat sink
profile is illustrated in Figure 8.2.

fins

base

FIGURE 8.2 Heatsink profile.

The base of the heatsink provides a mounting surface for the power component
as well as material depth for drilling and tapping for a machine screw with which to
attach the device.

If the power device is mounted directly to the heatsink, the thermal resistance
of the heatsink, Ry, is placed in parallel with the case-to-ambient thermal resis-
tance. Often, however, it is required that the power device be electrically isolated
from all other components. In this case a thin thermally conductive electrical insu-
lator is placed between the device and the heatsink. The insulator has a case-to-sink
thermal resistance of R and is typically about 0.5°C/W. The thermal model of
an electronic device attached with a thermally conductive insulator to a heatsink is
illustrated in Figure 8.3.

A common material used in thermally conductive insulators is the mineral
mica. A thin layer of mica in the general shape of the device case is coated with ther-
mally conductive grease to minimized the thermal resistance. Greaseless applications
make use of a synthetic rubber insulator that is internally reinforced with a layer of
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FIGURE 8.3 Thermal model of an electronic
device attached to a heatsink.

fiberglass. Another type of insulator is hard-anodized aluminum, which can isolate
voltages up to 600 V.

The thermal resistance of the insulator and the heatsink is less than the case-to-
ambient thermal resistance of the electronic device—so much so, that R., is
neglected in thermal calculations. As in the case of electrical circuits, if a second
resistance is placed in parallel with a first resistance that has 1/10 the resistance of
the first, the combined resistance is nearly equal to the smaller resistance. The same
result occurs for thermal resistances connected in parallel. The case-to-sink and
sink-to-ambient thermal resistances are typically much smaller than the case-to-
ambient thermal resistance of an electronic device. When the sum of R and Rg,
is placed in parallel with R.,, the case-to-ambient thermal resistance becomes
insignificant. For this reason, R, is not specified by component manufactures. If
the power dissipation is so small that no heatsink is needed, the total resistance
from junction-to-ambient (R;,) determines the junction temperature; if a heatsink
is required, R, is neglected. In either case R4 is an unnecessary parameter. The
one-dimensional heat-flow model of the power device, insulator, and heatsink
without R, is illustrated in Figure 8.4.

£y

FIGURE 8.4 Thermal model of a power
device with insulator and heatsink.

In Figure 8.4 T, is the surface temperature of the heatsink. Application of KVL
to the thermal model in Figure 8.4 yields the junction temperature expression as

T ZPI.‘J(RICZ+R{L‘§ +R5A)+ Ty (8.3)
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The solution of Equation 8.3 for Rs, is the thermal resistance of a heatsink re-
quired for a specified Tj, Ty, Rje, and Reg:

Tl

D

Rqp =

—Rjc — Res. (8.4)

The next example and exercise illustrate an application of Equations 8.3 and
8.4.

ExampLE 8.2

Compute the maximum power dissipation of the device in Example 8.1 if it is
attached to a heatsink with Rg, = 2.5°C/W and an insulator with Rq = 0.5°C/W.

Solution

The solution of Equation 8.3 for the dissipated power is

TT _TA

Ppp=——
Rjc + Res + R

(8.5)

Substitution of the respective temperature and thermal resistance parameters
into Equation 8.5 yields a maximum dissipated power of

150-30
30 W.

D D+05+25

Conclusion

A heatsink greatly increases the thermal energy capacity of a power device.

Exercise 8.2

If the device in Example 8.2 must dissipate 40 W without an increase in junction
temperature, what must be the thermal resistance of the heatsink?

Answer
R.‘S}\ = I.SOCJ’W
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MAXIMUM POWER RATINGS OF SEMICONDUCTOR DEVICES

The thermal resistance of a heatsink is inversely proportional to its surface area.
Hence, low-thermal-resistance heatsinks have many fins, each with large surface
area. Theoretically, as the surface area approaches infinity, the thermal resistance
approaches zero. The maximum power rating of an electronic device is specified by
such an infinite heatsink. With Rcg and Rg, set to zero in Equation 8.5, the maxi-
mum power dissipation of a device is

T -T,
PD.MAX =1 A . (8.6)
Ric

Since Regand Rgy are zero, the case temperature of the device and the ambient
temperature are the same. The case temperature at maximum power is typically
specified at 25°C. Although the maximum power is determined under physically
impossible conditions, the specification provides an absolute limit in the choice of
a power device without the need for thermal calculations. For example, if a device
must dissipate 125 W in an application, then a device specified at a maximum
power dissipation of 125 W cannot be considered for the design.

ExampLE 8.3
Determine the maximum power rating of the device in Example 8.1 for a case

temperature of 25°C.

Solution

Directly from Equation 8.6, the maximum power is

150-25
P T

DMAX

=125 W.

Conclusion

The device in Example 8.1 can only be used in applications that demand less than
125 W of power dissipation in the device.

EXERcISE 8.3

Determine the allowable power dissipation of the device in Example 8.1 if the de-
vice is mounted directly to a heatsink and the case temperature is 100°C.




366 Fundamentals of Power Electronics with MATLAB

Answer
P, =50W.

EXTRUDED HEATSINKS

Heatsinks with low thermal resistance are made from aluminum stock that is forced
under heat and pressure through a mold. This extrusion process typically produces
12-foot and longer lengths of heatsink profiles that are cut to smaller lengths. Fig-
ure 8.2 is indicative of the profile of a straight-fin extrusion.

The thermal resistance of the extrusion is inversely proportional to its length;
the longer the extrusion, the lower the thermal resistance. The inverse relationship
between length and thermal resistance, however, is not linear; doubling the extru-
sion length, for example, does not divide the thermal resistance in two. The thermal
resistance of the extruded heatsink is typically specified under natural convection for
a 3-inch length with the fins oriented vertically. A typical normalized relationship
between extrusion length and thermal resistance is plotted in Figure 8.5.

0.5 I 1 | i I .
0 2 4 6 & 10 12 14

Extrusion Length (inches)

FIGURE 8.5 Normalized thermal resistance versus extrusion length.
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The horizontal axis of the graph in Figure 8.5 is the length of the extrusion in
inches. The vertical axis is the 8-ratio—the ratio of the 3-inch-length thermal re-
sistance, Rgy 5 to the required thermal resistance of the application:

sty (8.7)
RSA(.’»
As indicated in Figure 8.5, if the -ratio is unity, a 3-inch extrusion will meet
the specification. If the ratio is greater than unity, an extrusion length less than 3
inches is acceptable. If 6, is less than unity, an extrusion length greater than 3 inches
is required. The next example illustrates the use of Figure 8.5 to determine the re-
quired extrusion length for a particular application.

ExampLE 8.4

The power device in Example 8.1 is used in an application in which 50 W must be
dissipated in an ambient temperature of 40°C. A heatsink with an Ry, ; of 4.5°C/W
has been chosen for its width and height compatibility with the application. Deter-
mine the required length of the extrusion.

Solution

From Equation 8.4, the required thermal resistance is

~ 150-40

SA ~
5 25

—-1-0.5=2.9°C/W.

Equation 8.7 dictates that the O-ratio is 2.9/4.5 = 0.64. With Figure 8.5, the re-
quired extrusion length is determined to be approximately 7 inches.

Conclusion

The required thermal resistance Ry, is substantially less than Rg, ; and results in a
relatively long extrusion length.

Exercise 8.4

Repeat Example 8.4 with Rgy 5 = 3.4°C/W.

Answer

L = 4 inches.
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MULTIPLE DEVICES ON A COMMON HEATSINK

Product packaging and space issues often require multiple devices to be attached to
the same heatsink. Each device is an additional heat source that raises the temper-
ature of the heatsink because the dissipated power of each device flows through the
same heatsink thermal resistance. The thermal model of two devices on the same
heatsink is illustrated in Figure 8.6.

D
B2 =

FIGURE 8.6 Thermal model of two devices
on the same heatsink.

As shown in Figure 8.6, the sum of the dissipated powers must flow through the
heatsink to the ambient environment. The temperature equations for the devices in
Figure 8.6 are

Tia = Poy (Rica + Resy )+(Poy +Po2 ) Rsa + T (8.8)

and
T> = Poa(Rica +Resz )+(Poy +Poy ) Rsa + T (8.9)
The solutions of Equations 8.8 and 8.9 for the heatsink thermal resistance are

R = T =Ty =Py, (R;m + R(l‘i,l) (8.10)
- Py +Pps .

and

Re. = To—Th—FPo, (R!(:,z +Rc:s.2) 8.11)
* Poi+ P . .

If the two devices are the same, with the same R and power dissipations,
Equations 8.10 and 8.11 simplify to
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SA —

D

1| ,-T
[ bon —R}c:—Rcs}- (8.12)

Equation 8.12 reveals that two identical devices require a heatsink with half the
thermal resistance required for one device alone. If the devices and dissipations are
not identical, the required Ry, is the smallest value computed from Equations 8.10
and 8.11. Usually, the thermal resistance is affected most by the device with the low-
est maximum junction temperature specification or by the device with the largest
power dissipation. The following examples and exercises illustrate how to compute
the Rg, of a common heatsink for two power devices.

ExampLE 8.5

Specify a heatsink for two identical power devices with a maximum junction tem-
perature of 150°C to operate in an ambient temperature of 50°C. The power dissi-
pation in each device is 30 W and the junction-to-case thermal resistance is
1.5°C/W. The thermal resistance of the insulators is 0.5°C/W.

Solution

Directly from Equation 8.12, the required thermal resistance is

ST

1[150—50

2| 20

5 —1.5~0.5}=1.5°Cﬁ'\'\f'.

Conclusion

One device alone requires an Ry, of 3.0°C/W.

EXercise 8.5

Repeat Example 8.5 with three identical devices that dissipate 10 W each.
Answer

Rga = 2.67°C/W.

ExamPLE 8.6

Specify a common heatsink for two devices in an ambient temperature of 50°C. The
thermal data are as follows: P, ; =20 W, Ty, = 150°C, Ryc; = 1.5°C/W, R = 0.5
°CIW, Pp,=30W, Tj, = 175°C, Rj¢; = 1.2°C/W, and R ; = 0.5°C/W.
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Solution

The computations are performed by the MATLAB code in Listing 8.1. The program
is available as Example8_6.m in the Examples and Listings subfolder of Chapter 8.

LISTING 8.1 MATLAB Code to Specify a Common Heatsink for Two Devices

close all, clear all, clc

TA = 50;
PD1 = 20;
PD2 = 30;
TJ1 = 150;
TJ2 = 175;
RJC1 = 1.5;
RJC2 = 1.2;
RCS = 0.5;

RSA1 = (TJ1 - TA - PD1*(RJC1 + RCS))/(PD1 + PD2)
RSA2 = (TJ2 - TA - PD2*(RJC2 + RCS))/(PD1 + PD2)

Conclusion

The thermal resistances returned by the program are Rg,, = 1.2°C/W and
Ry, = 1.5°C/W. Therefore, a heatsink with a thermal resistance of 1.2°C/W or
lower must be used. If the larger thermal resistance is used, the junction tempera-
ture of the first device will exceed 150°C.

EXERCISE 8.6

Repeat Example 8.6 with a maximum junction temperature of (a) T; = 175°C and
(b) T} = 150°C for both devices.

Answers

a. Rgy = 1.5°C/W
b. Rgy = 1.0°C/W.

Equations 8.8 to 8.12 are readily modified for N devices with a common
heatsink. The junction temperature of the nth device is

N
TF.J! = IJI)\” (-RTC.H + RCS.H ) A RS.-\ z -PD,J? + TA b (8 13)

n=1
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and the heatsink thermal resistance based on the parameters of the nth device is

]—i.fr a TA = PD..'r R!C.u g RCS.M
Rsp = ( )- (8.14)

N
Y Po

Equation 8.14 applies to Example 8.5 for the case of n = 2 and to Exercise 8.5
for n = 3. If all thermal properties and power dissipations are equal, the required
thermal resistance is

— —R!c:—Rc:s} (8.15)

Equation 8.15 is convenient in applications in which devices are connected in
parallel to equally share a large load current.

ExampLE 8.7

Specify a heatsink extrusion length for four devices to function in an ambient tem-
perature of 50°C. Because of reliability issues, no junction temperature is to exceed
120°C. The thermal data are as follows: Rgy3 = 1.2°C/W, Py, = 5 W, Ry, =
1.8°C/W, Py, = 10 W, Ry, = 1.5°C/W, Ppy s = 15 W, Rics = 1.2°C/W, Py, = 20 W,
and Rjc4 = 1.5°C/W.

Solution

The case-to-sink thermal resistance is not specified in the example. Typically, Re
is assumed to be 0.5°C/W unless otherwise specified. The solution is provided by
the program in Listing 8.2 and as Example8_7.m in Chapter 8\Examples and List-
ings on the CD-ROM.

LISTING 8.2 Program to Compute a Common Rs, for Four Devices

close all, clear all, clc

TA = 50;

PD = [5 10 15 20];

TJ = 120;

RJC = [1.8 1.5 1.2 1.0];
RCS = 0.5;

Psum = sum(PD);
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RSA1 = (TJ - TA - PD(1)*(RJC(1) + RCS))/Psum
RSA2 = (TJ - TA - PD(2)*(RJC(2) + RCS))/Psum
RSA3 = (TJ - TA - PD{S)*(R\JC{S) + RCS) ) /Psum
RSA4 = (TJ - TA - PD(4)*(RJC(4) + RCS))/Psum
Conclusion

With the thermal data placed in vectors, the MATLAB code becomes very compact.
The lowest thermal resistance computed by the program is 0.8°C/W, which arises
from the device that must dissipate 20 W. The B-ratio is 0.67, which, from Figure
8.5, translates to an extrusion length of approximately 6 inches.

Exercise 8.7

Compute the junction temperatures of each device in Example 8.7 with Ry, =

0.8°C/W.
Answers

TI‘] = IOQGC
T,‘z =110°2C
T,j =116°C
T,,‘, = 120°C.

CHAPTER SUMMARY

The thermal calculations presented in this chapter are associated with natural con-
vection. If lower thermal resistances are required, then forced convection offers a so-
lution in which fans are used to draw air between the heatsink fins. Generally, lower
thermal resistances result as the volume flow-rate of air increases. Forced convec-
tion thermal resistances are highly dependent upon the volume flow-rate; the man-
ufacturer’s specifications for a particular heatsink must be consulted for acceptable
results.

Liguid cooling is also an option in thermal management. With liquid cooling,
power devices are mounted on a “cold plate” through which copper tubing is
routed. Coolant is pumped through the tubes, and the heat is transferred by con-
vection to a distant radiator. Although costly, liquid cooling provides a thermal
management solution in space-restricted applications.
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THe MATLAB TooLBoX

The functions listed below are contained in the Toolbox subfolder of Chapter 8
on the CD-ROM.

=
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RSA

Function rsa.m computes the thermal resistance of a heatsink from the junction
and ambient temperatures, the power dissipation of the device, and the device
junction-to-case thermal resistance. The case-to-sink thermal resistance used in
the calculation is 0.5 °C/W.

Syntax
Rsa = rsa(Tj, Ta, Pd, Rjc)

RNSA

Function rnsa.m computes the lowest thermal resistance required for N devices
mounted on the same heatsink in a common ambient temperature.

Rsa = rnsa(TJ, Ta, PD, RJC)

Function arguments TJ, PD, and RJC are vectors that contain, in order of
correspondence, the respective junction temperatures, power dissipations, and
junction-to-case thermal resistances of the devices. The case-to-sink thermal re-
sistance used in the calculation is 0.5°C/W.

PROBLEMS

Problem 1

A power device with Ry = 1.2°C /W dissipates 30 W in an ambient temperature of
50°C. Specify a heatsink for the device for a maximum junction temperature of
125°C.

Problem 2

A power device with Ry = 1.8°C /W dissipates 20 W in an ambient temperature of
50°C. Specify a heatsink for the device for a maximum junction temperature of
110°C:
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Problem 3

Specify a common heatsink for the devices in Problems 1 and 2. Specify an extru-
sion length if Ry, 5 = 4.0°C/W.

Problem 4

Specify individual heatsinks for the BJT and diode of the buck converter of Prob-
lem 5, Chapter 4. The ambient temperature is 40°C. Junction temperatures must
not exceed 135°C. The junction-to-case thermal resistances are R, = 1.5°C/W for
the transistor and Rjc = 2.1°C/W for the diode.

Problem 5

Specify a common heatsink for the BJT and diode of Problem 4.

Problem 6

Specify an extrusion length for Problem 5 if Ry 5 = 3.5°C/W.

Problem 7

Specify individual heatsinks for the boost converter of Problem 1, Chapter 5 if
the circuit is implemented with the BJT and diode of Problem 4.

Problem 8

Specify a common heatsink for the BJT and diode of Problem 7.

Problem 9
Specify an extrusion length for Problem 8 if R, ; = 3.5°C/W.

Problem 10

Specify individual heatsinks for the buck/boost converter of Problem 5, Chapter 5
if the circuit is implemented with the B]JT and diode of Problem 4.

Problem 11

Specify a common heatsink for the BJT and diode of Problem 10.

Problem 12
Specify an extrusion length for Problem 11 if Rg, ; = 3.5°C/W.




Appendix = About the CD-ROM

contains MATLAB script files (m-files) for many of the examples and exer-
cises that require numerical computations. Also included are the function
files that comprise the toolbox for each chapter.

The CD-ROM included with Fundamentals of Power Electronics with MATLAB

CD FOLDERS

The folders and subfolders on the CD are organized by chapter number as follows:

B Chapter #
®  Examples and Listings
®  Figures

®m MATLAB Toolbox

SYSTEM REQUIREMENTS

Windows 98/ME/NT/2000/XP

Pentium Processor+

CD-ROM Drive

Hard Drive with 260 MB free disk space

128 MB RAM

MATLAB 6.1 or MATLAB Student Version 6.1 or later versions
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INSTALLATION

Copy the files from the CD-ROM to your choice of directory on the hard drive.
Launch MATLAB and select File, Set Path . .., Add with Subfolders . . . from the
menu. Browse to and select the installed directory and select ok, save, and close.
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cbkbst.m function, 269
choost.m function, 268
cbuck.m function, 226
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infinite heatsink, 365
installing MATLAB, 376

381

Inverse Watkins-Johnson converters, 261-264

inverter function, 355
inverter.m function, 357
inverters
AC transformers, 316-320
average load power, 328-330
described, 315-316, 357
efficiency, 330-332
filtering the output, 345-357
the inverter circuit, 322-328
inverter switching methods, 332333

load voltage harmonics, 333—334, 343345

simulating in MATLAB, 334-337
with transformers, 337343

J
joules as measurement of electric power, 13
junction temperature, 360

K
Kirchhoff's voltage law, 81, 94, 170

L
L-C (inductive-capacitive) filters, 129-130

lambda ratio (A-ratio) , xvi, 199-201, 208-209

and DC-DC converters, 224-225
and DCM converters, 268
and DCM inductance, 247249
Ibkbst.m function, 268
Iboost.m function, 268
Ibuck.m function, 225
lccrm.m function, 306-307, 312
light bulbs, power absorbed by, 46
line losses, power factor and, 24-27
linear circuits
with nonsinusoidal sources, 49-52
state-space modeling of, 274-276
linear regulators, 187
linear systems, state-space modeling of,
272-274
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linspace function, 16

liquid cooling, 372

load-connected duty ratio, 233, 234

load impedance, power factor and line losses,
24-27

load voltage harmonics, inverters, 333—334,
343-345

M
magnetizing inductance, 321
MATLAB
about the CD-ROM, 375-376
computing RMS values of orthogonal func-
tions, 4042
functions. See specific function
simulating DC-DC converters with, 311
simulating inverters in, 334-337
simulating state-space models in, 277-282
tool described, xv—xvi
using to compute average values, 15-16
measuring. See computing
metal oxide semiconductor field-effect transis-
tor (MOSFET), 214, 330332, 361
min function, 136
modeling, dynamic. See dynamic modeling
models
physical transformer, 320-323
thermal, of electronic devices, 360-364
modulation, pulse-width (PWM), 187-189
MOSFET (metal oxide semiconductor field-
effect transistor), 214, 330-332, 361

N
neutralizing reactive power, 29-31
nonlinear circuits, 33
power factor correction in, with sinusoidal
sources, 45—49
reactive power in, 42—45
NONSIN function, 58
nonsinusoidal
circuits described, 20
sources with DC battery loads, circuits with,
52-54
sources, linear circuits in, 49-52

normalization of DC-DC converter models,
292-293
notation used in this book, xv

0
ode23.m function, 278, 287, 291, 302, 303
off-time, pulse-width modulation, 187
Ohm’s Law

instantaneous voltage across linear

resistance, 4

in resistive DC circuits, 9, 16
on-time, pulse-width modulation, 187
one-dimensional heat flow, 360-364
operator, dot (./), 20
orthogonal functions and RMS values, 38-40

P
periodic waveforms, this book’s approach to, xv
PFC method for computing capacitance, 27,
31-33
phase angle described, 21
phase-controlled rectifier circuits
FW phase-controlled rectifier, 151-155
FW phase-controlled rectifier with R-L load,
158-163
FW phase-controlled rectifier with series R-L
impedance, 173-178
FW phase-controlled rectifier with series
resistance, 167-170
HW phase-controlled rectifier with passive
load, 145-151
HW phase-controlled rectifier with R-L
load, 155-158
HW phase-controlled rectifier with series
R-L impedance, 170-173
introduction to, 143—-144
phase-controlled chargers, 163167
phase-controlled rectification, 144—145
piin MATLAB, 16
PNP transistors, 187—189
power
absorbed in DC circuits, 9—13
apparent, 22-223
average, 13-15, 20-54




ratings of semiconductor devices, 365-366
reactive. See reactive power
power electronics
discipline described, 1
MATLARB’s capabilities for, xv—xvi
power factor
correction in nonlinear circuits with sinu-
soidal sources, 45—49
correction, practical applications of, 31-33
described, 23
displacement power factor (DPF), 36
improving with shunt capacitance, 89, 115
and line losses, 2427
product packaging, and heatsinks, 368
PSpice tool, xv—xvi, 311
pulse-width modulation (PWM), 187-189
PWM-controlled circuits, 187189
PWM inverters, 355
pwminvr.m function, 357

Q
gsolv function, 177
quench time, 145

R
reactive power
and average power, 27-29
and HW rectifiers, 70-71
neutralizing, 29-31
in nonlinear circuits with sinusoidal sources,
42-45
rectification
described, 63, 68, 138
phase-controlled, 143—144
rectifier circuits
See also diode rectifier circuits
with load capacitance, 116-137
phase-controlled. See phase-controlled recti-
fier circuits
rectifiers
See also diodes, FW rectifiers, HW rectifiers
described, 143—-144
regulation in currents, 186
resistance

Index 383

and energy absorption, 6-9

thermal, 360
resistive-capacitive (R-C) load, 116
reverse-biased diodes, 66, 72, 76, 112, 116
ripple current rating, 122
ripple voltage, 120-125, 201, 203-205
rk4 function, 302, 303, 313
RMS currents and distortion factor (DF), 36
RMS function, 56
RMS (root-mean-square) values

computing orthogonal functions using

MATLAB, 40-42

described, 16-20

orthogonal functions and, 38—40
rnsa.m function, 373
root-mean-square (RMS) values, 16-20, 40—42
rsa.m function, 373
Runge-Kutta algorithm, 278, 287, 302

S
SCR (silicon-controlled rectifier), 144
semiconductor devices, maximum power
ratings of, 365-366
shoot-through faults, 332
shunt capacitance
computing, 30-31, 4549
described, 24-26
improving power factor with, 89, 115
sign function, 295
signum function, 295
silicon-controlled rectifier (SCR), 144
simulation
of DC-DC converters, 287-302
of DCM converters, 302-311
of state-space models in MATLAB, 277-282
single-pole, double-throw (SPDT) switches,
260
SINPOW function, 5758
sinusoidal circuits
described, 20
and orthogonal functions, 38—40
power formulas for, 20-23
sinusoidal currents, RMS values of, 17-20
sinusoidal sources
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power factor correction in nonlinear cir-
cuits, 4549
reactive power in nonlinear circuits with,
42-45
SPDT (single-pole, double-throw) switches, 260
square-wave inverters, 324-328, 357
state-space models, simulation in MATLAB,
277-282
state transition matrix, 273
state variables in dynamic modeling, 274
steady-state DC circuits, 11-12
step-down transformers. See buck converters
step-up transformers. See boost converters
stiff equations, 342
subplot command, 281
switches
in buck and boost converters, 260
complementary, 190
inverter switching methods, 332-333
switching-device power dissipation, 216-217
and systems of variable structure, 282
system requirements for CD-ROM, 375
systems, linear. See linear systems

T
temperature. See thermal management
thermal management, 214
extruded heatsinks, 366—368
introduction to, 359-360
liquid cooling, 372
maximum power ratings of semiconductor
devices, 365-366
thermal model of electronic devices,
360-364
thyristors, 143, 153, 166
transcendental equations, 84
transformers
AC, 316320
buck and boost, 229-230

ideal, 316-320
and inverters, 315-316
inverters with, 337—343
physical transformer model, 320-323
pure transformer model, 320-323
step-up, step-down, 323, 337
transistors
bipolar junction transistor (BJT), 214
PNP, 187-189
trapz function, 89, 103, 336
computing average values, 15-16
computing RMS values with, 19-20
trigger current, 144
two-level DC-DC converters
CCM converters, general theory of, 230-245
DCM converters, 245260
H-bridge DC-DC converters, 260267
introduction to, 229-230

v
VAC (voltage alternating current), 17
values
average. See average values
root-mean-square (RMS), 16-20
voltage
computing average using tranz function,
15-16
ripple, 120-125, 201, 203-205
voltage alternating current (VAC), 17

w
Watkins-Johnson converters, 260-264
watt (W) described, 4
wattmeters, 28
waveforms
of AC loads, 316
fundamental component of, 7
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