ONE

Introduction

ANSWERS TO REVIEW QUESTIONS

1. Guided missiles, automatic gain control in radio receivers, satellite tracking antenna

2. Yes - power gain, remote control, parameter conversion; No - Expense, complexity

3. Motor, low pass filter, inertia supported between two bearings

4. Closed-loop systems compensate for disturbances by measuring the response, comparing it to
the input response (the desired output), and then correcting the output response.

5. Under the condition that the feedback element is other than unity

6. Actuating signal

7. Multiple subsystems can time share the controller. Any adjustments to the controller can be
implemented with simply software changes.

8. Stability, transient response, and steady-state error

9. Steady-state, transient

10. It follows a growing transient response until the steady-state response is no longer visible. The
system will either destroy itself, reach an equilibrium state because of saturation in driving
amplifiers, or hit limit stops.

11. Transient response

12. True

13. Transfer function, state-space, differential equations

14. Transfer function - the Laplace transform of the differential equation

State-space - representation of an nth order differential equation as n simultaneous first-order
differential equations

Differential equation - Modeling a system with its differential equation

SOLUTIONS TO PROBLEMS

50 volts

1. Five turns yields 50 v. Therefore K= ————=1.59
5x2xrad
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2.
Desired Temperature Voltage Fuel Actual
temperature difference difference flow temperature
+ Amplifier and Heat
- P> Thermostat [ — > eater -
valves

3.

Desired Input Error Aileron Roll Roll
roll voltage voltage position rate angle
angle Aileron

—p-| Pllot . position _»:dfcraﬁ — | Integrate L
controls ynamics
control
' Gyro -
Gyro voltage
4,
Input
_ Ip Speed
Desired voltage Error Motor Actual
speed + voltage and speed
P transducer |— B  Amplifier ———— drive
_ system
‘ Dancer b
position [~ q ancgr -
Voltgge sensor ynamics
proportional

to actual speed

5.
Input Power R-old
voltage Error position
Desired voltage Motor Actual
power and power
P Transducer — 1 Amplifier i drive — Reactor -
) r system
Sensor &
Voltage transducer
proportional

to actual power



Desired
student
population

Desired
volume

Solutions to Problems 3
Graduating
and
drop-out
. rate
Desired Actual
Population student Actual Net rate student
error rate student of influx population
rate
Administration A dmissions Integrate |
Voltage Voltage
proportional representing
to desired Volume actual volume Actual
vquTe error Vol volume
olume - ) |
Transducer - control circuit Radio
Effective
+
volume
Voltage
proportional
to speed
Transducer

Speed
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b.

Desired

level
—>

Potentiometer

Fluid input
Valve
I Actuator
Power
amplifier
| ny,
Differential ___ Desired
amplifier I Q level
_ n -V
+V
Float -V
Tank -
Drain
voltage Flow
: rate in
in
+ +
Amplifiers [ Actuator
and valve
Flow
rate out

voltage

Displacement

out

Potentiometermat—

Float [€———

Actual
level
Integrate
Drain [




Solutions to Problems 5

9.
f%?zierw . Current Displacement Displacement gcrtcléal
——={ Transducer Amplifier Valve - Actuator P~ Tire
and load
Load cell
10.
Actual
Commanded Isoflurane blood
blood pressure + concentration pressure
> Vaporizer [  Patient >
11.
Desired
depth o  Controller Force _ Feed rate Depth
& - Grinder E— Integrator -
motor
12.
Desired Coil Cail

\

spool dynamics

e Itage* i o
position vo Coil current | golenoid coil Force Armature Depth
——|  Transducer circuit > 2 actuator - & -

LVDT [

13.
a Lm + Ri = u(t)
ot
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b. Assume a steady-state solution isg = B. Substituting this into the differential equation yields RB =

11

1 R
from which B = E . The characteristic equation is LM + R =0, from which M = I . Thus, the total

. 1 1
solution is i(t) = Ae-(RIL)t +E . Solving for the arbitrary constants, i(0) = A + —R = 0.Thus, A =
1

-1 The final solution i it)y= = - Lo ry- i(1— e (/Y.
R R R R

14.

. di 1.
a. Writing the loop equation, Ri + La +EI idt + v, (0) = v(t)
. . I d’i di .
b. Differentiating and substituting values, F + ZE +301=0

Writing the characteristic equation and factoring,

M?+2M+30=(M+1+y29 ) (M+1-429 i)
The general form of the solution and its derivative is

i=e'cos(W29 ) A + (B sin(y29 t)) e
d— =(-A+ 429 B) e*cos(v29 9 -(V29 A+ B e'sil( 429 1)

Using i(0) = 0;— (O)—m

i (0=A=0

%(0)=—A+@Bzz

L

Thus, A= 0 and B_J_g'

The solution is



15.

Solutions to Problems 7

i= 2—29 29 e 'sin(y/29 1)

04 =+

02 4

L

~+

a. Assume a particular solution of

Substitute into the differential equation and obtain
(TC+ 2D cos(22)+ (- 2C+ TD) sin(2¢) = Geos(22)

Equating like coefficients,

TC+E2D =5
-2C+7D =0
From which, C = % and D =% .
The characteristic polynomial is
M+TF=0

Thus, the total solution is
] =de” Tt (% cos[24] + % sin[zt]]
Solving for the arbitrary constants, x(0) = A +% =0. Therefore, A = - % . The final solution is
— 38y - TE, ¢35 1o _;
(] = |: 53]-&* + |:53 cos[22] + = sin[& t]:|

b. Assume a particular solution of

Xp = Asin3t + Bcos3t
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Substitute into the differential equation and obtain
(18A—B)cos(3t) — (A +18B)sin(3t) = 5sin(3t)
Therefore, 18A - B = 0 and —(A + 18B) = 5. Solving for A and B we obtain
Xp = (-1/65)sin3t + (-18/65)cos3t
The characteristic polynomial is
M?+6M+8=(M+4)(M+2)

Thus, the total solution is

x=Ce*'+De '+ ( (132 cos(3 1) - ! o Sin@ t))

18
Solving for the arbitrary constants, X(0) = C+ D s 0.

Also, the derivative of the solution is

dx_ 3 cos(3 9 +— sif3)-4Ce“'-2De™?
dt 5
. . - 3 3 15
Solving for the arbitrary constants, x(0) —— —4C —2D=0,or C=——andD= —
65 10 26

The final solution is

x—-Ecos(B‘t) sm(3t)-—e ;—Ze

¢. Assume a particular solution of

X = A
Substitute into the differential equation and obtain 25A = 10, or A = 2/5.
The characteristic polynomial is

M?+8M+25=(M+4+30) (M+4-31)

Thus, the total solution is

2 .
X=g+ e *"(Bsin(31) +C cos(3 1)

Solving for the arbitrary constants, x(0) = C + 2/5 = 0. Therefore, C = -2/5. Also, the derivative of the

solution is

= =((3B-4C)cos(31) -(4B+30) sin(39) e



16.

Solutions to Problems

Solving for the arbitrary constants, >'<(0) =3B - 4C = 0. Therefore, B = -8/15. The final solution is

w8

X(t) = 25 —e \1_5 sin(3t) + % cos(3t))

a. Assume a particular solution of
mp[¥) = Croos(24] + D=in(24]

Substitute into the differential equation and obtain
- 2(C- 2D cos(2¢] - 4[:: + %Dj sin(Z2#] = sin(2%
Equating like coefficients,
-E[C-ED) =10
- 1ah -
4|:n:+ : D:| 1

: _ 1 _ 1
Fromwhlch,C——5 andD--lO.

The characteristic polynomial is
M2+ MM+ 2 = (M+ 1+ [+ 1-4)

Thus, the total solution is

= —-1cogfzf) - L sin[af +-r_=~_t d cos[t|+ 8 =sinft
] I: :I 10

11
Solving for the arbitrary constants, x(0) = A % = 2. Therefore, A = E . Also, the derivative of the

solution is

dx _

at =~ % cos[24) + % sin(E¢) + (-4 +B)e” t cos(t] - [+ EB)e” t =in(t)

: 3
Solving for the arbitrary constants, x(0) =- A + B - 0.2 =-3. Therefore, B = —g . The final solution

1 1 . 411 3 . )
X(t) =—=cos(2t) ——sin(2t) + e | — cos(t) — =sin(t
()5()10()k5 ()5()
b. Assume a particular solution of
Xp=Ce? +Dt+E

Substitute into the differential equation and obtain

Ce 2t Dt 2D+ E = Ge— 2ty



10 Chapter 1: Introduction

Equating like coefficients, C=5,D=1,and2D+E=0

From which,C=5,D=1,andE=-2.

The characteristic polynomial is
M2+ 20+ 1 = M+ 1)2

Thus, the total solution is
x[t] = detypetryge i3
=-1. Also, the derivative of the

Solving for the arbitrary constants, x(0) = A + 5 - 2 = 2 Therefore, A

solution is
OI—X—( A+B)e ' -Bte ' —10e ™ +1
dt

Solving for the arbitrary constants, >'<(0) =B -8=1. Therefore, B = 9. The final solution is

Xt = ety ate bty Ge— 2t 2z

¢. Assume a particular solution of
xp=Ct?+Dt+E

Substitute into the differential equation and obtain
4C# + 4Dt+ 20+ 48 = &

N . 1
Equating like coefficients, C=7 ,D =0, and 2C + 4E = 0.

ODH

From which, C :% ,D=0,and E

The characteristic polynomial is

M2+ 4 = [(M+ 28 (M- 24)

Thus, the total solution is
() =4 cn:|5|:2t:| +8 sin(2¢) + ql - %
. 9 Lo
Solving for the arbitrary constants, x(0) = A - 8 =1 Therefore, A =g . Also, the derivative of the
solution is
dx_ g cos(2¢]- 24 sin{24)+ %t

dx
dt
Solving for the arbitrary constants, 5((0) = 2B = 2. Therefore, B = 1. The final solution is
(1] = L'DEI:E 1+ sin[224]+ & 1 #_
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17.
Spring
displacement
Desired Input F
force Input |voltage + up Fout
> transrf)jucer'_g> Controller—®{ Actuator —dei?;g?nr{aczh—» Spring

Sensor [




TWO

Modeling in the
Frequency Domain

SOLUTIONS TO CASE STUDIES CHALLENGES

Antenna Control: Transfer Functions

Finding each transfer function:

Vi) 10
o) @
Vo)

Pre-Amp: Vis) K;

“Ea(s) 150
Power Amp: V() =5+150

50 \2
Motor: Iy = 0.05 + 5(555 ) =025

D =0.01 + 3(% )2 =0.13

K _1
R, 5
KiKp 1
R, 5
Kt
Om(s) 3 Ralm 0.8

Therefore: Eos) KKp ~ s(s+1.32)

1
(s~ )

Bo(8)  16m(s) _ 0.16
And: By TS E(s) T s(s+1.32)

Transfer Function of a Nonlinear Electrical Network

d@i, + o1 .
Writing the differential equation, % +2(1, + 6'1)2 —5=v(t). Linearizing i* about i,

2 2 2 2
A e I TP T S o -5
(10+ i) i 21. o 210 i. Thus, (10+ 1) i +210 1.

1=1
0
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o . . L doi . .
Substituting into the differential equation yields, Ttl + 2ip2 + 4igdi - 5 = v(t). But, the

resistor voltage equals the battery voltage at equilibrium when the supply voltage is zero since
the voltage across the inductor is zero at dc. Hence, 2ip2 = 5, or i = 1.58. Substituting into the linearized

ddi ) 1
differential equation, Ttl + 6.3261 = v(t). Converting to a transfer function, vl(% =51632 - Using the

linearized i about i(), and the fact that v(t) is 5 volts at equilibrium, the linearized v(t) is v{(t) = 2i2 =
2(ig+81)2 = 2(ip2+2i0di) = 5+6.328i. For excursions away from equilibrium, v¢(t) - 5 = 6.3231 = dv(t).

8Vi(s) 632
Therefore, multiplying the transfer function by 6.32, yields, V(r ) 51632 3 the transfer function

about v(t) = 0.

ANSWERS TO REVIEW QUESTIONS

. Transfer function

. Linear time-invariant

. Laplace

. G(s) = C(s)/R(s), where c(t) is the output and r(t) is the input.
. Initial conditions are zero

. Equations of motion

. Free body diagram

o N O o B~ W N P

. There are direct analogies between the electrical variables and components and the mechanical variables
and components.

9. Mechanical advantage for rotating systems

10. Armature inertia, armature damping, load inertia, load damping

11. Multiply the transfer function by the gear ratio relating armature position to load position.

12. (1) Recognize the nonlinear component, (2) Write the nonlinear differential equation, (3) Select the
equilibrium solution, (4) Linearize the nonlinear differential equation, (5) Take the Laplace transform of

the linearized differential equation, (6) Find the transfer function.

SOLUTIONS TO PROBLEMS

1.

o0

(s 1 of _1
J; s s

0
I g™ s —(st+ )"

b. F(s)=[te dt =S—2(—st—1)|0 =g

0

0
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Using L'Hopital's Rule

1

S = 0. Therefore, F(s)= s_z

F(Sjt—mo = et

t—o0
gt ® @
c. F(s)= J.sm wte Vdt = —(—S sinat — wcosat) =—5——
S +w 0 S +tw
e ; s
d. F(s)= Icos ate”*'dt = 5——(-scosot + wsinat) ==5——
S +w 0 S +w
2.
a. Using the frequency shift theorem and the Laplace transform of sin wt, F(s) = (s+a)++coz
+
b. Using the frequency shift theorem and the Laplace transform of cos wt, F(s) = (s+:)2a+u)2
2
c. Using the integration theorem, and successively integrating u(t) three times, fdt =t ftdt =75
= 3 5
dt 6 ,the Laplace transform of t>u(t), F(s) = i
3.

a. The Laplace transform of the differential equation, assuming zero initial conditions,

. 5 . . . .
is, (st+7)X(s) = SZJF% . Solving for X(s) and expanding by partial fractions,

LT 35 5 Tr+d
[+ ?]{52+4:| 3s 5 244
Or,
LT _ 35 1 5 T+ 2.1"_

[5+?]Ii52+-'-1:l_ 535+7 I

35 10
Taking the inverse Laplace transform, x(t) = - 33 et (5 cos 2t + 33 sin 2t).

b. The Laplace transform of the differential equation, assuming zero initial conditions, is,

( 216 +8)X(s) 15
S S S)= .
$°+9

Solving for X(s)
15

(s +9)(s* + 65 +8)

X(s) =
and expanding by partial fractions,
1
Lo

A AN RER
X =73
65 549  10s+4 26542
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Taking the inverse Laplace transform,

18 1 3 15
t_—_ 3t — 3t — +_
x(t) cos(3t) 65sm( ) 10e 26e

. The Laplace transform of the differential equation is, assuming zero initial conditions,
10
(s2+8s+25)x(s) = — . Solving for X(s)
S
10
2
S (s +8 s+ 25)

X(s)=

and expanding by partial fractions,
s + 4 /_ /_

s+4°+9

Taking the inverse Laplace transform,

X(t)y=—-¢€" \% sin(3t) + % cos(3t ))

2
a. Taking the Laplace transform with initial conditions, s2X(s)-2s+3+2sX(s)-4+2X(s) = 292

Solving for X(s),
25’ +5° +85+6
X(s)= - 3 .
(s"+4)(s"+2s+2)

Expanding by partial fractions

J_ s+ 1)——= A

SN ANING il
X =3 3
+4 5 (s+1) +1

Therefore, x(t) = -0.2 cos2t - 0.1 sin2t +e7t (2.2 cost - 0.6 sint).

1
b. Taking the Laplace transform with initial conditions, $2X(s)-2s-1+2sX(s)-4+X(s) = % + s_2 .
Solving for X(s),
X5 = 2954 152454 2
=+ E] [s+ 1]252
¥(fj=5_1_-_1 4g_1 _=l,1
(=) s+2 s5+1 [+ 1]2 5 g2

Therefore, x(t) = 52t - et + 9tet - 2 + ¢.

2
c. Taking the Laplace transform with initial conditions, szX(s) -s-2+4X(s) = —3 Solving for X(s),

_ HArzldiz
O T g
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9 1 1
Therefore, x(t) = 3 cos2t + sin2t - 3+2 t2.

Program:

syms t
f=5*t"2*cos(3*t+45);
pretty(f)
F=laplace(f);
F=simple(F);
pretty(F)

“be
T=5*t*exp(-2*t)*sin(4*t+60);
pretty(f)
F=laplace(f);
F=simple(F);
pretty(F)

Computer response:
ans =

a

2
5t cos(3 t + 45)

3 2
s cos(45) - 27 s cos(45) - 9 s sin(45) + 27 sin(45)

ans =

5 t exp(-2 t) sin(4 t + 60)

sin(60) ((s + 2) sin(60) + 4 cos(60)) (s + 2)
+ 10

(s +2) + 16 ((s +2) + 16)

Program:

syms s

“ar
G=(s"2+3*s+7)*(s+2) /[ (s+3)*(s+4)*(s"N2+2*s+100)] ;
pretty(G)

g=ilaplace(G);

QE?ttY(g)

G=(s"3+4*s"2+6*s+5) /[ (s+8) * (s"2+8*5+3) *(s"2+5*s+7)] ;
pretty(G)
g=ilaplace(G);
pretty(g)
Computer response:
ans =

a
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(s +3s+7)(s+2)

2
(s+3)(s+4) (s +2s + 100)

11 4681 1/2 1/2
- 77103 exp(-3 t) + —— exp(-4 t) - -———- exp(-t) 11 sin(3 11 t)
54 61182

4807 172
+ ———— exp(-t) cos(3 11 )
5562

ans =

3 2
s +4s +6s+5

(s+8) (s +8s+3)(s +5s+7)

299 1367 172
- —— exp(-8 t) + --—- exp(-4 t) cosh(13 t)
93 417

4895 1/2 1/2
- ———— exp(-4 t) 13 sinh(13 t)
5421

232 1/2 1/2
S exp(- 5/2 t) 3 sin(1/23  t)
12927

272 172

- ———- exp(- 5/2 t) cos(1/2 3 t)
4309

The Laplace transform of the differential equation, assuming zero initial conditions, is,

(s3+3s2455+1)Y(s) = (s3+4s2+65+8)X(s).
Y(s) S’+4s’+65+8

X(s) s +35°+55+1°

Solving for the transfer function,

a. Cross multiplying, (s2+2s+7)X(s) = F(s).
2

Taking the inverse Laplace transform, —5 + 2 — + 7x = f{t).

dt*  dt

b. Cross multiplying after expanding the denominator, (s2+15s+56)X(s) = 10F(s).
2

X
Taking the inverse Laplace transform, W +15 E + 56x =10f(t).
¢. Cross multiplying, (s3+8s24+9s+15)X(s) = (s+2)F(s).
Taking the i Laplace transf d3x+8d2X+9dX+15X df(t)+2f(t)
aking the inverse Laplace transform, — + 8 —— +9— = —= .
dt’ dt® dt dt
C(s) s +25"+4s’+s’+3
R(s) s°+7s°+3s*+25’+5" +3°

The transfer function is
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10.

11.

12.

Cross multiplying, (s°+75*+3s*+2s*+s%+3)C(s) = (s*+2s 45’ +s*+3)R(s).

Taking the inverse Laplace transform assuming zero initial conditions,

d'c dc dc g dc . dr v dr g
a dt dt dt*  dt’ dt “dt* dt’ dt
C(s)  s*+25°+55° +5+1

The transfer function is == 7 3 3 .
R(S) s +3Ss +2S +4s" +55+2

Cross multiplying, (s*+3s*2s*+4s+55+2)C(s) = (s*+2s+5s™+s+1)R(s).

Taking the inverse Laplace transform assuming zero initial conditions,

dc’ ~dt’ dt d2 RO dt3 dt T

+r.

Substituting r(t) = t* dsc+3d ¢ 2d c 4d2 +5 C+2C
ubstituting rt =U, = =< = — —
s dc® Cdt' Tdf df dt

=184(t) + (36 + 90t + 9t* + 3t%) u(t).
Taking the Laplace transform of the differential equation, s*X(s)-s+1+25X(s)-2+3x(s)=R(s).

Collecting terms, (s*+2s+3)X(s) = R(s)+s+1.

R(s) s+1
Solving for X(8), X(s) = - '
olving for X(s), X(Ss) $°+254+3 S +25+3

The block diagram is then,

R(=) -
i 52 +2543 —rEI:S:I

5+ 1

Program:

"Factored”

Gzpk=zpk([-15 -26 -72],[0 -55 roots([1 5 30])" roots([1 27 52])"1.5)
"Polynomial "

Gp=tf(Gzpk)

Computer response:
ans =

Factored
Zero/pole/gain:
5 (s+15) (s+26) (s+72)

s (s+55) (s+24.91) (s+2.087) (s”™2 + 5s + 30)

ans =
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Polynomial

Transfer function:
5 s”"3 + 565 s™2 + 16710 s + 140400

sN6 + 87 s™5 + 1977 s™M + 1.301e004 s™3 + 6.041e004 s™2 + 8.58e004 s

13.
Program:
"Polynomial*
Gtf=tf([1 25 20 15 42],[1 13 9 37 35 50])
"Factored”
Gzpk=zpk(Gtf)

Computer response:
ans =

Polynomial

Transfer function:
sM + 25 s”"3 + 20 s™"2 + 15 s + 42

s"5 + 13 s™M + 9 s”"3 + 37 s™2 + 35 s + 50
ans =
Factored

Zero/pole/gain:
(s+24.2) (s+1.35) (s™2 - 0.5462s + 1.286)

(s+12.5) (™2 + 1.463s + 1.493) (s"™2 - 0.964s + 2.679)
14.

Program:

numg=[-10 -60];

deng=[0 -40 -30 (roots([1 7 100]))" (roots([1l 6 901))"1;

[numg,deng]=zp2tf(numg” ,deng”,l1led);

Gtf=tf(numg,deng)

G=zpk(GtF)

[r,p,k]=residue(numg,deng)

Computer response:
Transfer function:
10000 s”2 + 700000 s + 6e006

sN7 + 83 s™6 + 2342 s™5 + 33070 s™M + 3.735e005 s™3 + 2.106e006 s”2
+ 1.08e007 s

Zero/pole/gain:
10000 (s+60) (s+10)

s (st40) (s+30) (s™2 + 6s + 90) (s™2 + 7s + 100)

r =
-0.0073
0.0313
2.0431 - 2.0385i
2.0431 + 2.0385i
-2.3329 + 2.06901
-2.3329 - 2.06901
0.5556
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9.3675i
9.3675i
9.00001#
9.0000i

|
w
a1
o
o
o
I+ 1 +

01

15.
Program:
syms s

()

Ga=45*[(s"2+37*s+74)*(s"N3+28*sM2+32*s+16)] - -
/[(s+39)*(s+47)*(sA2+2*s+1OO)*(sA3+27*sA2+18*s+15)]
"Ga symbolic”
pretty(Ga)
[numga,denga]=numden(Ga) ;
numga=sym2poly(numga) ;
denga=sym2poly(denga);
"Ga polynimial”
Ga=tf(numga,denga)
"Ga factored”
Ga=zpk(Ga)
- (b) -
Ga=56*[(s+14)*(s"3+49*s"2+62*s+53)]. ..
/[(s"2+88*s+33)*(s"N2+56*s+77)*(s"3+81*s"2+76*s+65) ] ;
"Ga symbolic”
pretty(Ga)
[numga,denga]=numden(Ga) ;
numga=sym2poly(numga) ;
denga=sym2poly(denga);
"Ga polynimial”
Ga=tf(numga,denga)
"Ga factored”
Ga=zpk(Ga)

Computer response:

ans
@
ans =
Ga symbolic
2 3 2
(s +37s+74) (s +28s + 32 s + 16)

(s +39) (s +47) (s +2s +100) (s +27 s + 18 s + 15)
ans =
Ga polynimial
Transfer function:

45 snN5 + 2925 s™M + 51390 sN3 + 147240 s”2 + 133200 s + 53280
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sN7 + 115 s™6 + 4499 s~5 + 70700 s™4 + 553692 s™3 + 5.201e006 s"2 + 3.483e006 s
+ 2.75e006

ans =

Ga factored

Zero/pole/gain:
45 (s+34.88) (s+26.83) (s+2.122) (s™2 + 1.17s + 0.5964)

(s+47) (s+39) (s+26.34) (s™2 + 0.6618s + 0.5695) (s™2 + 2s + 100)

ans
(b)
ans =
Ga symbolic
3 2
(s+14) (s +49s + 62 s + 53)

(s +8 s +33) (s +56s+77) (s +8ls + 76 s + 65)
ans =
Ga polynimial

Transfer function:

56 s™4 + 3528 s”3 + 41888 s”2 + 51576 s + 41552

SA7 + 225 sn6 + 16778 S°5 + 427711 sh4 + 1.093¢006 ™3 + 1.180e006 sh2
+ 753676 s + 165165

ans =

Ga factored

Zero/pole/gain:
56 (s+47.72) (s+14) (s™2 + 1.276s + 1.111)

(s+87.62) (s+80.06) (S+54.59) (s+1.411) (s+0.3766) (s"2 + 0.9391s + 0.8119)

16.
iy V-V v, 1
a. Writing the node equations, +—=+V, = 0. Solve for = = ——.
S Vi s+2
1/2 €2 1H
b. Thevenizing, A
(D) . t
L: 11 \fo()
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1

1
Using voltage division, V,(S) = wﬁ Thu V() _
2 Zhs4-
2 S
17.
a. )
1H

vi1)

1H
i1(0a |in(0/

Writing mesh equations
(stDIi(s) — I(s) = Vi(s)
-Ii(s) + (s+2)Ix(s) =0
But, I,(s) = (s+2)I,(s). Substituting this in the first equation yields,
(s+1)(s+2)Ix(s) — Io(s) = Vi(s)
Or L(s)/Vi(s) = 1/(s* +3s + 1)

But, Vi (s) = sky(s). Therefore, Vi (s)/Vi(s) = s/(s* + 3s + 1).

S, =
Vi(s) 28" +s+2



+

vis) C

)
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1Q 1F
AWM

Y e

il(t)lF

12

12 (t

T 2H

-

e I
LAY

@ +§)h<s>—<1+§)lz(s>= V()

—(1+§)I1(s)+(2 +é +29)1,(s)=0

Solving for I5(s):
24D ©)
S
s+l 0
(5) = s __ Vs
PUO26+D) s+l | 487 435+
S S
s+1 28 +2s+1
S S
VL(s) Ix(s) 252
Therefore, V(s) = SV(s) :452+3s+1
18.
a + V(1) -
2H 3H
v (2 1e § 3F S
i1 2/ [in(t) o/

Writing mesh equations,

Solving for I (s),

(2s + DIi(s) — I(s) = Vi(s)

-Ii(s) + (3s + 1+ 2/8)I,(s) =0
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2s+1 Vi(s)
-1 0
E10) P R
» 3’ +5+2
S
Solving for I,(s)/Vi(s),
LG S

Vi(s) 65 +55°+4s+2
But V,(s) = I,(s)3s. Therefore , G(s) = 3s%/(6s” + 5s* +4s + 2).

b. Transforming the network yields,

S

G000 —~
s V,(s) el L(s)
+
V.(s) <> é\ L'VO(S)
L(s) L{s) T
Writing the loop equations,
(s + )|()— 7 1(8) =sh(9) =Vi(s)

+1 +—)I2(s)— 5(s)=0
1 S

=sl,(s)= L,(s) +(2s+1)I,(s)=0

Solving for I»(s),
s(s* +25+2)
1,(s) = V(s
() st 4257 +35" +3s5+2 ()
2(s) (S +2s +2)
But, V(s) = =109 139 735 12 V/(S). Therefore,
V,(s) S*+25+2

Vi(s) s'+2s’+35°+3s5+2

19.
a. Writing the nodal equations yields,
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Ve(® ~Vi®) , Va(8) , %e®=-Ve(s) _
28 1 3s

—JLV($+(;S+1)V(Q 0

Rewriting and simplifying,

6s +5
6s

VR(s>—ivc<s> =§vi(s)

V() (35 +2)V() 0

Solving for Vr(s) and V¢(S),

1 1 6s+5 1
V(s - —V
251 38 s 25
35 +2 1
0 6s+ 3s 0
Ve®=Tesws 1 e ses 1
65 3s 65 3s
1 35742 1 3s7+2
3s 6s 3s 6s
Solving for V,(S)/Vi(s)
Vo(8) — Ve(8)—Ve(8) 3
Vis)  Vi(s) 65 +55 +4s+2

b. Writing the nodal equations yields,

ME=ME) | 57Dy ) 4 (y(s)- V() = 0
S

S
V() - Vi(8)
S

(Vo (S) - Vl (S)) + SVO(S) + =0

Rewriting and simplifying,

(s +§+1)\4(s>—vo<s>=§vi(s)

V©)+(5+<+ DY) = Y 6)
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Solving for V(s)

(s> +2s +2)
s +28° +35% +3s+2

Vo(s) = Vi(s).

Hence,

V.(s) (s> +25+2)
Vi(s) s'+25’+35° +35+2

20.

Yo(®)

Mesh:

(2+29)I1(s) - (1+2s)I7(s) - I3(s) = V(s)

- (1428)[1(s) + (7+5s)In(s) - (2+3s)I3(s) =0
11(5) - @439)p(s) + (34353 )Ia(s) =0

Nodal:

Vi) (Vi(s)- Vol
V1(S)-V(S)+(1Jlr(zss) . 1(Sz)+3s D
(Vo(8) - Vi(s))  Vo(s)  (Vo(s)-V(s))

235 Ty 5 =0
S

or

6S>+12s +5
Vi(s) -

65> +75+2 3s+2
1 1 12s% +23s +30
-—— Vi) + —

+
3s+2 20 3s+2

Vo(s) = V(s)

Vls) = 2 V(s)
OS:_ S
5

b.

Program:
syms s V %Construct symbolic object for frequency
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%variable "s®" and V.
"Mesh Equations*®
A2=[(2+2*s) V -1
-(1+2*s) 0 -(2+3*s)
-1 0 (3+3*s+(5/s))] %Form Ak = A2.
A=[(2+2*s) -(1+2*s) -1
-(1+2*s) (7+5*s) -(2+3*s)
-1 -(2+3*s) (3+3*s+(5/s5))] %Form A.

12=det(A2)/det(A); %Use Cramer®"s Rule to solve for 12.

G1=12/V; %Form transfer function, G1(s) = 12(s)/V(s).-
G=4*G1; %Form transfer function, G(s) = VA4(s)/V(S)-
"G(s) via Mesh Equations* %Display label.

pretty(G) %Pretty print G(s)

"Nodal Equations”
A2=[(6*s"2+12*s+5)/(6*s"N2+7*s+2) V
-1/(3*s+2) s*(V/5)] %Form Ak = A2.
A=[(6*s"2+12*s+5)/ (6*s"2+7*s+2) -1/(3*s+2)
-1/(3*s+2) (1/20)*(12*s"2+23*s+30)/(3*s+2)]
%Form A.
12=simple(det(A2))/simple(det(Ar));
%Use Cramer®s Rule to solve for 12.

Gl=12/V; %Form transfer function, G1(s) = 12(s)/V(s)-
"G(s) via Nodal Equations” %Display label.
pretty(G) %Pretty print G(s)

Computer response:
ans =

Mesh Equations

A2 =

[ 2+2*s, Vv, -1]
[ -1-2*s, 0, -2-3*s]
L -1, 0, 3+3*s+5/s]
A =

L 2+2*s, -1-2*s, -1]
L -1-2*s, 7+5*s, -2-3*s]
[ -1, -2-3*s, 3+3*s+5/s]
ans =

G(s) via Mesh Equations

2 3
15s+12s +5+6s
R
2 3
120 s + 78 s + 65 + 24 s
ans =
Nodal Equations
A2 =
[ (6*s"2+12*s+5)/(2+7*s+6*s"2), V]
L -1/(2+3*s), 1/5*s*V]

A =
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[ (6*s"2+12*s+5)/(2+7*s+6*s"2), -1/(2+3*s)]
L -1/(2+3*s), (3/5*s"2+23/20*s+3/2)/(2+3*s)]
ans =

G(s) via Nodal Equations

2 3
15s+12s +5+ 6 s

24 s + 78 s + 120 s + 65
21.
10°
Z,(s)=5x10° +—
S

1 6
zg(s)=105+%

Therefore,

Zy(s) 1s+10

Zi(s) 5 s+2

z, (s) = 100000+ —L_— 100000 =12
1x10 " s S

7, (s) = 100000+ ——L = 100000 320

1x1070 s+ —L— s+10
100000

Therefore,

G(s) = -Zo = _(5+20)s
Z, (s+ 10)2
22.
a.
71 (s) =200000+ —1L
1x1070 s

75 (s) = 100000+ —1—
1x107%s

Therefore,
s+20
G(s) =242 -3_3

Z1 2 s+5
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5x10"

Z,(s) = 2x10° +#106
5X10° + —
S

1011

Z,(s)=5x10° + ——
10° +&
S
Therefore,

Z,(8) +Z,(8)
Z,(s)

(S+3.18)(s +11.68)
(s+7)(s+10)

_J
2
23.
Writing the equations of motion, where x)(t) is the displacement of the right member of springr,
(s2s+DX(s) -Xa(s) =0
-X1(s) +Xo(s) = F(s)
Adding the equations,

(s%+s)X1(s) = F(s)

X)) 1
F(s) s(s+1)

From which,

24,
Writing the equations of motion,

(s2 +s+ D)X (8)=(s+DX,(s)=F(s)
—(s+1DX,(S) + (s> +s+1)X,(s)=0

Solving for X5(s),
{(52+s+l) F(S)J
X,(8) = ~(s+h) 0] 2(32+1)F(s)
[(s +s+1)  —(s+1) J $(s* +25+2)
—(s+1) (sSS+s+1)
From which,

X8 (s+1)
F(s) s°(5° +25+2)

25.

Let X;(S) be the displacement of the left member of the spring and X;3(S) be the displacement of the
mass.

Writing the equations of motion
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2X,(8) = 2X%,(s) = F(s)
“2X,(S) + (55 +2)X,(S) — 55X,(5) = 0
—55X,(5)+ (108> + 7$)X,(5) = 0

Solving for X5(s),

552410  F(s)

-10 0 10F(s)
X,(s) = -
552410 -10 s(s“+50s+2)
-10 1 s+10
5

X,(s) 1(10s+7)
F(s) 10 s(5s+1)

Thus,

26.
(s+3s5+2) X, (5)-(s+1) X, (s) =0

~(s+ D)X, (8)+(s"+25+1) X, (s) =F (s)

|[ 0 [s+1] ]|
F 2+2s+1
Solving for X(s); X; = vt == FZ(S) . Thus, X _ . 21
s2+3s+2 —[s+1] ST+4s +4s+1 F(s) §+as+4s+1
—[s+1] s*+2s+1

27.
Writing the equations of motion,

(s +s+1)X (s)—sX,(s) =0
—sX,(s) + (s2 +2s+1)X,(s)—= X;(8) = F(s)
=X,(8)+ (s> +s+1)X,(5)=0

Solving for X3(s),
(s> +s+1) - 0
-S (s> +2s+1) F(s)
0 -1 0 =
X,(6) == -
(s"+s+1 -S 0 S(S” +3s” +3s+3)
-s (s*+2s5+1) -1
0 -1 (s’ +s+1
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- X06) 1
From which, =— 3 .
F(S) s(s"+3s"+3s+3)
28.
a.
(s> +2s + )X, (s) — 25X, (s) — X, (s) = F(s)
—25X,(s) + (s* + 4s)X,(s) — sX,(s) = 0
—X,(s) =sX,(s) +(s+1)X;(s) =0
Solving for X,(s),
(s +2s+1) F(s) -1
-2s 0 —S —2s —s§
X -1 0 s+ ) -1 s+1
,(s) = A = A
or,
X,(8) 2s+3
F(s) s(s®+6s” +9s+3)
b.
(4s’+s+4) X, (s)— (s+ 1) X,(s) - 3X,(s)=0
—(s+ 1) X,(s) + (25> + 55+ 1) X,(s) — 45X,(s) = F(s)
—3X,(s)—4sX,(s) +(4s+3)X,(s) =0
Solving for X3(s),
(45 +s+4) —(s+1) 0
—(s+1)  (28°+5s+1) F(s _F(s (45’ +s+4) —(s+1)
X =3 —4s 0 -3 453
5(8)= A = A
or
X3(s)  165'+4s’+19s+3
FO) 7 3257+ 485" +1145°+ 185
29.

Writing the equations of motion,
(8* +25 +2)X,(5) — X,(5)—5X;(s) =0
—X,(8)+(8* +s+1)X,(s)—SX,(s) = F(s)
—sX,(s) =sX,(s)+ (s> +2s+1)=0
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30.
a.
Writing the equations of motion,
(S2 +9s+8)6,(S)—(2s+8)0,(s)=0
—(25+8)0,(S)+ (s> +2s+ 11)E,(s) =T(s)
b.
Defining
0,(s) = rotation of J,
6,(s) = rotation between K, and D,
0,(s) = rotation of J,
0,(s) = rotation of right - hand side of K,
the equations of motion are
(I8 +K)DG(5) ~K B, (s)=T(s)
_KIHI(S)+ (D1S+ K1 )‘92(3)_ D13‘93(S) =0
~D;sf,(s) +(J,8* +D;s+ K,)O,(s)— K,8,(s) =0
- K2‘93(S) + (Dzs + (Kz + K3))94 ()=0
31.
Writing the equations of motion,
(s* +25 +1)8,(5)— (s + DO, (S) =T(S)
—(s+1)0,(5)+(2s+1)0,(s)=0
Solving for &, (S)
(s +2s+1) T(5)
—(s+1 0 T(s
0,(5) = s+D __T6)
(S"+2s+1) —(s+1) 2s(s+1)
—(s+1) (2s+1)
Hence,
0,) __ 1
T(s) 2s(s+1)
32.

Reflecting impedances to 03,



33.

34.

35.

Solutions to Problems 33

N, N
(Jeqs>Deqs)03(s) = T(s) ( N‘: Nj )
Thus,
N,N,
0,(s) _ N; N,
2
T(S)  JgqS + D8
where
Joq = Jats+(Jo+] )£N4]2+J [N“Nsz d
= — , an
eq — J4TI5TUI2TI3 N3 1 N3 N1

N, N,N,
Deq =(D,+Ds)+ (D, + Da)(ﬁ) + D, (ﬁ)

Reflecting all impedances to 05(s),

DR ) 405 G2 ) T [ G2 ) +is(m ) T [k ) Th 0205 - Ton2

Substituting values,
{[1+2(3)2+16(% )2]52 + [2+1(3)2+32(% )2]5 + 64(% )2} 0(s) = T(s)(3)
Thus,

B2(s) _ 3
T(s) ~ 20s2+13s+4

Reflecting impedances to &b,
50)° 5 50)° 5 50)° 50)° 50
{200+3(—j +200(—x—j Jszj{looo[— x—j Js+[250+3(—) =|=|T(s)
5 2575 255 5 5

Thus,

0,(8) 10
T(s) 1300s” + 4000s + 550

Reflecting impedances and applied torque to respective sides of the spring yields the following

equivalent circuit:



34 Chapter 2: Modeling in the Frequency Domain

/'/"921'93 e %
=

1 M-m/rad 1 M- zec/rad

Writing the equations of motion,
02(s) - B3(s) = 4T(s)
-02(s) + (s+1)03(s) = 0

Solving for 03(s),
1 4T(s)
BE 0 | 415
93 (s) = ; g =
1 (s+1)
0 0
Hence, TS((S)) 4 . But, 04(s) = 5 03(s). Thus, T4((SS)) 43

36.
Reflecting impedances and applied torque to respective sides of the viscous damper yields the
following

equivalent circuit:

2(/) 8 u) e m

/X107

\

Writing the equations of motion,

(8> +5)0,(5)—50,(s)=10T(s)
—50,(5) + (5 +1)8,(s)— 6,(s) = 0
—6,(8)+(s+1b,(s)=0

Solving for 94 (9),



37.
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s(s+1) —-s 10T(s)
-S (s+1) 0

10 -1 0 | s10T(s)
0,(5) = s(s+1) -s 0 | [s(s+1) -s 0
-S (s+1) -1 -S (s+1) -1
0 -1 (s+1 0 -1 (s+1)
Thus,
0,s) 10

T(s)  s(s+1)’
But, 8, (S) =56,(S) . Hence,

6,(s) 50
T(s) s(s+1)

Reflect all impedances on the right to the viscous damper and reflect all impedances and torques on the

left to the spring and obtain the following equivalent circuit:

eq O
2

Writing the equations of motion,
(J leq52+K)92(S) -KO3(s) = Teq(s)
-KO2(s)+(Ds+K)03(s) -DsO4(s) = 0

-DsO3(s) +[I2eqs? H(D+Deq)s104(s) = 0

No 2 N3 |2 N3 2
where: Jiog =2+ 0atID(F} ) 3 T2eq =13+ 0L0(F; ) i Deq =Dy ) :029)= 019

Np
Ny -
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38.

Reflect impedances to the left of J5 to J5 and obtain the following equivalent circuit:

2
T/ﬁ
D

eq

Writing the equations of motion,
[Jeqs?+(DeqtD)s+(K2+Keq)]05(s) -[Ds+K2]06(s) = 0

-[K2+Ds]05(s) + [J6s*+2Ds+K2]10g(s) = T(s)

06(s)  Jegs?H(DegtD)s+ (Ko+K, O5(s) NN
From the first equation, 6(5) = ( e(}) K ( eq) . But, 5(6) :N—N3 . Therefore,
O5(s) stR2 01(s) Na2Ng

Os(s) NIN3 (Jeq52+(Deq+D)s+ (K2+Keq) )
01(s) T NoNyg Ds+Kp ’

2 2 2
where Jeq = [Jl(% ) + (12+J3)(§_j ) + (J4+J5)], Keq = Kl(ﬁ_: ) ,and

NgNa \2 Ny 2
peg=D[ (T ) +(5; )+ 1)

39.
Draw the freebody diagrams,

applied force due rotating member

surface velocity

—  » fusire(s)

—» Fis)

Js7e(s)
farce
applied torque due

f.,l,SFE {(s)r to translational member

//

force
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Write the equations of motion from the translational and rotational freebody diagrams,
(Ms2+2f, s+K2)X(s) -fyrsO(s) = F(s)
-fyrsX(s) +(Js2+£,r28)0(s) = 0

Solve for O(s),
2
Ms +2st+K2 F(s)

o B -erS 0 B erF(S)
(®)= 2 g3 2,2 22 2
Ms“+2f s+K -f rs IMs +Q2Jf +Mf r7)s™+(JK _+f r7)s+K _f r
v 2 v v \% 2V 2V
-f rs Js2+f %
A\ \'%
fyr

96 _
From which. F(5) = IMs3H It Miy D)2+ (Ko H 225 Kafyr?

Draw a freebody diagram of the translational system and the rotating member connected to the

translational system.

Joo 2 F(s)
Teq i3 the equwa]entf;a eds a(s) l
applied torque, T ‘\
T
eq(s) D, 56(s) H

o
F=opposing force from

translational sustem 5%(g) x(g) 323{5}

From the freebody diagram of the mass, F(s) = (s2+s+1)X(s). Summing torques on the rotating
member,
(Jegs? +Deg8)0(s) + F(5)2 = Teq(s). Substituting F(s) above, (Jeqs® +DegS)0(s) + (252+25+2)X(s) =

X
Teq(s). However, 0(s) = 429 . Substituting and simplifying,

T, = [( 2)2 (32 2)sn]xe
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21 9
But, Joq = 141(4)2 = 17, Dgq = 1(2)? +1 = 5, and Teq(s) = 4T(s). Therefore, [7 §2 +5 s+2]X(s) =
8
X 21
4T(s). Finally, T((:)) = .9 2
s+ ﬁ s+ ﬁ

41.
Writing the equations of motion,

(152K )01 (s) -K102(5) =T(s)
K101(s) + (Jps2+D3s+K1)02(s) +F(s)r -D3s03(s) =0
-D3s02(s) + (Jos2+D3s)03(s) = 0

where F(s) is the opposing force on J due to the translational member and r is the radius of J». But,
for the translational member,
F(s) = (Ms?+f,5+K2)X(s) = (Ms?+y5+K2)r0(s)
Substituting F(s) back into the second equation of motion,
(I1sKB1(s) -K162(s5) =T(s)
-K101(s) + [(J2 + Mr2)s2+(D3 + fyr2)s+(K  + Kor2)]02(s) -D3s03(s)=0
-D3s02(s) + (12s?+D35)03(s) = 0
Notice that the translational components were reflected as equivalent rotational components by the

K, (3,52 + D,s)T(s)
A

square of the radius. Solving for 65(s), 6,(S) = , where A is the

determinant formed from the coefficients of the three equations of motion. Hence,

0,(s) _ K/ (J;s* + Dss)

T(s) A
Since
X(s) rK(J,s*+ D;s
X(S):I’ez(S), ( ): l( 3 3 )
T(s) A
42.
K, T.n 100 E, 50 1
—L _ :—:Z;Kb: e —_— =
Ra Ea 50 wno— load 1 5 3
Also,
1\2 12
Jm=2+18(§) —4; Dm=2+36(§) ~6.
Thus,

On(s) 2/4 1/2

E.() L2y 3
S(S+4(6+3)) S(S+3)
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Since 6} (s) = éﬁm(S),

1
0.(s) __6
Ea (S) S(S _|_§)
3
43.
The parameters are:
K. L5 . E _s
R,E 5 UM, @0, T
T 60
1 1 (1) 1)’
= J, :16(—) +4(—) +1=3; D, :32(—) =2
4 4 2
Thus,
1 1
On(S) _ 3 _ 3
E.(s) s(s +l(2 n (1)(1))) s(s+0.75)
3 4
1
Since 6>(s) = 1 Gn(s),
1
0,(s) _ 12
E.(S) sS(s+0.75)
44,
The following torque-speed curve can be drawn from the data given:
T

100
50\
\ -V

500 1000
K. Ty 100 E. 10 1 1\2
Therefore, —=—"=—""—=10;Kp= = = . Also, Jm:5+100(-) =9;
R E 10 @ 10aa 1000 100 5

Dy =1. Thus,



40 Chapter 2: Modeling in the Frequency Domain

45,

46.

10 10 10
Gn(S) 9 9 : 1 ZAS) 45
= = . S = - S = =
E,(9) s(s +_;(1 coq) S6+0122) A= 5O ) TS5 10.122)
0.222
s(s +0.122)

From Egs. (2.45) and (2.46),
Rala(s) + Kpsé&s) = Ea(s) (1)
Also,

Tm(S) = Ktla(s) = (Jns2+Dps) AS). Solving for &s) and substituting into Eq. (1), and simplifying

yields
D
(s+=2)
RONNS Iy o
E.(S) R, g, Rl tKK
Using Tm(s) = Ktla(s) in Eq. (2),
Dm
(s+=%)
.6 _K I
E.(9) R, gy RBntKK
R.J

a-m

For the rotating load, assuming all inertia and damping has been reflected to the load,

d equz-i-Dequ)GL(s) + F(s)r = Teq(s), where F(s) is the force from the translational system, r=2 is
the radius of the rotational member, JeqL is the equivalent inertia at the load of the rotational load and
the armature, and Degl is the equivalent damping at the load of the rotational load and the armature.
Since JeqL = 1(2)2 +1 =5, and DeqL = 1(2)2 +1 = 5, the equation of motion becomes, (5s2+5s)0[ (s)
+ F(s)r = Teq(s). For the translational system, (s2+s)X(s) = F(s). Since X(s) = 20[ (s), F(s) =
(sz+s)26L(s). Substituting F(s) into the rotational equation, (9sz+9s) OL(s) = Teq(s). Thus, the

equivalent inertia at the load is 9, and the equivalent damping at the load is 9. Reflecting these back

9 9 t
to the armature, yields an equivalent inertia of 7 and an equivalent damping of 1 - Finally, R = 1;
a
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4 4 2
Ky — 1. Hence, 22 _ 5 9 . Since Oy (s) = e()eL(S) 9 But
b= ence, = ince 01 (s m(s .Bu
BO g sed 2RO )
4
9

X(s) =101,(s) = 201,(s). therefore, ——
E,(5) s(s+1—93)

47.
The equations of motion in terms of velocity are:

[Ms +(f, +f3)+—1+£]V(S)— V(S) f.V5(s)=0

_%VI(S) +[Ms+(f, +f,,) +—2]V2 (5)= f.V,(5) = F(5)
_fV3V1 (S)_ fv4V2(S) +[M3S+ f ;+ f 4]V (S) 0

For the series analogy, treating the equations of motion as mesh equations yields

M3

vémj

’\N\r NN~
- fy3 : . fva

My

1/K2 ;L
vl([ f\ Vz(t £0)

In the circuit, resistors are in ohms, capacitors are in farads, and inductors are in henries.

M,

I/Kl

For the parallel analogy, treating the equations of motion as nodal equations yields

MA—
Uty
Vi) UKy vo(®) Vtyy v
l I L A
M1~ llfvl% 1/K1§ £(t) d') My 1~ 1/fv2$ M3 <

In the circuit, resistors are in ohms, capacitors are in farads, and inductors are in henries.
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48.
Writing the equations of motion in terms of angular velocity, Q(s) yields

(J5+D, + %)Qms) ~(D, + %)Qz (8)=T(s)

(D, +22)0 (5)+ (3,5 + D, +@)nz(s> -0
S

~520,(9- D09 +(D, 120, =0

(J;s+ D, + %)93(5) -DQ,(5)=0

For the series analogy, treating the equations of motion as mesh equations yields

5 12 I
[ | S
? |
B @ Wy § ) VKg
1/1{1
@yt wo(t) (0 W31

In the circuit, resistors are in ohms, capacitors are in farads, and inductors are in henries.

For the parallel analogy, treating the equations of motion as nodal equations yields

o) m%%% woy(t) w41 ()
|

| -l— IJ\/M"] _;_ 1Kk, /P2 I
T() I uD, I, M2 I3 1/Ky
o I

In the circuit, resistors are in ohms, capacitors are in farads, and inductors are in henries.

49,
An input rq yields c¢1 = 5r1+7. An input rp yields ¢y = 517 +7. An input rq +r3 yields, 5(rj+rp)+7 =
5r1+7+5rp = cq1+cp-7. Therefore, not additive. What about homogeneity? An input of Kry yields ¢ =
5Kr1+7 # Kcj. Therefore, not homogeneous. The system is not linear.

50.

a. Let x = 0x+0. Therefore,
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Sx+38x+28x =sin (0+8x)

d sinx

dx

But, sin (0+6x) = sin 0 + | 0x = 0+cosx ox = Ox

x=0 x=0

Therefore, 8;(+38x+25x = 8x. Collecting terms, S;(+33x+5x =0,

b. Let x = 8x+T. Therefore,
Ox+36x+20x =sin (n+06x)

d sinx

dx

But, sin (n+06x) =sin 1 + | O0x = 0+cosx | Oox =—-0x

X=T X=T

Therefore, SX+35X+28X = -Bx. Collecting terms, Sx+35x+38x = 0 )

Ifx=0+08x,
.. . -(8%)
0x + 100x + 318x + 300x = ¢
3%) de
But e =e_O+E|6x=l-e'X|8x=l—6x

x=0 x=0

Therefore, 5x + 108x + 318x + 308x =1 - 8x, or, x + 105x + 318x + 315x =I.
The given curve can be described as follows:
f(x) = -4 ; -00<x<-2;
f(x) = 2x; -2<x<2;
f(x) = 4; 2<x<too
Thus,

a. X+ I5x +50x =4

b. X+ 15x + 50x =2x, or X + 15x +48x =0

C. X+ 15x+50x =4
The relationship between the nonlinear spring’s displacement, x(t) and its force, f(t) is
x(h=1-e""
Solving for the force,

f ()= —In(1 —x,(t)) (1)

Writing the differential equation for the system by summing forces,

EXO, O -
@ In(1-x(t)) = f (1) )
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54.

Letting X(t) = Xo + oX and f(t) = 1 + df, linearize In(1 — x(t)).
In(1= x)— In(l - %) :%‘ &

Solving for In(1 — X),

In(1-x)=In(1 — xO)—l_L - X=In(1-x,)— —x. X
When =1, 8x = 0. Thus from Eq. (1), 1 = -In(1 — Xo). Solving for X,
1-xo=¢",o0rxy=0.6321.
Substituting x, = 0.6321 into Eq. (3),
In(1-x) = In(1 — 0.6321) - L sx=-1-27186

1-0.6321
Placing this value into Eq. (2) along with X(t) = Xo + ok and f(t) = 1 + dF, yields the linearized

differential equation,

d’ox  dox
— +——+1+2.7180x =1+ 0of
dt dt
or
d*&  d&x
+—+ 2718 =&
de®  dt
Taking the Laplace transform and rearranging yields the transfer function,
OX(S) 1

S(s) s +5+2.718

First assume there are n plates without the top plate positioned at a displacement of y»(t) where

3)

y2(t) = 0 is the position of the unstretched spring. Assume the system consists of mass M, where M is

the mass of the dispensing system and the n plates, viscous friction, fy, where the viscous friction

originates where the piston meets the sides of the cylinder, and of course the spring with spring

constant, K. Now, draw the freebody diagram shown in Figure (b) where Wy, is the total weight of the

n dishes and the piston. If we now consider the current position, y2(0),
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Flates
;'///// M

T
]

4

2
Koy ith dy_(t)
___i___ 2 M_2

a2

dy [t)
f, 2
Piztan dt
(a) (b}

ig)

Restaurant Plate Dispenser

the equilibrium point and define a new displacement, y(t), which is measured from equilibrium, we

can write the force in the spring as Ky;(t) = Ky»(0) + Ky(t). Changing variables from y3(t) to y1(t),

we sum forces and get,

ﬁ&+f§1+K + Ky2(0) + W,=0 1

a2 v dt Y1 y2(0) n— (1)
d?yr d%y dy, dyi

where d_t}; :d_t}; and % :% . But, Ky>(0) = -Wy,, since it is the component of the spring

force that balances the weight at equilibrium when yq = 0. Thus, the differential equation becomes,

dyi v
M 92 +h g TKy1=0 (2)

Wb
When the top plate is added, the spring is further compressed by an amount, X > where Wp is the

weight of the single dish, and K is the spring constant. We can think of this displacement as an initial

Wp dyi
condition. Thus, y1(0-) =-"~ and i (0-) =0, and y1(t) = 0 is the equilibrium position of the

spring with n plates rather than the unstretched position. Taking the Laplace transform of equation

(2), using the initial conditions,
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55.

Wp Wp
M(2Y () + s )+ fu(sY1(5) + ) +KY1(5)=0 3)
or
WD
(Ms2 + fys + K)Y1(s) = -?(Ms +f,) 4)

Now define a new position reference, Y(s), which is zero when the spring is compressed with the

initial condition,

\W%
Y(s) = Y1(8) + 1o (5)

or
Wb
Yi5)=Y6) - o (©6)
Substituting Y1(s) in Equation (4), we obtain,
Wb
(Ms? + fys + K)Y(s) =~ =F(s) (7
a differential equation that has an input and zero initial conditions. The schematic is shown in Figure

. .Y i
(c). Forming the transfer function, FJ(E)Z , we show the final result in Figure (d), where for the

Wb
removal of the top plate, F(s) is always a step, F(s) = 5 -

Writing the equations of motion,

(17.25> + 160s + 7000)Y«(s) — (130s + 7000)Y4(s) — 0Y car(s) = Fup(s)
- (130s+7000)Y(s) + (9.15° + 130s + 89300)Y4(s) - 82300Y ca(s) = 0
-0Y(s) -82300Y,(s)  + 1.6173 x10° Yeu(s) = 0

These equations are in the form AY=F, where det(A) = 2.5314 x 10* (s> + 15.47 s + 9283) (s* +
8.119 s + 376.3)

Using Cramer’s rule:

Yo (S) 0.04227(s + 53.85)
Fo(s) (5" +15.475+9283)(s” +8.1195+376.3)

Yo(s) 0.8306(s + 53.85)
Fo(5) (s°+15.475+9283)(s> +8.1195+376.3)

Yy(8) = Yo (S) 0.7883(s + 53.85)
Fo(s)  (s°+15.475+9283)(s’ +8.1195+376.3)




THREE

Modeling
In the Time Domain

SOLUTIONS TO CASE STUDIES CHALLENGES

Antenna Control: State-Space Representation

Ea(s 1
For the power amplifier, Va((s)) S +i9>0 Taking the inverse Laplace transform, ea +150e; =

150vp.  Thus, the state equation is

e, =—150e, +150V,
For the motor and load, define the state variables as x; = 6y, and xo = 0 m- Therefore,
X1=X%) )
Using the transfer function of the motor, cross multiplying, taking the inverse Laplace transform,

and using the definitions for the state variables,

KiKa Kt
X =- J Om+ R )XZ"’RJ €a (2
Using the gear ratio, the output equation is
y=0.2x1 3)

1 1 Kt 1
Also, Im = Ja+5(5 )? = 0.05+0.2 = 0.25, Dy = D+3(5 )2 = 0.01+0.12 = 0.13, Radm = 3)0.25)

KK
=0.8, and ﬁ (Dm+ éaa) =1.32. Using Egs. (1), (2), and (3) along with the previous values, the

state and output equations are,

0 1 0
X = X + e,;y=0L02 0]x
[0 -1.32] [0.8] aiv=l ]
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Aquifer: State-Space Representation

dhq
Cigt = Yi1-Go1%0d2-01+021 = 0i1-0+G2(h2-h1)-G1h1+G21(H1-hy) =

-(G2+G1+G21)h1+Goho+0i1+Go1H
dhy
Cogt = Yi2-002%03-02+032 = Qi2-0o2tG3(h3-h2)-G2(h2-h1)+0 = Gohy-[G2+G3lho+G3ha+aiz-0o2

dh3
C3gr = di3-003*04-03+043 = 0i3-003+0-G3(h3-h2)+0 = G3h-G3h3+0i3-0o3

Dividing each equation by Cj and defining the state vector as x = [h1 hy h3]T

[-(G, +G, +G,) G, 0 1 Tq,+G,H, |
C, C, e
)'( :| & _(Gz +Gs) % |X +| G, — 0y |U(t)
| C, C, G| ¢ |
| 0 & _Gs | | Qiz — 03 |
L Cs ] L G |
[1 0 0]
y=l0 1 ol

o 0 1]

where u(t) = unit step function.

ANSWERS TO REVIEW QUESTIONS

. (1) Can model systems other than linear, constant coefficients; (2) Used for digital simulation
. Yields qualitative insight

. That smallest set of variables that completely describe the system

. The value of the state variables

1

2

3

4

5. The vector whose components are the state variables

6. The n-dimensional space whose bases are the state variables

7. State equations, an output equation, and an initial state vector (initial conditions)

8. Eight

9. Forms linear combinations of the state variables and the input to form the desired output

10. No variable in the set can be written as a linear sum of the other variables in the set.

11. (1) They must be linearly independent; (2) The number of state variables must agree with the order of
the differential equation describing the system; (3) The degree of difficulty in obtaining the state equations
for a given set of state variables.

12. The variables that are being differentiated in each of the linearly independent energy storage elements
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13. Yes, depending upon the choice of circuit variables and technique used to write the system equations.
For example, a three -loop problem with three energy storage elements could yield three simultaneous
second-order differential equations which would then be described by six, first-order differential equations.
This exact situation arose when we wrote the differential equations for mechanical systems and then
proceeded to find the state equations.

14. The state variables are successive derivatives.

SOLUTIONS TO PROBLEMS

1.
Add the branch currents and node voltages to the network.

L2 N L T
Ay Ay A —
i
1

Q

. —.-
1

| ==
.
H%* 121H %\t 1F2 v lt)

vyt )

Write the differential equation for each energy storage element.

i2
Therefore, the state vector is X =| i,
\"

0

Now obtain v1, vo, and is in terms of the state variables. First find iy in terms of the state variables.

-V, +i,+i;+i; +v, =0

But i, =i, —i, and iy =i, —i,. Thus,

-V, +i,+ (0, —,)+({;—1,)+v, =0
Making the substitution for i, yields

=V +i+ (=) + (L —1,)—1,) +v, =0

Solving for i,
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i :gi + =i —lv +=V
1 32 4 3 (o] 3|
Thus,
V, =V, —i, = i li +1v +=V
1 i 1 2 34 3 0 3|
Also,
i = i, — i, = —i, 4=, — Ty 42y
37 3 3

and
. =1I,—1 :—li —i,—=V. +=V
5 3 4 32 4 3 o] 3 i
Finally,

. 1. 2. 2 1
V, =l +V, =—=i,— =i, +=V, +=V,

° 3° 3 3 3

Using vy, vy, and is, the state equation is

22 1 1) 2
3 3 3 3
. 1 2 2 1
X=|-= —-= = [X+|=,
3 3 3 3
1.2 101
L 3 3 3] L3l
y=[0 0 1]

Add branch currents and node voltages to the schematic and obtain,

”_”1 1H .
Ay
— T
1
GIAY, ) 1r::* Q 4 1Q§iig
]2

Write the differential equation for each energy storage element.
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dv, .
a "
dt ‘-

Vv
Therefore the state vector is X = LlJ
3

Now obtain V| and I,, in terms of the state variables,
V=V =V =V — g =V — (i +4v,) = =3, —
=h =iy =(V; —V) -l =-Vv, —i; +V,

Also, the output is

y=lig=4v, +i

G kel
y=[4 1k

Let C; be the grounded capacitor and C , be the other. Now, writing the equations for the energy
storage components yields,

Hence,

di,
— =V. -V

ag ' ©

dv

L ®
dv

— % i i

at L—L

I
Thus the state vector is X = | V¢, |. Now, find the three loop currents in terms of the state variables

Ve,

and the input.
Writing KVL around Loop 2 yields V., = V., +1, .Or,

iz =V, = V¢

1 2

Writing KVL around the outer loop yields i, +1, =V, Or,

b =Vi= L =Vi =V +V,
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Also, I, —1; = 1_. Hence,

L= +i3=iL+vi—vCl +V,

Substituting the loop currents in equations (1) yields the results in vector-matrix form,

di,

dt -1 i 1
dve 0 0| i,

e 1 -2 2|v, [+] 1}
dve 0 2 -2, -1
L dt

Since V, =1, =V —V, , the output equation is
I,
y=fo 1 1v,

Ve,

Equations of motion in Laplace:

(5% +3s+1)%,(S) — (s + D)X, (s) —sX,(s) = 0
—(s+1)x,(8) + (5% + 25 +1)X,(S) — SX, (5) = F(S)
—sX,(8) = SX,(S) + (s +38)X,(s) =0

Equations of motion in the time domain;

d’x, ., dx dx dx
—L+3—=2+x——2-%x,——2=0
dt2  “dt " dt ¢ dt
d?x dx dx dx
e e e T T O
2

d>§3+3dx3+xl_dx2_%:

dt dt dt dt

Define state variables:

27 dt dt 2
=X, OF X =12
dx, dx,
=—= or — =
Yot dt ™

1)
)
@)
(4)
()
(6)
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Substituting Eq. (1) in (2), (3) in (4), and (5) in (6), we obtain, respectively:

dz,
4 7
i’ (7)
dz
o ®
dz,
=5 _ 9
ks 9)

Substituting Egs. (1) through (6) into the equations of motion in the time domain and solving for the
derivatives of the state variables and using Egs. (7) through (9) yields the state equations:

dz, _
a2
%:—21—322+23+z4+26
dz,
—_— =7
da
%=21+22—23—224+26+f(t)
dz; _
dt  °
%:zerz4 3z
The output is Xz = zs.
In vector-matrix form:
[0 1 O 0 o] [o]
-1 -3 1 o 1! lol
1o 0 o o ol lol
z=| z+] (1)
|1 1 -1 -2 0 1| |1|
0O 0 0O 0 0 1 0
LO 1 0 1 O—BJ LOJ

y=[0 0 0 0 1 0

Writing the equations of motion,
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(5% +2s +1)X,(S) — sX,(S) — (s + 1) X;(s) =0
—sX,(8) + (5 + 25+ 1) X, (S) — (s + 1) X, (s) = O
—(s+1)X,(8) — (s +1)X,(s) + (s* + 25 + 2) X,(s) = F(s)

Taking the inverse Laplace transform,

>.<.1+ 2 >.<1+ X, — x.z— >23—x3 =0

—>€1+>52+2x'2+ X, — >23— X; =0

—)El—xl - )EZ— X, + >23+2x'3+ 2%, = f(t)
Simplifying,

>'<.1 =2 >E1— X, + >22+x.3+ X3

x2 = )21—2>22—x2 + >23+ Xg

x3 = >21+ X, + >€2+ X, —2)53— 2%, + f(t)
Defining the state variables,

4 =X, 2 :)21; L3=%5, 2= X.z; Z5 = X3 Zg :)23

Writing the state equations using the simplified equations above yields,

Z,=%=1
L, =X =-22,-7,+7,+7,+1,
L=X%=1

26.=>.<'3:22+zl+ 2,+2,—-27,-22, + f(t)

Converting to vector-matrix form,
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[T
(I
100 M=-r frad 100 M- secrad

Writing the equations of motion,

(100s? +100) 6, — 1006, = 10T
1000, + (100s? + 100 +100)6, = 0

Taking the inverse Laplace transform and simplifying,

o0 1
0,+6,-6,=—T
2 2 3 10
-0, +:9.3+ é3+ 0,=0
Defining the state variables as

X =0, X, =0, X3 =6, X, =0,

Writing the state equations using the equations of motion and the definitions of the state variables
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X e
i
Il
x
N

X e

(1] 1 1
=0,=-0,+6,+—=T=-X+X,+—=T
2 2 2 3 10 1 3 10

X, =X,

Xy =03=0,—0; =0, =X —X; =X,

y =106, =10x,
In vector-matrix form,
0 1 0 O g
«+ /-1 0 1 O —
X = x +| 10
0 0 0 1 0
1 0 -1 -1 0
y=[10 0 0 OJx
7.
Drawing the equivalent circuit,
[/\ 207(t) /\ 6,0 ,/\‘93(” ‘/\ 6,0
— T —{——
\ \ 2N-m/rad 3 N-m-s/rad \

HEEE

Writing the equations of motion,
420,(s)—20,(s) =20T(s)
—20,(3) +(3s +2)6,(s) — 3s6,(s) =0
—-3s6,(s) +5s6,(s) =0

Taking the inverse Laplace transform,

426,(t) - 26,(t) = 20T (t) (1)
~20,(t) +30,(t) + 20, —36,(t) =0 @
~36,)+50,(t) =0 ©)

From (3),
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. 5 5
0,(1) =3 6,(1) and O4(t) = 2 6, (1) (4)
assuming zero initial conditions.
From (1)
1 10 5 10
)=—6,1)+=—=Tt)=—6,(t) +—T 5
0,0)=5; 0,0+ TO= 6.0 + T ®)

Substituting (4) and (5) into (2) yields the state equation (notice there is only one equation),

. 100 10
t) = —=—=6,(t)+ =T(t
6,0 =" 0.0+ 5, T()

The output equation is given by,
0.()==c6,()
L - 10 4

X %06

Solving Eqgs. (3.44) and (3.45) in the text for the transfer functions n :
F(s) F(s)
[ 0 -K ] [M152+D s+K 0 ]|
F My s2+K -K

X,(s)= 2577 and X ,(s)=

Mqs2+D s+K -K Mis2+D s+K -K

-K My sZ+K -K My sZ+K

Thus,

X1(s) - K

FG) M,M;s“+DM,s’+K M,s°+K M ;s°+D K s
and

X,(s) _ M,s’+D s +K
F()_ 2 3 2 2
S MoM;s +D M,s +K M,s " +K M ;s +D K s

Multiplying each of the above transfer functions by s to find velocity yields pole/zero cancellation at

the origin and a resulting transfer function that is third order.

a. . Using the standard form derived in the textbook,

ro 1 0 07 [0

|l o o 1 o/ |o]
X = X+ r(t)
o o o 1 [""lol

|-100 7 -10 -20] 1]
¢=[100 0 0 O

b. Using the standard form derived in the textbook,
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o

07 [0]
ol lol
0 |x+|0|r(t)
1! ol

10.
Program:
"ar
num=100;
den=[1 20 10 7 100];
G=tf(num,den)
[Acc,Bcc,Ccc,Dec]=tf2ss(num,den);
Af=Flipud(Acc);
A=Fliplr(AT)
B=Flipud(Bcc)
C=Fliplr(Ccc)
.
num=30;
den=[1 8 9 6 1 30];
G=tf(num,den)
[Acc,Bcc,Ccc,Dec]=tf2ss(num,den);
Af=Flipud(Acc);
A=Fliplr(Af)
B=Flipud(Bcc)
C=Fliplr(Ccc)

Computer response:
ans =

a

Transfer function:
100

s + 20 s”"3 + 10 s™2 + 7 s + 100

A =
0 1 0 0
0 0 1 0
0 0 0 1
-100 -7 -10 -20
B =
0
0
0
1
C =
100 0 0 0
ans =
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Transfer function:
30

A =
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
-30 -1 -6 -9 -8
B =
0
0
0
0
1
C =
30 0 0 0 0
11.
a. Using the standard form derived in the textbook,
fo 1 0 0] [0
- lo o 1 ol lol
X=| |X+| |r(t)
0 0 0 1 0
|-10 5 -1 2] 1]
C:[10 500 O]X
b. Using the standard form derived in the textbook,
01 0 0 07 [0
o o1 0o ol Iol
x=l0 0o 0o 1 o0 lk+lol@
oo 0o o 1! lol
Lo 0 -8 -10 —9J M
c=[3 7 12 2 1k
12.
Program:
“ar
num=[5 10];

den=[1 2 1 5 10]

G=tf(num,den)
[Acc,Bcc,Ccc,Dec]=tf2ss(hum,den);
Af=Flipud(Acc);

A=Fliplr(AF)

B=Flipud(Bcc)
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C=Fliplr(Ccc)

lbl

num=[1 2 12 7 3];

den=[1 9 10 8 0 0]

G=tf(num,den)
[Acc,Bcc,Ccc,Dec]=tf2ss(nhum,den);
Af=Flipud(Acc);

A=Fliplr(AF)

B=Flipud(Bcc)

C=Fliplr(Ccc)

Computer response:
ans =

a
den =
1 2 1 5 10

Transfer function:
5s + 10

sM + 2 sM"3 +s™2 +5s + 10

A =
0 1 0 0
0 0 1 0
0 0 0 1
-10 -5 -1 -2
B =
0
0
0
1
C =
10 5 0 0
ans =
b
den =
1 9 10 8 0

Transfer function:
sM + 2 s™"3 +12s™"2 +7 s + 3

sN"5 + 9 s™M + 10 s”"3 + 8 sN2

A =

[ejeoleoleoe]
OO0OO0OO0Or
WOORrOo
OORrOoOo
(e} Neoleole]
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RPOOOO

13.

The transfer function can be represented as a block diagram as follows:

R(s) 1 X(s) Y(s)

s’ +3s+7 -

s*+65+9s+4

Writing the differential equation for the first box:

x+6.>2+9>.(+4x= r(t)

Defining the state variables:

X =X
X, = X
= o
Thus,
)21 =X;
'2 =X

Xy = _AX-9X-6 X+ r(t) =—4x —9x, —6x,+r(t)

From the second box,

y :;+3>.<+7x =X +3X, + X,
In vector-matrix form:
0O 1 O 0

x=[0 0 1 |x+|0]r(t)
-4 -9 -6 1
y=[7 3 1]x

14,
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a. G(s)=C(sl-A)1B

-1
CRISEE AR
s”+55 +25+3 2
35 253 S
10
Therefore, G(s) = 3455242543

b. G(s)=C(sl-A)1B

2 3 -8 1
A=|o0 5 3 ;B:[4]; C=(1,3,6)
-3 -5 -4 6

s2_s-5 35+52

(s1-A)"1= — 1 —9 s2425-32
§°—38°—=27s+157 | _34415 _5s+1

495°-3495+452

352 27s+157

Therefore, G (s) =

c. G(s)=C(sl-A)1B

[3 5 2] [5]
A=l1 8 7lB=l-3c=p -4 3]

3 -6 2] [2]

[(s*+65+26) —(55+2)

1

sI—A)? = | (s—23 s? —55+12

( ) s® +3s% +195-133 ( ) ( )
| —3s+30)  —(6s-33)

2352 — 48s— 7
s®+3s” +195-133"

Therefore, G(s) =

15.
Program:

a

A=[0 1 30;0010;000 1;-7 -9 -2 -3];
B=[0;5:8;2];

C=[1 3 4 6];

D=0;

statespace=ss(A,B,C,D)

-8s+49
3s5-6
s2_7s+10

(2s-19) |

(7s—19)

(s> + 55 —19)



X1
X2
X3
X4

X1
X2
X3
x4

yl

Continuous-time model.

Transfer function:
59 s"3 - 164 s™2 - 1621 s - 260

X1
X2
X3

X5

X1

[num,den]=ss2tf(A,B,C,D);
G=tf(num,den)

"b

Solutions to Problems 63

A-[3104 -2;-35-52-1;01 -128;-76 -3-40;-604-31];

B=

[2;7;6;5;4];

C=[1 -2 -9 7 6];
D=0;

statespace=ss(A,B,C,D)
[num,den]=ss2tf(A,B,C,D);
G=tf(num,den)

Computer response:

~NOOOo

NOWOIORr

X2 x3 x4

3

OOoORrRLOGELDN

4

X3

-5
-1

6

x5
-2
-1
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X2 7
X3 6
x4 5
X5 4
CcC =
X1l X2 x3 x4 x5
yl 1 -2 -9 7 6
d =
ul
yl 0

Continuous-time model.

Transfer function:
-7 s™M - 408 s™3 + 1708 s™2 + 1.458e004 s + 2.766e004

SN - 4 sM - 32 s”N3 + 148 s™2 - 1153 s - 4480

16.

I~

OCOO=0UOOWI O

T=C*((s*I1-A)"-1)*B+D;
T=simple(T);
pretty(T)

lbl

A=[3 10 4 -2
-35-52 -1

T=C*((s*I1-A)"-1)*B+D;
T=simple(T);
pretty(T)

Computer response:
ans =

a
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ans =
T(s)
2 3
-164 s - 1621 s - 260 + 59 s
4 3 2
s +3s +2s +30s+7
ans =
b
ans =
T(s)
2 3 4
14582 s + 1708 s - 408 s - 7 s + 27665
5 4 3 2
s -4s -32s + 148 s - 1153 s - 4480
17.
. do, -
Let the input beT =z, X1=0x, X2=0 x . Therefore,
).(1:X2
: Kx Dx
XZ:-K Xl'? X2 + Jowy
The output is 6.
In vector-matrix form, 6y = X1 . Therefore, y = X1.
0 1
. 0
X = KX DX X + (DZ
T T, Jo
X X
y=[1 o0]x
18.
The equivalent cascade transfer function is as shown below.
Xa
d(s) K, X(s) K, F ()
—_— . +—D0 L
K K K S
3 2 2 1 0 a
STRCOSTRSYR,
3 3 3
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K Kl KO Ka
For the first box, X a X+ a X+ K X :K—S(t).
3 3 3 3

Selecting the phase variables as the state variables: X, = x2:>'<, x3:'>'<.

Writing the state and output equations:
X1 X2

X2=X3
: Ko K1 Ko Ka
X375 XKy X2 K3 X8T K, 3(t)

- Kp Kp
y=000) =X+ X=q X1+X2
In vector-matrix form,

19.
. dom .
Since Tm = \]eq T + Deqﬂ)m’ and Tm = Kt |a7
dO)m i
Jeq dt + Deq(!)m = Kt la

Or,
dom % Kt |
=m __ —
dt Jog “M T Jgq 2

N2
But, om =N_1 oL,

Substituting in (1) and simplifying yields the first state equation,

dop De Kt N1
T = -ﬁ (DL+E N_2 P
The second state equation is:
dop
dt TOL

Since

N2

. dig . dig
€a = Ralatla g tKbom = Ralatla ¢ +KbN—1 oL,

di
the third state equation is found by solving for d_'? . Hence,

dig Kp N2 Ra 1

TN OLTT YL C

)
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Thus the state variables are: X1 = o, Xp =0, and X3 =g,
. . 2
Finally, the outputisy = 6y = N1 oL

In vector-matrix form,

Dea KN
J.o N 0
eq eq "2 0 N,
o KlN A (! DN bt IR R
- —b_2 0 _ & La
La N1 (.
where,
L
X = OL
ia
20.
Writing the differential equations,
d?x;  dxq dxo
i S 2 2t _
g2 Tat ¥t -Tq =0
d?xy  dxp dxp
w2 Ta @ -0
Defining the state variables to be x1, v1, X2, v, where V's are velocity,
>.( 1=V1
).( 2=V2
v 1= -V1-2X12+vy
V2 = vi-vo+()
Around X1 = 1, X1 = 1+38x1, and X 1=98 X 1. Also,
) ) dx1
X1 =X] | S | ox, =1+2x | 8x =1+28x,
x=1 x=1 x=1

Therefore, the state and output equations are,
8x 1 =V1
).( 2 = V2

v 1 = -V1-2(1+28x1)+V2

67
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V 2 = Vi-voH(t)

y=X2
In vector-matrix form,

OX [ 5x_ ] [ ox_ ]

1 0 01 O 1 0 0
X X X

0 0 0 off 1

2= 2 |+ ;y=[0 1 0 o] ?
v, 40 4 1l 2 ol f v,
, 0 0 1 -1 0 1
v2 i v, | i v, |

where f(t) = 2 + 5f(t), since force in nonlinear spring is 2 N and must be balanced by 2 N force on

damper.
21.

Controller:

The transfer function can be represented as a block diagram as follows:

X Yc(s)
B O e
S+

Writing the differential equation for the first box,

s+b
and solving for X,
X, = —bx, + K (t)
From the second box,
Y, = X, +ax, =-bx, + K,r.(t) + ax,

= (a - b)xc + Klrc (t)
Wheels:

The transfer function can be represented as a block diagram as follows:

Rw(9) c Xw(s)

» s+cC -
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Writing the differential equation for the block of the form,
C

S+C

and solving for X, ,

X, =—CX,, +Cr,(t)
The output equation is,

Yw = Xw
Vehicle:

The transfer function can be represented as a block diagram as follows:

Ry(s) 1 Xy(s)
— s ——
Writing the differential equation for the block,
1
S
and solving for X, ,
X, =1,(t)
The output equation is
Yv =Xy
22.
-1702 50.72 263.38 -272.06
A =| 022 -1418 -3199 |:B = 0
0 0 -14 14
For G1(s), C 1 =(1,0,0), and
G1(s) = Cy(sl-A)1B
Thus,
s 2+15.418 s +19.852 50.72 s +710.08 26338 s —1249.1
G1(s)=C1 1 0.22 s +3.08 s2+15702 s +23.828  —31.99 s +3.4966
S 3+1712 S 2+34935 s —122.43 0 0 s 2+3.12 s —8.745
Or
G1(s)=_—2720652-507.35 ~20888 _ —272.06 s *+18647 s +84.128)

$3+17.1252+34.9355 —122.43 (s +14) (s ~1.7834) (s +4.9034)

For G»(s), C2 =(0,1,0), and
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Go(s) = Co(sl-A)1B

Thus, 7
s2+15418 s +19.852  50.72 s +710.08 263.38 s —1249.1
Go(s)=C, 1 0.22 s +3.08 s2+15702 s +23.828  —31.99 s +3.4966
S 3+1712 S 2+34935 s —122.43 0 0 s 2+3.12 s —8.745
Or
—507.71s —788.99 _ —-507.71 (s +1.554
G2(s)= (s +1.554)

s34+4171252+349355 —122.43 (s +14) (s —1.7834) (s +4.9034)

23.
Adding displacements to the figure,

Contact
point
1 N/m 1 N/m ¢ 1 N/m 1 N/m

— 0000 — 70000
u()— 1kg l1kg Zl 1 kg
S L U gl

1 N-s/m 1 N-s/m IN/m | N-s/m 1 N-s/m
N AN N AN AN J
Y ~ v "
Manipulator Sensor Internal force model Environment

Writing the differential equations for noncontact,

d?x dx dx

— L 9 Loy oy ——= — Yyt
o
LT .

- — X +—5+%+ =0
at v Tae Ta T

Define the state variables as,

X, = X,5 Xy = X Xg = X5 Xy = X

Writing the state equations, using the differential equations and the definition of the state variables,

we get,

X, =X, =X,

X, =X, = —2X; —2X, + X5 + X, + u(t)

=X4

S

« X
%1
Il
pad

X, = Xg =X+ X, — X5 — X,

S
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Assuming the output to be X, the output equation is,
y=2X
In vector-matrix form,
|_ 0O 1 0 O —| |_O_|
-2 2 1 1] |1

>.< = X4+ qu(t
o o o 1KFoMY
L 1 1 -1 —1J LOJ
y=[0 0 1 OJx
Writing the differential equations for contact,
d*x dx dx
L4+2—L 42X, — X, ——= =u(t
dt? dt N ®
dx, d’x, = dx,
——L X t+t—+—=+X%X-2-X%X=0
dt dt
dz dx,
X +—+Z- =0
dt dt
dz d?x dx,

Defining the state variables,

X, = X053 Xy = X3 Xg =X Xg = X Xg =25 Xg =25 X, =X, Xg =X,

Using the differential equations and the definitions of the state variables, we write the state equations.

X, =X,
)22 ==X —2X, + X, + X, +u(t)
X, =X,
x.4:x1+x2—x3—x4+x5+x7
Xs = Xq

Differentiating the third differential equation and solving for d’z/dt* we obtain,

d’z dx, dz d’x
Xe =2 = 0 T2
dt dt dt dt
But, from the fourth differential equation,
d’x, . dz _dx,

= =X, + 2
dt dt dt

—2X, = X3 + Xg — 2Xg — 2X,
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Substituting this expression back into X; along with the other definitions and then simplifying yields,

Xs = X, + X3 — 2Xg — 2%,
Continuing,

X; = Xg

Xg = X3 + Xg — 2%, — 2Xg
Assuming the output is X,

y=X
Hence, the solution in vector-matrix form is
[0 1L 0 0 OO0 O O] |[O]
-1 2 1 1 00 0 O] |1
lo o0 0o 1 00 0 ol lol
o111 a4 2101 ol ol
X=| X+| _Ju(t)
| O 0 O O 01 o | | |
| 0O 0 1 1 0 0 -2 —2| | O|
| O 0 O O OO0 0 1 | |O|
/0 0 1 0 01 -2 -2] |0O]
y:[O 01 0 00O O]X

24.
Writing the equations of motion,

d? d d
dtygf ( + fvh)i + Khyf - fvh% - Khyh = fup(t)

dy d’y
Tt WM

_Ksyh + (Ks + Kave)ycat =0

dy
_fvh + fvh th +(Kh + Ks)yh - Ksycat =0

The last equation says that
KS

(K, +K

ave )

ycat = yh

Defining state variables for the first two equatlons of motion,

X =Y X =Y X3 =Y1, X4 —Yf

Solving for the highest derivative terms in the first two equations of motion yields,
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d’ f f.)d

{f :_( Vf+ Vh) yf _ﬁ f+h%+ﬁyh+ifu (t)
dt M, dt M, TTM dt MM,
dzyh :Ldldyf +£h'y _Lﬂ%_Lh_SlK +K y +£S.y

di? M, dt M, " M, dt M, "M

Writing the state equations,

X, = X,
X, =MX4+ﬁX3—hXZ—MXl+£LX1
M, M, M, M, M, (K +K,.)
X, = X,
f.o+f K f K 1
X, Z—MX4——hX3+—VhXZ +—Lx +—f, (1)
M; M; M M, M,

The output is Yy - Year- Therefore,

KS Kave

— — =y — = X
P T R ) T (K K

Simplifying, rearranging, and putting the state equations in vector-matrix form yields,

r 0

2 Pron
2
I ) e K L
| Ivlh (Ks+Kave) Ivlh Mh Mh |
X=| 5 0 0 1 |x+| 0 If,@)
Ky o Ky (Fu+ f) LAJ
L Mf Mf Mf Mf J Mf
K 00 wa
YK+ Ko ]

Substituting numerical values,

[0 1 0 o1 [ 0 ]
|—9353 -14.29 7692 1429 | | o |

X = X+ f,(t)
o 0 0 1 Tl o |
L406 7.558 —406 —9.302J Lo.o581 J

y=[0.9491 0 0 O



FOUR

Time Response

SOLUTIONS TO CASE STUDIES CHALLENGES

Antenna Control: Open-Loop Response

The forward transfer function for angular velocity is,

®(s) 24
G(S) = Vp(s) = (5+150)(s+1.32)

a. op(t) = A + Be150t + Ce-1.32t
_ 24
s2+151.325+198
24 B
s(s2+151.325+198)

b. G(s) = . Therefore, 2Cwon =151.32, op = 14.07, and ¢ = 5.38.

C. w(S) =

24 =0,12121 Ly oomiotel —1__ —pazoes 1
£(s+ 150) (=+ 1.38) = =+ 150 s+ 1,32

Therefore, mg(t) = 0.12121 + .0010761 e 150t - 0,12229¢-1:32t,

d. Using G(s),
0y+151.32 0, + 198, = 24V, (1)
Defining,
X; = @
X, = a;o

Thus, the state equations are,
X, = X,
X, = —198x, —151.32x, + 24V (t)
y=X

In vector-matrix form,

. To 17 1ol
X=|_108 15132 |24 @Y =[t 0K
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€.

Program:

"Case Study 1 Challenge (e)*
num=24;

den=poly([-150 -1.32]);
G=tf(num,den)

step(G)

Computer response:
ans =

Case Study 1 Challenge (e)

Transfer function:
24

sh"2 + 151.3 s + 198

Step Response
014 T T

Amplitude

0 | 1 | 1 |
0 0s 1 15 2 25 ) 35 4 4.5

Titne (3ec)

Ship at Sea: Open-Loop Response
a. Assuming a second-order approximation: mp?2 = 2.25, 2Cwp = 0.5. Therefore ¢ = 0.167, o = 1.5.

TU
=16, Tp=—F7— =2.12;

4
Tg=——
S omn[1-C2

Con
2
%05 = ec™ / \[1-¢° x 100 = 58.8%; wn Ty = 1.169 therefore, Ty = 0.77.
b.6(s)= 2.25 -1 _ s+05
s (s2+4055+225) S s2405s +2.25

(s +0.25)+—0.25 > 1875

2.1875
(s +0.25)2+2.1875

D |
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(s +0.25)+0.16903 -1.479
(s +0.25)2+2.1875

=1_
S

Taking the inverse Laplace transform,
0(t) =1 - e0-25t (c0s1.479t +0.16903 sin1.479t)

c

Program:

"Case Study 2 Challenge (C)*
l(a)l

numg=2.25;

deng=[1 0.5 2.25];
G=tf(numg,deng)
omegan=sqrt(deng(3))
zeta=deng(2)/(2*omegan)
Ts=4/(zeta*omegan)
Tp=pi/(omegan*sqrt(l-zetan™2))
pos=exp(-zeta*pi/sqrt(l-zetan2))*100
t=0:.1:2;

Ly.t]l=step(G,t);
Tlow=interpl(y,t,.1);
Thi=interpl(y,t,.9);
Tr=Thi-Tlow

I(b).

numc=2.25*[1 2];
denc=conv(poly([0 -3.571),[1 2 2.25]);
[K,p,k]=residue(numc,denc)
I(C)I

[y.tl=step(G);

plot(t,y)

title("Roll Angle Response®)
xlabel ("Time(seconds) ™)
ylabel ("Roll Angle(radians)”)

Computer response:
ans =

Case Study 2 Challenge (C)

ans =
@

Transfer function:
2.25

s"2 + 0.5s + 2.25

omegan =

1.5000

zeta =

0.1667

Ts =

16



2.1241

pos =

58.8001

Tr

0.7801

ans =

()

0.1260
-0.3431
-0.3431

0.5602

-3.5700
-1.0000
-1.0000

1

ans =

©

0.1058i
0.1058i

1.1180i
1.1180i

Roll Angle(radians)

Solutions to Case Studies Challenges 77

Roll Angle Response

10 15 20 25
Time(seconds)
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ANSWERS TO REVIEW QUESTIONS

1.Time constant

2. The time for the step response to reach 67% of its final value

3. The input pole

4. The system poles

5. The radian frequency of a sinusoidal response

6. The time constant of an exponential response

7. Natural frequency is the frequency of the system with all damping removed; the damped frequency of
oscillation is the frequency of oscillation with damping in the system.

8. Their damped frequency of oscillation will be the same.

9. They will all exist under the same exponential decay envelop.

10. They will all have the same percent overshoot and the same shape although differently scaled in time.
11. ¢, op, Tp, %0S, Tg

12. Only two since a second-order system is completely defined by two component parameters
13. (1) Complex, (2) Real, (3) Multiple real

14. Pole's real part is large compared to the dominant poles, (2) Pole is near a zero

15. If the residue at that pole is much smaller than the residues at other poles

16. No; one must then use the output equation

17. The Laplace transform of the state transition matrix is (sl -A)'1

18. Computer simulation

19. Pole-zero concepts give one an intuitive feel for the problem.

20. State equations, output equations, and initial value for the state-vector
21. Det(sl-A) =0

SOLUTIONS TO PROBLEMS

1.
a. Overdamped Case:
9
Ce) = s(s2 + 9s + 9)

Expanding into partial fractions,

9 01 1171
Cls) = =¥ -

|
S(5+7854)5+ 11d6) & 15+7854) (541 148)

Taking the inverse Laplace transform,

c(t)=1+0.171 e 7-854t _ 1 171 ¢-1.146t
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b. Underdamped Case:

g KI K25+K
Cig)= > :S—+ 273
s(s” + 35+ 0) (87 + 35+ Q)
Q
(8" + 35+ 0)
55— 0

K5 and K3 can be found by clearing fractions with K1 replaced by its value. Thus,

9= (s2+3s+9) + (Kos + K3)s
or

9=52 +35+9 + Kos2 + Kgs
Hence Ko = -1 and K3 = -3. Thus,

o) 1 S +3
sy -— - -
s (52+38+9}
1 e 3! 7
Etsjzs—_ -
7.2 27 3.2 27
g+ 4 R Rt
{ 2')+4 { ! 3
3
':5"'1\.' \/:'_ E
Cis) 1 27N
g1= — - -
: ':"'3\.'22 (5+3’32£
27y 2%
%t 23y
cith=1-8 © cos %t S e 2 g [21,
N ;

ct)y=1- % g31/2 cos(\/% t-¢)

=1-1.155e 15t cos (2.598t - ¢)

where

3
= = )= 0
¢ =arctan ( ,—27) 30
c. Oscillatory Case:
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Cisi=
s(s +0)
) g |<I KQS +I<3
Clsi= 7 e R
sg™eg) B (5°+ )

The evaluation of the constants in the numerator are found the same way as they were for the

underdamped case. The results are Ko = -1 and K3 = 0. Hence,

g

I:SE+ =)

1
Cis= -
Therefore,

c(t)=1-cos 3t
d. Critically Damped

Cls) = 29
s(g + B+ Q)
K K K
Cis) = Eg— = —1 + Z 3 + 3
5
5(g + G5+ 9 (5+3] (3+3)
The constants are then evaluated as
_ d _ o d
K1_2—_]-K2 = — =—3. . =_[:i)=_1
(s + s+ 9) : g ;% dsts
50 5 -3 s—+ -3
Now, the transform of the response is
1 z 1
Cls) - 2'5' _ _ — -
5
s(g + 65+ Q) (5+3] (5 +3)
c(t)=1-3te3t- g3t
2.
a. C(s)=ﬁ =% % . Therefore, c(t) = 1 - e,
AIso,T=% ,TF% =% =0.44, TS=§ =§ =0.8.
b C(S):s(si%O) =% 's+120 . Therefore, c(t) = 1 - e20t, AIso,T=2—10 ,
1,22 22 Jopy 4 L4 o,



Program:

O%

num=5;

den=[1 5];
Ga=tf(num,den)
subplot(1,2,1)
step(Ga)
title(C"(@) ")

- (b) -

num=20;

den=[1 20];
Gb=tf(num,den)
subplot(1,2,2)
step(Gb)
title(C"(B)")

Computer response:
ans =

@
Transfer function:

(b

Transfer function:
20

(&) (k)

05 1

06 1

Amplitude
Amplitude

04} :

|:| 1 |:| 1 1
0 0.3 1 0 0.1 nz 0.3

Time (=zec) Time (=zec)

Solutions to Problems 81
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4,
1
. . Vc(9) Cs 2 _ 5 10 5 5
Using voltage division, Vi(s) = T = (5+2) . Since Vj(s) =3 , Ve(s) :5(s+2) =5 "2 -
(R+Cs)
1 22 2.2 4 4
Therefore ve(t) =5-5e2L Also, T=5 , Ty=— =5 =11, Ts=7 =5 =2.
2 a a 2
5.
Program:
clf
num=2;
den=[1 2];
G=tf(num,den)
step(5*G)
Computer response:
Transfer function:
2
s + 2
Step Response
5 . . ///__,
4k
z 7
=
z
2_
ey
1 -
0 A . . .
1] 0.5 1 1.5 2 25 3
|.-q—|7-'.. Time(secs)
T1,=1.1 sE05
*I—I-T
T=05sex
rauk -
T, = 2secs
6.

Writing the equation of motion,

(Ms® +8s)X(s) = F(s)
Thus, the transfer function is,



X(s) 1
F(s) Ms”+8s

Differentiating to yield the transfer function in terms of velocity,

sX(s) 1 1/M

Fs) Ms+8 , 8
M

Thus, the settling time, T, and the rise time, T,, are given by

T2 _lw 122 _go7sm
8/M 2 8/M

Program:

CIf

M=1

num=1/M;
den=[1 8/M];
G=tf(num,den)
step(G)

pause

M=2

num=1/M;
den=[1 8/M];
G=tf(num,den)
step(G)

Computer response:
Transfer function:
M =

Transfer function:

Solutions to Problems

83
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Amplitude

Amplitude

014 —— System G T T

012 S s e e e T S

R Lt

0.08 fr=-=-tgfmmammm-

0.0 thmmofboadeees

.04

002 ff----r----- 1mee--

|
] 04 0z 03 0.4 0s 0E 07
Titme (zec)

From plot, time constant = 0.125 s.

hi=2
014 —— System: G
| _ _ Settling Time (sec): 0.973 L_ e — -

02 e o= = [ NPl e =N

| System: G

(S e EE L=t -
| Rize Time (sec): 05449

.03 e REEEEEEE [im=----mmmmm e

QI ISS ARERRS— oo Lo
I ‘

0.04 s e e
o ‘

I:I.I:Iz' ------------ ':-'l ----------- r' ---------------
ol L :

0 05 1 15

Time (zec)

From plot, time constant = 0.25 s.

a. Pole: -2; c(t) = A + Be 2t first-order response.

b. Poles: -3, -6; c(t) = A + Be 3t + Ce 6t overdamped response.

c. Poles: -10, -20; Zero: -7; c(t) = A + Be 10t + Ce-20t: gverdamped response.



10.

11.
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d. Poles: (-3+j3/15), (-3-j3\/15 ) ; c(t) = A + Be3t cos (3\/15 t + ¢); underdamped.
e. Poles: j3, -j3; Zero: -2; ¢(t) = A + B cos (3t + ¢); undamped.

f. Poles: -10, -10; Zero: -5; c(t) = A + Be 10t + Cte-10t: critically damped.

Program:
p=roots([1 6 4 7 2])

Computer response:
p =
-5.4917
-0.0955 + 1.0671i

-0.0955 - 1.0671i
-0.3173

G(s)=C (sI-A)1lB

[8 -4 1] [1]
A=l-3 2 o0lB=I3

5 7 -9 [7]

[(s* +7s-18) —(4s+29) s-2) |
~(3s+27) (5° +s-77) -3
5s—31 7s—-76  (s°—10s +4)J

;. C=[2 8 -3]

1
s®—s?-91s +67

sl-A)" =

5s% +136s—1777
s°—s?-091s+67

Therefore, G(s) =

Factoring the denominator, or using det(sl-A), we find the poles to be 9.683, 0.7347, -9.4179.

Program:

A=[8 -4 1;-3 2 0;5 7 -9]
B=[1;3;7]

C=[2 8 -3]

D=0
[numg,deng]=ss2tf(A,B,C,D,1);
G=tf(numg,deng)
poles=roots(deng)

Computer response:
A -

8 -4 1
-3 2 0]
5 7 -9

1
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N NW

0

Transfer function:
5 s”2 + 136 s - 1777

sN3 - s™N2 - 91 s + 67

poles =
-9.4179
9.6832
0.7347
12.
Writing the nod ion at th itor, Ve(s) (e +L + cg) + LV
riting the node equation at the capacitor, V¢(s) (R2 s S) R1 =
1
Vc(s) R1 10s _ 10
Hence, V(s) _i+i+i+Cs = 242054500 . The step response is 242054500 .The poles
R;1 "Ry " Ls
are at
-10 + j20. Therefore, vc(t) = Ae"10t cos (20t + ¢).
13.
Program:
num=[10 0];

den=[1 20 500];
G=tf(num,den)
step(G)

Computer response:

Transfer function:
10 s

s”h"2 + 20 s + 500
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Ztep Responze
03

023+

n2r

NN

01y

Amplitude

005

-00a b

_|:|1 1 1 1
a 0.1 nz 0.3 0.4 0.3 0.6

Time (zec)

14,
. - X(s 1 1
The equation of motion is: (Ms2+fys+Kg)X(s) = F(s). Hence, F((s)) = M2 fotKe — 24915
Vv S
1,1
The step response is now evaluated: X(S) = — = —— _15 & =
P resp ' T s(s2+s+5) S (s +l)2 A2
2/ "4
1 1 1 3[19
5*2) Y5 1e 2
1 19
(s+5)? +74

V19 . 1 419

. . 1 1 .
Taking the inverse Laplace transform, x(t)=§ 5 e0:5t (cos 2 t+\/1_9 sin =5 t)

1 5 19
= g[l - 2\/1:9 e0-5t cos (3ZEt - 12.920)} :

15.
on? 1 s+2Gen 1 s + 2Con
Ce) =2, o) T a2t 0?2 T s 2. 2 2 2
s(s+2Cwnstonp®) se+2LmnSton (s+Cmn)* + on® - Cfonp
Con
(s+Con) + — == o1~ 2
1 (s + Con) + Con 1 o\1-C
~s ~s

(s+Con)? + (om\1 - 2)2 (s+Con)? + (o1 - )2

Hence, c(t) = 1 - e{“’"‘[cos oyl -t + ﬁsin oY1 - gzt]
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16.

17.

=1- edopta [1+ 2 cos (on\1-¢2 t-¢)=1- efé‘ﬂt\/—C cos (on\1-¢2 t-¢),
] é

where ¢ = tan-1
o M2 2

2
9%0s = e¢™ / \[1-¢° x 100. Dividing by 100 and taking the natural log of both sides,
%0S

2 (4500
In (/f(?os )= ,—2 . Squaring both sides and solving for (2, (2 = m . Taking the
ne +1In% (oo
%0S
. - In (Fog)
negative square root, = TR
72 + In2 (100)
a.
Cis] = =t
) slx+ E)
clf)=41-_1_
(=) 5 F+ 8
-r.'l:t:l—l—.s*_H
b.
Cls] = ]
(=) s[5+ 3] [+ E)
o =21_3_1 435 1
(] 18 s 9432 18485
_5_5,.-3t 5 .-6&¢
=55 vyt
c.
Cis) = 100+ 7)
5[5+ 10) (= + 20)
Crs)=+L 143 1 _13_ 1
(=] 2':'5 10 s+ 10 20 5420
_ 1 —10¢_ 13- 208
2 (%) +1IZIE aE
d.
Cls) = 20
5{52+Es+ 144}
=+ B

Clfl=2l_3 __ %%
B=5%s ¥ slyess 144
[=+ 2]+ 4135

-5 4135

31
¥ 3 [ra3Ps138
3 -

a[f] = = 35_ t[cns[,' 155 ] £+

zinl125] t]

4135



18.

19.

20.
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e.
F+ 2
Cls
I::I 5{55'-'+EI:I
-2+ 19
Cisl=2141
A e
-85+ 3.3
Cg:gl+l
B =525 2.3

2t = %—(% cos. 31— % sin.Stj

f.
s+ 50
l:[:5:]=—2
£+ 10)
Crs)=Ll1_ 1 _1 ,1_ 1
[‘:] 20+ 2 s410 2[5_'_ 1|:|:|2

-1 _ 1 —10¢ 1, -10¢
-.f.'l:t:l_E EIIIE +2te
a. N/A

b. s2+9s+18, w2 = 18, 2Len, = 9, Therefore ¢ = 1.06, wp = 4.24, overdamped.

¢. s2+305+200, wn? = 200, 25wp = 30, Therefore { = 1.06, wp = 14.14, overdamped.
d. s2+65+144, op2 = 144, 2Cwn = 6, Therefore £ = 0.25, op = 12, underdamped.

e. 5249, o2 = 9, 2Cwp = 0, Therefore £ = 0, wp = 3, undamped.

f. s2+20s+100, wp? = 100, 25on, = 20, Therefore ¢ = 1, wp = 10, critically damped.

50
s+50) + A\[7500
X(s) = 1002 _1 _ s+100 1 _(st50)+50 1 _( ) A[7500
" 5(s2 +100s+1002) TS (s+50)2+7500 S (s+50)2+7500 ~ S (s+50)2+7500
Therefore, x(t) = 1 - e™50t (cos /7500 t + 0 _ i A\[7500 t)

7500
2 1
-1 .= o-b0t _tan-l—
1 \/§ e COosS (50’\/§ t-tan \/§ )

T
=2.6675; Tp=——— =

4
a. on? = 16 1/s, 2w = 3. Therefore £ = 0.375, on = 4. Ts=7— 1.2
On -

Con
[ 2
0.8472 5; %05 = e 6T / \[1-C” x 100 = 28.06 % , Ty = (17663 - 0.417¢%+ 1,039 + 1) = 1.4238;

therefore, Ty =0.356 s.
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T
=400s; Tp=—— =

b. on2 = 0.04 r/s, 25en = 0.02. Therefore ¢ = 0.05, wp = 0.2. Ts = e
On -

4

Con
2

15.73'5; %05 = eCT / \'1-6” x 100 = 85.45 %; @, Ty = (1.76° - 0.417¢2 + 1.039¢ + 1); therefore,

Tr =5.26s.
4

¢. on? = 1.05 x 107 r/s, 2Lon, = 1.6 x 10°. Therefore ¢ = 0.247, wp = 3240. Tg = _C(D =0.005s; Tp=
n

T 2
——— =0.00Ls; %05 = e / \[1-C" x 100 = 44.92 %; on T, = (1.76C%- 0.417¢2 + 1.039C +
on\[1-¢2

1); therefore, Ty = 3.88x10% s.

21.

Program:

- (a) -

clf

numa=16;

dena=[1 3 16];

Ta=tf(numa,dena)

omegana=sqgrt(dena(3d))
zetaa=dena(2)/(2*omegana)
Tsa=4/(zetaa*omegana)
Tpa=pi/(omegana*sqrt(l-zetaan2))
Tra=(1.76*zetaa”3 - 0.417*zetaa”™2 + 1.039*zetaa + 1)/omegana
percenta=exp(-zetaa*pi/sqrt(l-zetaan2))*100
subplot(221)

step(Ta)

title(C"(@) ")

“(b)"

numb=0.04;

denb=[1 0.02 0.04];

Th=tFf(numb,denb)

omeganb=sqrt(denb(3))
zetab=denb(2)/(2*omeganb)
Tsh=4/(zetab*omeganb)
Tpb=pi/(omeganb*sqrt(1-zetab”2))
Trb=(1.76*zetab”3 - 0.417*zetab”2 + 1.039*zetab + 1)/omeganb
percentb=exp(-zetab*pi/sqrt(1l-zetab”2))*100
subplot(222)

step(Th)

title(C"(b)")

“(©)"

numc=1.05E7;

denc=[1 1.6E3 1.05E7];

Tc=tf(numc,denc)

omeganc=sqgrt(denc(3))
zetac=denc(2)/(2*omeganc)
Tsc=4/(zetac*omeganc)
Tpc=pi/(omeganc*sqrt(1l-zetac”2))
Trc=(1.76*zetac”3 - 0.417*zetac”2 + 1.039*zetac + 1)/omeganc
percentc=exp(-zetac*pi/sqrt(l-zetac”2))*100
subplot(223)

step(Tc)

title(C"(©)")

Computer response:
ans =

@



Transfer function:

16

s"2 + 3 s + 16

omegana =

4

zetaa =

0.3750

Tsa

2.6667

Tpa =

0.8472

Tra

0.3559

percenta =

28.0597

ans =

()

Transfer function:

0.04

s”"2 + 0.02 s + 0.04

omeganb =

0.2000

zetab =

0.0500

Tsb =

400

Tpb =

Solutions to Problems 91
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15.7276

Trb =

5.2556

percentb =

85.4468

ans =
©

Transfer function:
1.05e007

s”2 + 1600 s + 1.05e007

omeganc =

3.2404e+003

zetac =

0.2469

Tsc

0.0050

Tpc =

0.0010

Trc =

3.8810e-004

percentc =

449154



Amplitude

Amplitude

22.

(k)

Amplitude

Time (zec) Time (zec)

Time (zech., 4™

Program:

T1=tf(16,[1 3 16])
T2=tf(0.04,[1 0.02 0.04])
T3=tF(1.05e7,[1 1.6e3 1.05e7])
Itiview

Computer response:
Transfer function:

sN"2 + 3 s + 16

Transfer function:
0.04

sN"2 + 0.02 s + 0.04

Transfer function:
1.05e007

s™2 + 1600 s + 1.05e007

a00

Solutions to Problems 93
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Step Response

1 4 T T T T T T
12+ | System: T1 7
| Peak amplitude: 1.28
=g Cwershoot (%) 28 _— - .
: : T _-! At time (=ec): 0.54 " System: T1
- | System T1 [ Settling Time (sec: 2.55_
E | | Rize Time (zec) 0.357 |
.I_l 1 1 I 1
950 0 | I
o4kl I I I J
| I I I
I:IE L 1 1 1 1 a
I I I
|:| I II I 1 1 1 I 1 1
1 ns 1 15 2 25 3 35 4
Time (=sec)
Step Response
2 T T T T T
. System: T2
| Peak amplitude: 1.85
1.5 k| Overshoot (%) 853 i
| A&t time (sec) 16
o | System: T2
= ! Seftling Time (zec): 380
+= 1 | ol 3y g P R - = t=3 - o = B R S
Q ] 1
5 System: T2 |
Rize Time (sec) 5.34 I
osh |l W - |
I
I I
|:| I I 1 1 1 I 1 1
1] 100 200 300 400 00 GO0

Time (zec)
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Step Responze

, System: T3

Peak amplitude: 1 .45

v Owershoot (%) 44 9
|

At tine (sec) 0000995

L - , o System: T3
o | | System: T3 | Settling Time (sec) 0.00436
% i i RiselTime (secy 0.00039 i
S F T ;
e O A T [ 7
L |
0o |
I |
okl | | 1 1 I | I I
0 1 2 5] 4 B 5] 7
Time (zec) * 10--‘
23.
%0S
-In (700 4
a.c= ~o5 = 0.6, on =7 =11.92. Therefore, poles = -Con + jcon\/ 1-c2
T2 +1In2 (50)
= -6.67 + j9.88.
| %0S
b, (= —— " 100 0.591 E— -0779
. = 0 = . , (Dn = —2 = . .
72 + In2 (—/f(()jos) TPVI-C
Therefore, poles = -Con * jon\/1-¢2 = -0.4605 + j0.6283.
c. Con :Tis =0.571, op\1-¢2 = Tﬂp =1.047. Therefore, poles = -0.571 £ j1.047.
24,
4 -In(12.3/100
Re=—=4; (= = ( = ) =0.5549
T, V7% +1n?(12.3/100)
Re =w, =0.55490, =4; . w,=7.21
Im=w,y1-¢°=6
2
w 51.96
~G(S)== a > ==
S"+2{w, s+ w, s +8s+51.96
25.

a. Writing the equation of motion yields, (3s” +15s +33)X(s) = F(s)
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Solving for the transfer function,

X(s) 13
F(s) s*+5s+11
418
b. op2 = 11 /s, 2Len = 5. Therefore ¢ = 0.754, o = 3.32. Tg = - 16, Tp=—""F7— =144
Con o\ 1-¢2

[ 2
5: %05 = eCT I \1-C% x 100 = 2.7 %; @, Ty = (L.76¢°- 0.417¢%+ 1.039¢ + 1); therefore, T = 0.69
S.

26.
Writing the loop equations,
(s%+s)01(s)-5 0,(s)=T (s)
-5 0,(s)+(s+1)0,(s) =0
Solving for 65(s),
[52 +s T (s )]
-s 0 T
0,(5) = =16
s2+s s S +s +1
[ -S s+1 ]
Forming the transfer function,
0,(s) - 1
T(s) s%+s+1
Thus op = 1, 2Lop = 1. Thus, £ = 0.5. From Eq. (4.38), %0S = 16.3%. From Eq. (4.42), Ts=8
seconds. From Eq. (4.34), Tp = 3.63 seconds.
27.
(s+2) + 4.532
_ L 4,532

24.542 1 s+4 1
S s

T (s +4s+24582) s (s+2) +20542 (s +2) +20.542

Thus c(t) = 1 - et (cos4.532t+0.441 sin 4.532t) = 1-1.09e"2t cos(4.532t -23.80).

b.
245 .42 _1_pganzg_ 1 070971s+ 57418

slz+ 10)(s% + 45+ 24.648) 5 s+10 22445424542
245,458 =1l_pgeagzg_1 _ 070971 s+ 5.7418

siz+ 10052+ 45+ 24.648) 5 410 o4 2)2 4+ 20,542

0.70a71 (r+ 2]+ L3223 fonGqz
245,42 1_ 0.29029 1 _ J 20,542
=

Fls+ 101 (52 + 45+ 24.542) s+ 10 [£+ 2% + 20,542




28.

29.
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245,42 _1_pngangg_ L _ D70971(s+ 5+ 095357 /20548
slz+ 10)(s2 + 454 24 542) 5 s+ 10 [s+ 2)2 + 20,542

Therefore, c(t) = 1 - 0.29e"10t - ¢-24(0.71 cos 4.532t + 0.954 sin 4.532t)
=1-0.29e"10t - 1,189 cos(4.532t - 53.349).

C.
1 0.13926 - 2.860°7
+

F+3 sy dar+ 24548
012926 (s + 2] - 21333 fan 542

T3 E2E =1_1.1383
s(r+ 3 {2+ dr+ 245a2) F

T3 EEE =1l_11z92_1 . 20,542
sis+ {2+ do+ 24543) T s+3 [£+ )2+ 20,542

73,626 _1_qq393 1 , 0.13926(s+5)- 06926420542
slr+ 32+ 454+ 24 542) 5 F+3 [r+ 2)¢ + 20,542

Therefore, c(t) = 1 - 1.14e-3t + e2t (0.14 cos 4.532t - 0.69 sin 4.532t)

=1-1.14e"3t + 0.704 cos(4.532t +78.539).

Since the third pole is more than five times the real part of the dominant pole, s2+1.204s+2.829

determines the transient response. Since 2lwp = 1.204, and o = \/2.829 = op = 1.682, £ = 0.358,
—aidi=s? 4 T
%O0S=e "1 x100 = 30%, Ts=+— =6.645ec, Tp=——7== = 2seC; onTy = L4,
Con mn«“_CZ

therefore, T, = 0.832.

a. Measuring the time constant from the graph, T = 0.0244 seconds.

3k i
@ 2r ——
]
&
1k i
OI
0 0.05 0.1 0.15 0.2 0.25
L Time(seconds)
>

T = 0.0244 seconds
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L . K K
Estimating a first-order system, G(s) = S+a-But.a = 1/T =40.984, and e 2. Hence, K = 81.967.

Thus,
81.967
G(s) = 5+40.984

b. Measuring the percent overshoot and settling time from the graph: %0S = (13.82-11.03)/11.03 =

25.3%,
251 l
201 l
[<5]
% 15 Cmax = 13.82 _
2 Cfinal = #1.03
© oF // ———] ]
5k i
0
0 1 2 3 4 5
Time(seconds)
g |

Tg =262 seconds

and Tg = 2.62 seconds. Estimating a second-order system, we use Eq. (4.39) to find { = 0.4, and Eq.

K 5 . Since Cfinal = 11.03, wan = 11.03. Hence,

(4.42) tofind on =3.82. Thus, G(s) = 7550 | 07

K = 160.95. Substituting all values,

160.95
G(8) = $2:3.0565+14.59

¢. From the graph, %0S = 40%. Using Eq. (4.39), £ = 0.28. Also from the graph,
T
T =———= = 4. Substituting { = 0.28, we find ®, = 0.818.
p a)n ’1_;2

Thus,
K 0.669

s242Cons *on?  §% + 0.4585 + 0.669

G(s) =
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a.
F+ 3 3

s+ 2:|Iisz+ I+ ID:I 20

1_1 1 1 Tr+ 31
&

1€ sr2 B0 3]2 31
(=+37 %
s+ 21+ 73638, 2L
1.1 1 _1 (s+3)+ i
AN G BT

s+ 3 3
slr+ &) {52_,_ 25+ ID:I 20

Since the amplitude of the sinusoids are of the same order of magnitude as the residue of the pole at -

2, pole-zero cancellation cannot be assumed.

> s+ 25 _11_1 1 _ 1 2+ 14
s(r+ E)(s2 + 45+ 20) s Bsrz M Zigcezn

s+ 25 _ 1 1_1 1 _1 3|:E+2:|+2.1|'E
s(r+ E)(s2+ 44+ 20) e Bdzrz # (s+ 2%+ 16

Since the amplitude of the sinusoids are of the same order of magnitude as the residue of the pole at -

2, pole-zero cancellation cannot be assumed.

C.
s+ 2.1 ozl ooo7iasg 1 DE0EES5s+ 0.21714
5[5+2:|I:52+5+5:I 3 F+E 24 15+5
020226 s+ 14 00520932, /12
Fral =021 lonooriass 1 - E ?j E
5[5+2:|I:52+5+5:I 3 F+E [5.,.%)24.%4_9

Since the amplitude of the sinusoids are of two orders of magnitude larger than the residue of the pole
at -2, pole-zero cancellation can be assumed. Since 2Cmp = 1, and op, :\/?3 =2.236, £ =0.224,

oA 4
%0S = e ¢ 3100 = 48.64%, To=g =8secTp :wnL\/l-_Cz = 1.44 sec; o Ty = 1.23,

therefore, T, = 0.55.

d.
s+ 201 _ ooE0ss L ooooagnie L D0488935+ 0.25018
s(z+ ) (s + G4 20) 5 £+ I:;.,.%j:.,.f:‘_ﬁ
0049393 s+ 3+ 0.03353, 32
s+201 = 005026 L - ooo0sE71a 1 I: 2) 4
5[5+2]I:52+55+2D:I £ £+ 2 |:5+%)2+5:1_5

Since the amplitude of the sinusoids are of two orders of magnitude larger than the residue of the pole

at -2, pole-zero cancellation can be assumed. Since 2{mp = 5, and op = \/ﬁ) =4.472, £ =0.559,
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%0S=e " x100=12.08%, Ty= 7 =16 560, T =—7—

=0.847 sec; onTr =
on o 1'C2 ntr

1.852, therefore, Ty = 0.414.

31.
Program:
%Form sC(s) to get transfer function
clf
num=[1 3];
den=conv([1 3 10],[1 2]):
T=tf(num,den)
step(T)
Computer response:
Transfer function:
s + 3
sN"3 + 5 s + 16 s + 20
Step Response
0.i8 T T T
0.AdF T
0135
o1z 7
[ak]
3 ol 1
=
E om[ T
T
o [ T
o T
002 —+— 7
0 s
1 I N A
i 0.8 i 15 2 25 3 is Il
. The e
T =061 secs
e I
TP=1.31 SBCg
—al -~
T5= 18 secs
(0.163 - 0.15)
%0S = 0.15 =8.67%
32.

Only part ¢ can be approximated as a second-order system. From the exponentially decaying cosine
the poles are located at S, , = =2+ j9.796. Thus,



33.
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- ——=2¢ T = -
IRe| ~ 2 P im] ~ 9.796

Also, @, = ¥2?+9.796* =10 and fw, = |Re| = 2. Hence, ¢ =0.2, yielding 52.66 percent
overshoot.

a.
1 ./3375
M) Cayls) 1 _ 375 _ 01721343375 _ 0.17213-5.8095
168)=———= = =

s2+35 +36 (s +15)2+33.75 (s +1.5)2+33.75 (s +1.5)2+33.75
Taking the inverse Laplace transform

Ca1(t) = 0.17213 e-1-5t sin 5.8095t

1 g5+1
() Cajy(s)s = 2 =11 _18 6 -
s (32+35 +36) 18s $2+35+36

i [S N §]+ 0.083333 f33 75

11 18 2 33.75
18's [s +§]2+33.75
2
0.055556 [s +§]+o.014344J33.75
=0.055556 L — 2

s s +§]2+33.75
Taking the inverse Laplace transform

Ca2(t) = 0.055556 - e"1-5t (0.055556 cos 5.809t + 0.014344 sin 5.809t)
The total response is found as follows:

Cat(t) = Ca1(t) + Can(t) = 0.055556 - e~1-5t (0.055556 cos 5.809t - 0.157786 sin 5.809t)

Plotting the total response:

013 1+

b.
(1) Same as (1) from part (a), or Cp1(t) = Ca1(t)

(2) Same as the negative of (2) of part (a), or Cp2 (1) = - Ca2(t)
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The total response is

Cht(t) = Cp1(t) + Cpo(t) = Ca1(t)- Can(t) = -0.055556 + e-1-5t (0.055556 cos 5.809t + 0.186474 sin

5.800t)

Notice the nonminimum phase behavior for Cp(t).



Solutions to Problems

34.
1
‘ 10 = P
s2+3s+10
Unit Step Gain Transfer Fcn Scope
1 I
—>{ 10 p 4
> s2+3s+10
- Gainl Saturation 1
Unit Stepl 0.25 volts Transfer Fcnl Scopel
1
—% 10 P # P
> > s2 +3s+10
- Gain2 Saturation 2 Backlash
Unit Step2 0.25 volts Transfer Fcn2 Deadzone 0.02 Scope2

S=/e3

SB LLL ARE

103
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SE 000 AEE B

0.025

0.015 -

0.m

0.005

005

.01

0005 -

Time affset; 0

35.

[1 0] [-2 1] [(s+2) 1 1]

_SLO 178 5|7 3 +5)
Isl —Al=s"+7s+7

Factoring yields poles at -5.7913 and —-1.2087.
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[t o0l o 23] [s -2 -3]
sl-A=s0 1 ol-lo 6 5l=l0 (s-6) -5 |
00 1] [1 4 2] -1 -4 (s-2)]

sl —Al=s®-8s*-11s +8
b. Factoring yields poles at 9.111, 0.5338, and —1.6448.

x=(sl-A) L(xg +Bu)
-1
QR A R RS
234452421 5445
[s2+ 9] [#2 +5]

X =
BT+ 12575
[52+ 9] [#2 +5]
i = [1.2)x
_ 453 1052+ 45— 105
[#2+ 9] [+ 5]

x=(sl-A) 1(xg +Bu)

- ) T

i
[F+E][F+ 1] [F+0.58579] [+ + 3.4143]

5

[s+6] [s+ 1] [+ 0.58579] [5 + 3.4142]
2rds+2

[F+&] [F+ 1] [s+ 0.58579] [ + 3.4142]

3 = (1,0,00x

¥ = [[5+ B [=+ 1] [#+ I:I.].EEE'?EI] [=+ 3.4142]]

x=(sl-A) 1(xg +Bu) 1

N HEERA N AR
i+l

I:[ sle+2] ]
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40.

41.

Program:

i (s) = (0. 1)

E
=fl1 1 1_1
5] =[s2- +&: 2
¥(s) [25 5+ 1 25+2]
y[t]:%—e'h%e'“

x = (sl - A)}(x, + Bu)
(T1 0 0] [=3 1 OoTN'0] row\

e B

[ 1

| S5 +3)(s+5) +3)(s+5) |

« | |

| s(S+5) |

| w5
JEE P Y
| 15 6" 10 |
X(t)ZI é—ée_ I
[ 575

2 2
yt)=[0 1 1] =" gef’t

A=[-3 1 0;0 -6 1;0 O -5];

B=[0;1;1];
c=[0 1 1];

D=0;

S=ss(A,B,C,D)

step(S)

Computer response:

X1l x2 X3
x1 -3 0
X2 0 1
X3 0 -5



42.

b =
ul
x1 0
X2 1
X3 1
C =
X1l x2 x3
yl 0 1 1
d =
ul
vyl 0

Continuous-time model.
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Step Responze

0.4 -
n=s
03
nzs
=
£ 02
£
n1a
0.4
n.os
|:| L
1] 0z
Program:
syms s
"
A=[-3 1 0;0 -6 1;0 0 -5]
B=[0;1;1];
c=[0 1 1];
X0=[1;1;0]
U=1/s;

I=[1 0 0;0 1 0;0 O 1];
X=((s*1-A)"-1)*(X0+B*U);
x1=ilaplace(X(1))
x2=ilaplace(X(2))
x3=ilaplace(X(3))
y=C*[x1;x2;x3]
y=simplify(y)

y(O-©

pretty(y)

Computer response:
ans =

a

0.4 0.5 0.5 1 1.2
Time (zec)

%Construct symbolic object for
%frequency variable "s”.

%Display label

%Create matrix A.

%Create vector B.

%Create C vector

%Create initial condition vector,X(0).
%Create U(Ss).

%Create identity matrix.

%Find Laplace transform of state vector.
%Solve for X1(t).

%Solve for X2(t).

%Solve for X3(t).

%Solve for output, y(t).

WSimplify y(t).

%Display label.

%Pretty print y(t).
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A =
-3 1 0
0 -6 1
0 0 -5
X0 =
1
1
0
x1 =

7/6*%exp(-3*t)-1/3*exp(-6*t)+1/15+1/10*exp(-5*t)
X2 =

exp(-6*t)+1/5-1/5*exp(-5*t)

X3 =

1/5-1/5*exp(-5*t)

y =

2/5+exp(-6*t)-2/5*exp(-5*t)

y =

2/5+exp(-6*t)-2/5*exp(-5*t)

ans =

y(t)
2/5 + exp(-6 t) - 2/5 exp(-5 1)

43.
A -A|=22+5)+1

M- A= (L +0.20871) (1 + 4.7913)

F=-020871

@ = - 47313
. [ﬂlE-u.zuantmﬁ-mmt ﬂEE-u.zuanamﬁe-q.mzt]

T age - D208TLE, g, o - 4TIRE g o - 020871 oo, - 479138

(5 EE)

3o [ -na0eriaye T DAETLE g 91300~ THEE g onary g e I A0ETLE 4 7913, 0 -4 TRIEE
d# —0,208714z e~ DR08TLE_ g q093 0y~ TMIE _ponarg gy o ~D2UETLE_ 4 7017 4,0 — 4 7R1EE

d o _f - 4TMIA-0.208T1A; - 47913 Ag - 0.20871 A5
0T _47913 49 - 0.20871 47 - 4.7913 Ag - 020871 A7

Therefore,

Aa + A1 Ag + A5 =|:1u:|
Aq + Az Az + A7 01
[—4.?913#[2—0.20:3?1#[1 —4.?913-45—D.203?1ﬂ,5]=[ 1] 1 ]

-4 791344 - 020871 Az —-4.7913 Az - 0.205871 A7 -1 -4
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Solving for Aj's two at a time, and substituting into the state-transition matrix

e | toasse = D208LE g passas e 973 E g gqa0p .~ 20BTLE_ g g1ggp o -9 TILEE
—0.21822e ~020ETLE L g aygon o~ T3 E g ageag o - D20ET1E L g pagg o - TP13E

To find x(t),

r=%Fa
oo | toasse=02087LE_goasses o 9 TIE g ogggy e 0NETIE g gygpp -4 IRISE ][lj
—n21eaa e~ A0ETLE g agg00 o = TIE g pas5as o - D208T1E g pas5 o — 4713 E LD
oo | toasse=020ETLE_ g passas e - 7RIS ]
—n21ea e~ B20ETLE g agp00 o — TR E

To find the output,
i o= [L.2)a

020871 -4, 7913
1.0455 ¢ —-0.045545 ¢
y o= [1,2][ ]

— 021822 ¢~ D208TLE | g 29507 o — 977130

y = [ 060911~ 0208718, 0 2angg . —4.79138)

I
.?Lf—d—[l 1]

44,

A-Al=22+1
_ [#ll cos[¥] + Az sin[¥] As cos[E] + g sin[#] ]
T LAz cos[E] + Aq sin[E] A7 cos[E] + Az sin[E]
d I’ [F‘lg cos[E] - A1 sin[#] Ag cos[E] - As sin[#] ]

ar L Aqcos[#] - Az =in[#] Ag cos[#] - A7 =in[#]
=" As
q:” ) [ﬂz ﬂ?]
—[H2 Hg
%0 = (1 &

Solving for the Aj's and substituting into the state-transition matrix,

_ cos[¥] sin[i]
* _[—Ein[t] cos[E] ]

To find the state vector,

i
r:f (E[-r]Bu[r])dr
]
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[cni(t—t) zinig—1) ][Ul]:lch:

—zinE-1) cosE-1)

“J'
Dt

e [ (2 Y)a
]

r:f
t

o A

-1 =|§'|'
(2
T [l_sicnntil[ﬂ]
=[2,E]x

i
_ 1-co=s[#]
oy =3 2][ Sin[2] J

gy = [— Jcos[#]+ 2=inff] + 3)
45,

- A= (L +2) (A +0.5-2.3979i) (A + 0.5 + 2.3979i)

Let the state-transition matrix be

=5t

e o0s[2.397090 4 ot

a2 eos(2.39790w e sinl2 297A0 A e T A e T

10

_ -5 -Er_. - -5 T
h= .&4& cﬂs[2.3'§l?'§lt]+&5e sm{E.SQ?QtHﬁEE .&13& cos[2.3'§l?'§lt]+ﬁ14e sm[E.EEI'.'-"EII:]+.A15 -

A?e_'Etc-:-s[E.3'3'?';!]+ﬁ3e_'5tsi:n{2.3'3'.'-"S|t]+ﬁge_2t ﬁme_'&cns[z.3'3'?'3t]+£1?e_'5tsi.n[2.3';'.'-"S|t]+ﬂ13 -

Since ¢(0) = 1, ci)(O) = A, and ;1;(0) = A2, we can evaluate the coefficients, Aj's. Thus,

Ag+Aq A15+A13 Apq+Aaa

Az +A] Aj2+Aq0 A2 +A19 [HE]
Aa+A7 Arz+A1g A7 +Axs LU

—2Az+23979 A - 0GA1 -2+ 23979411 - 05 A1 - 2421+ 23979 Aap - 0.5 Aga -2 1
—2Ag+ 23979 A5 - 0.3 Ay - 2A15+ 23979 A14- 05413 -2A2q+ 2397903 -0 (=) 0 0
=249+ 2397945 - 034y - 241+ 23979417 - 0541 - 2427+ 23979 Apg - 0.3 dag n -

dAz-23979 4 - 5.4999 4 4d3a- 23979 d11 - 54999 dgp 4Apg - 23979 Ao - 54999 dga 4 -2

ddg-23979da- 5499987  dAge - 23979 A17 - 5.4999 dg 4 Ao - 2.3979 Azg - 5.4999 dag 0§

Solving for the Aj's taking three equations at a time,

A5 - 239795 - 54999y dAy5 - 2397914~ 5.4999 A3 ddog - 23979 A0z - 54999400 [=| 0 -8 -1
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_2t 0,125 e~ U Egerazara )+ 033084 0 ~ 1 Enin 2 3979 ] — 0,105 0 — 2
2= 038 oo 39794+ 0,20851 e ~ U Ecin 23979
~a2502e =09 Ezinpa39794)

—0,125e = M bz ,3979 4+ 0078194 0 ~ 1 Ein 2 3979 ] 4 0,105 0~ 2
041703 e ~ " Ecinp.a979 4

e~ 03t cpera 39794 - 0.20852 0 ~ U Esin2.3979 8
t

Using x(t) = ¢ (t)x(0) + [¢ (t-t)Bu(r)dr, andy =[1 0 0 ]x(t),

0
-3
) =f =2 l-tgp

1]

:%.__ o2t
Program:
syms s t tau %Construct symbolic object for

%frequency variable "s", "t", and "tau.
"a” %Display label.
A=[-2 1 0;0 0 1;0 -6 -1] %Create matrix A.
B=[1;0;0] %Create vector B.
C=[1 0 0] %Create vector C.
X0=[1;1;0] %Create initial condition vector,X(0).
I=[1 0 0;0 1 0;0 0 1]; %Create identity matrix.
"E=(s*I1-A)"-1" %Display label.
E=((s*1-A)"-1) %Find Laplace transform of state
Y%transition matrix, (sl-A)"-1.

Fill=ilaplace(E(1,1)); %Take inverse Laplace transform
Fil2=ilaplace(E(1,2)); %of each element
Fil3=ilaplace(E(1,3));
Fi2l=ilaplace(E(2,1));
Fi22=ilaplace(E(2,2));
Fi23=ilaplace(E(2,3));
Fi3l=ilaplace(E(3,1));
Fi32=ilaplace(E(3,2)); %to find state transition matrix.
Fi33=ilaplace(E(3,3)); %of (sl-A)™-1.
"Fi(t)" %Display label.
Fi=[Fill Fil2 Fil3 %Form Fi(t).
Fi2l Fi22 Fi23
Fi31 Fi32 Fi33];
pretty(Fi) %Pretty print state transition matrix, Fi.
Fitmtau=subs(Fi,t,t-tau); %Form Fi(t-tau).
"Fi(t-tau)* %Display label.
pretty(Fitmtau) %Pretty print Fi(t-tau).

x=Fi*X0+int(Fitmtau*B*1,tau,0,t);
%Solve for x(t).

x=simple(X); %Collect terms.
x=simplify(x); %Simplify x(t).
x=vpa(x,3);

"x(t)- %Display label.
pretty(x) %Pretty print x(t).
y=C*X; %Find y(t)

y=simplify(y);
y=vpa(simple(y),3);

y=collect(y);

y()-" i
pretty(y) %Pretty print y(t).
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Computer response:

ans =
a
A =
-2 1 0]
0] 0] 1
0 -6 -1
B =
1
0]
0]
C =
1 0] 0]
X0 =
1
1
0
ans =
E=(s*I1-A)N-1
E =
[ 1/(s+2) (s+1)/(s+2)/(s"2+s+6), 1/(s+2)/(s"2+s+6)]
L 0, (s+1)/(s"2+s+6), 1/(s"2+s+6)]
[ 0, -6/(s"N2+s+6), s/(s"2+s+6)]
ans =
Fi(t)
L 13
[exp(-2 t) , - 1/8 exp(-2 t) + 1/8 %1 + ——- %2 ,
L 184
1
1/8 exp(-2 t) - 1/8 %1 + 3/184 %2]
1
L
[0, 1/23 %2 + %1 , - 1/23
172 172 172
(-23) (exp((-1/72 + 1/2 (-23) ) t) - exp((-1/2 - 1/2 (-23) ) tv))
1
1
L
[0 , 6/23
172 172 172

(-23)  (exp((-1/72 + 172 (-23) ) t) - exp((-1/2 - 1/2 (-23) ) t))
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1
. - 1723 %2 + %1]

172
%l = exp(- 1/2 t) cos(1/2 23 t)
172 172
%2 = exp(- 1/2 t) 23 sin(1/2 23 t)
ans =
Fi(t-tau)

Eexp(—z t + 2 tau) ,
L

13 172
- 1/8 exp(-2 t + 2 tau) + 1/8 %2 cos(%l) + --- %2 23 sin(%l) ,
184

1/2 1
1/8 exp(-2 t + 2 tau) - 1/8 %2 cos(%l) + 3/184 %2 23 sin(%l1l)]
]

L 1/2 1/2
[0 , 1723 %2 23 sin(%1l) + %2 cos(%l) , - 1/23 (-23) (

1/2
exp((-1/2 + 1/2 (-23) ) (t - tau))

1/2 1
- exp((-1/2 - 172 (-23) ) (t - taw)))]

[ 1/2 1/2
[0, 6/23 (-23)  (exp((-1/2 + 1/2 (-23) ) (t - tau))

172
- exp((-1/72 - 172 (-23) ) (t - taw))) ,

1/2 1
- 1/23 %2 23 sin(%l) + %2 cos(%1)]

172
%l = 1/2 23 (t - tau)

%2 = exp(- 1/2 t + 1/2 tau)

ans =
x(t)
[-375 exp(-2. t) + .125 exp(-.500 t) cos(2.40 t)
+ .339 exp(--500 t) sin(2.40 t) + .500]
[-209 exp(--500 t) sin(2.40 t) + exp(--500 t) cos(2.40 t)]
[1-25 1 (exp((--500 + 2.40 i) t) - 1. exp((--500 - 2.40 i) t))]
ans =
y(©

375 exp(-2. t) + .125 exp(-.500 t) cos(2.40 t)
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+ .339 exp(-.500 t) sin(2.40 t) + .500
47.
The state-space representation used to obtain the plot is,

0o 1 0
PPN R B R yi)=[1 0]x

Using the Step Response software,

. Step Response - Data Entry
About

X = AX + Bult)
y=0Cx

1
2

Iteration Interval  Print Interval Total Time
o J_Jo e

1.196755
23 1.214388

) 1.228608
a 1.239539
32 1.247329

i) 1.252145

34 1.254168
5, 1.253535
36 1.26063
av 1.245484
38 1.238375
i) 1.229622

4 1.219145
1 2074R1

Calculating % overshoot, settling time, and peak time,

2Cen=0.8, on = 1, € = 0.4. Therefore, %0S = e~ /¥-< 100 = 25.38%, T, = c% - 10 sec,
n
= T = 3.43 sec.
o\ 1-52
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48.

. Step Hesponsze - Data Entry
About

Order

:-c=ﬁx+Bu(t:]
y=0Cx

Iteration Interval — Print Interyal Tatal Time
[+ _eeuae

. Step Response - Dutput

01
0z
03
0.4
05
06
0z
0s
09

1.1
1.2

49.

. P() =5+2)(s¥5) ~ s

A

-0.2472835

01601324
0342418
0.4187333
0.4318333
04123706
0.3773426
0.3381472
0.29957
0.2617522
0.2288295
0.2001063
1754437

s+0.5

1 1 3
Therefore, p(t) =55 +7 e?t-75 et

b. To represent the system in state space, draw the following block diagram.
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V(s) 1
_>

s2+75+10

Y(s)

For the first block,

y + 7y +10y = v(t)

Letx1 =y, and xo = y . Therefore,

X 2 =-10x1 - 7X2 + V(1)

Also,

p(t) = 0.5y + y = 0.5x1 + Xy

Thus,

X1 =X2

s+0.5

P(s)

X = [-fo _17] X +[2] 1;p)=[05 1]x

C.
Program:

A=[0 1;-10 -7];
B=[0;1];

C=[.5 11;

D=0;
S=ss(A,B,C,D)
step(S)

Computer response:
a =

X1 X2
x1 0 1
x2 -10 -7
b =
ul
x1 0
X2 1
C =
X1 X2
yl 0.5 1
d =
ul
yl 0

Continuous-time model.
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Step Response
I:I 1 4 T T T T T

01z

0.1

0.0s

0.06

Amplitude

0.04

ooz

I:I 1 1 1 1 1
0 0.5 1 1.5 2 25 3

Time (zec)

2
a. on =10 = 3.16; 2Cen = 4 Therefore £ = 0.632. %0S =e~ % *100 = 7.69%.

4 V4
T. = =2seconds. T = ——F—== =1.28 seconds. From Figure 4.16, T;o, = 1.93.
P lo, P o 1- &

n

Thus, Ty = 0.611 second. To justify second-order assumption, we see that the dominant poles are at —

2 £ j2.449. The third pole is at -10, or 5 times further. The second-order approximation is valid.

_ K _ K . . . _
b. Ge(s) = (5+10)(52+45+10)  $3+1452+505+100 Representing the system in phase-variable form:
o 1 o] [o]
A=l 0 o 1lB=lokc= o 0]
|-100 50 -14]  |k]
c.
Program:
numg=100;

deng=conv([1 10],[1 4 10]);
G=tf(numg,deng)
step(G)

Computer response:
Transfer function:
100

s”"3 + 14 s”2 + 50 s + 100
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51.

Step Responze

(3 T T T T T

% 0.3 i
=
=
E [ T
o[ 7
0.2 1
o 1 1 1 L
1] a3 1 1.3 a 25 3
Ty Gec)
il e
Tr=0.1H sec
e | =
TP = 138 cecs
=il o
T.= 2/M acs

1.08-1
%OS=£%)' *100 = 8%

a. op = \/0.28 = 0.529; 2Cwp = 1.15. Therefore £ = 1.087.

76310
b. P(s) = U(S) 241 156+0.28 '

here U(s) :% . Expanding by partial fractions, P(s) = —0'5545 +

natural response terms. Thus percent paralysis = 54.5%.

7631072 02725 048444 021194
s(s2+1.15s+0.28) = S s+0.35 s+0.8

c.P(s) =

Hence, p(t) = 0.2725 - 0.48444e70-35t + 0.21194e°0-8t Pjotting,
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) 0.25
2o
S 0.2
S 3
m o
o>
— %5 0.13
g3
.% SO

—
©
L & 0.05

Tirne (secs)
-2 2
K 7.63x10 1 7.63x10“ K .
d. P(s) = s - 2+1 1554028 S + natural response terms. Therefore, 0.28 = 1. Solving

for K, K=3.67%.

a. Writing the differential equation,

dc(t)

i(t
G = Kaoe() +

Taking the Laplace transform and rearranging,
I(s
(s+k10)CE) =y

from which the transfer function is found to be

1
Cis) Vd
I(s) ~s+kio
lo
For a step input, I(s) =3 - Thus the response is
lo
Vg o 1 1

Cs) = s(s+kp) = k1o0Vyg (g “s+k1p )

Taking the inverse Laplace transform,

| Kt
c(t)=—2—(1-e ")
klOVd

where the steady-state value, Cp, is

lo
D =kqoVg
Solving for IR = I,
Ir = Cpk1oVd
2.2 4
b. T = ki Tg= K10

¢. IR = CpkigVg = 1255 % 0.07 hrl x 0.6 liters = 0.504 "2

d. Using the equations of part b, where k1o =0.07, T, =31.43 hrs, and Tg = 57.14 hrs.
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SOLUTIONS TO DESIGN PROBLEMS

53.
Writing the equation of motion, (f,S +2) X(s) = F(S). Thus, the transfer function is
X(s 1/f 4 4 T
£=—é. Hence, T, =— = =2f, orf ==.
F(S) s4+24 a < 2
f, f,
54,
1/M 4 4
The transfer function is, F(S) = ———=————= . Now, T, =2 = —— =—— = 8M. Thus,
s Ly KN T2 Ry T T
§ +—S+— —_—
. M M 2M
M = — . Substituting the value of M in the denominator of the transfer function yields,
s +4s + 4K . 1dentify the roots S ,=—2% j2+/ K —1. Using the imaginary part and
T Vs
substituting into the peak time equation yields T =1=—— = —=—==, from which
: P L R TT™ AP W e
K = 3.467.
55.
Writing the equation of motion, (Ms” + f,s +1)X(s) = F(S) . Thus, the transfer function is
X(s 1/ M 4 f
) = - T - Since T, =10 = , o, =0.4.But, = = 2{w, = 0.8.Also,
F(s) 24 Vg4 — cw, M
M M
from Eq. (4.39) 30% overshoot implies = 0.358. Hence, @, = 1.117. Now, 1/M = @,” = 1.248.
Therefore, M = 0.801. Since MV = 20w, = 0.8, f, =0.641.
56.
Writing the equation of motion: (Js2+s+K)0(s) = T(s). Therefore the transfer function is
1
o)
=
%0S
-In (7o0)
¢ = =0.358.
2+ 12 (08
n (700)
4 4
Ts:@ =7 =8l=4
2]
Therefore J =5 . Also, Ts = 4= o = oo H = 2.793. Now, = = wn2 = 7.803
erefore J=5 . Also, Ts=4 =7 = ={g7egy ~ - Hence, on = 2.793. Now, 73 = wn” =7.803.
Finally, K = 3.901.
57.

Writing the equation of motion



58.

59.
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[s2+D(5)2s+7 (10) 2J6(s) = T(s)
The transfer function is
0(s) _ 1
T(S) ~ s2+25Ds+25

Also,
-In (O/fgos)
= > %05 =0.358
e+ 1In (100)
and

2Con = 2(0.358)(5) = 25D

Therefore D = 0.14.

The equivalent circuit is:

.
EHHHHH]

N1 N1 N1
where Jeq = 1+(5, )2; Deq = N, )2; Keg = , )2. Thus,

01(s) 1
T(S) ™ Jegs?+Degs+Keq

N
. Letting Ny =" and substituting the above values into the transfer

function,
1
01(5) 1+n2 n2 _ 4 8(1+nd)
T = 2 7 Therefore, Con = 20+2) Finally, Tg= Con = n2 =16. Thus

+—FS+—5
T2 T 12

Let the rotation of the shaft with gear N, be 4 (s). Assuming that all rotating load has been reflected
to the N, shaft, (Jequz + D5+ K)9|_ (s)+ F(s)r =T, (s) , where F(s) is the force from the

translational system, r = 2 is the radius of the rotational member, Jq_ is the equivalent inertia at the
N, shaft, and Deq_ is the equivalent damping at the N, shaft. Since Jeq = 1(2)2 +1=5and Dgq =



122 Chapter 4: Time Response

60.

61.

62.

1(2)? = 4, the equation of motion becomes, (582 + 4s + K)9L(S) +2F(s) =T, (). For the
translational system (Ms” + S)X(s)= F(s) . Substituting F(s) into the rotational equation of
motion, (5s” + 4s + K ), (s) + (Ms’ + s R X(s) = T, (s).

X X
But, &, (S) = 9 = % and T, (s) = 2T (s). Substituting these quantities in the equation

above yields ((5 +4M)s® +8s + K)@ = T(S). Thus, the transfer function is

X(s) _ gw+4M>}< .prnzmzii:——{?——:6+4M)
T() ¢4 s+ Re _°
G+4M) (5+4M) 2(5+4M)

Hence, M = 5/4. For 10% overshoot, £ = 0.5912 from Eq. (4.39). Hence,

2600 = 51 am)

w, = _K___ ‘,ﬁ =0.6766. Thus, K = 4.578.
5+4M) V10
1

. . V(s Cs 106
The transfer function for the capacitor voltage is V() = = Z+Rs+106

=0.8. Solving for a, yields e, = 0.6766. But,

R+Ls+é
%0S
-In (7o0)

%
2 +1n2 ( fgos)

For 20% overshoot, ¢ = = 0.456. Therefore, 2Cmp = R = 2(0.456)(103) =

912Q.
. . . o 1/(CS)
Solving for the capacitor voltage using voltage division, V.. (S) =V, (S)—l . Thus, the
R+LS+—
(LG CS
V. (s 1/(L 4 R
transfer function is c(5) = Rg ) 1 .Since T, = — =10"°, |Re| =— = 4000. Thus
Vis) ,0g 1 Re| 2L
L
R =8 K. Also, since 20% overshoot implies a damping ratio of 0.46 and
1
2¢w, = 8000, w, =8695.65 = ﬁ Hence, C = 0.013 uF.
Using voltage division the transfer function is,
1 1
Ve® __ ¢cs LC

Vil Rilst= s+Rsi i
Cs L LC
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_ 4 4 8L R
Also, T, =2x10 o —= R =5 - Thus, — = 4000 . Using Eq. (4.39) with 15% overshoot,
Re R~ R L
2L
1
¢'=0.5169. But, 2w, = R/L. Thus, @, = 3869 = [— = —~ . Therefore, L = 6.7 mH and
LC L(10™)
R=26.72 Q.
For the circuit shown below
L=1H 155}

m%

R4 =
vt <> I ﬂg C v ol
- il@n/ IZW

write the loop equations as

(Ri+L s)l1(s)-Rql2(s)=Vj (s)
—R1|1®)+[R1+R2+—l—]|2@)=0
Cs

Solving for I12(s)

Ri+Ls Vi 6)
-R1 0

12(s) =

R1+L s -R1

R R1+R g+-1
1 1+R 2+ ==

But,V o (s)=—L-15(s). Thus,
Cs

VO(S): R 1
Vi(s) 2
i (Ro+R1)C L s“+(CR2R1+L)s+R 1

Substituting component values,

1
V.(s) (R, + 1000000)C
Y8) _ 1600000
Vi(s) g2 4 (1000000CR, +1) - 1300000 1
(R, +1000000)C (R, +1000000)C

4
For 15% overshoot, = 0.517. For T = 0.001, {onp = 0001 " 4000. Hence, op = 7736.9. Thus,

1000000 = 7736.92

1
(R »+1000000) C
or,
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64.

65.

C =0.016706 —— L 1)
R 2+1000000
Also,
1000000 C R o+1 _

= 8000 (2)
(R »+1000000) C

Solving (1) and (2) simultaneously, R » =8003.7 Q, and C = 1.6573 x 102 uF-

[s 07 [(3.45-14000K,) —0.255x10™°]

SI=A=10 s]7|  o0.490x0m 368 |
_[s—(3.45-14000K,) 0.255x107° ]
| —0.499x10" $+368 |

Isl — Al = s? +(0.23+ 0.14x10°K_)s + (51520K_ +0.0285)

(2¢w,)* =[2*0.9]* *(51520K . + 0.0285) = (0.23+ 0.14x10° K )’
or
K.’ -8.187x10*K_ —2.0122x10™° =0

Solving for K.,
K, =8.189x10""

a. The transfer function from Chapter 2 is,

Yo(s) = Y (S) 0.7883(s +53.85)
Fo(s)  (s°+15.47s+9283)(s’ +8.119s +376.3)
The dominant poles come from S° + 8.119s + 376.3. Using this polynomial,

2w, =8.119, and w? = 376.3. Thus, @, =19.4 and ¢ = 0.209. Using Eg. (4.38), %0S =

51.05%. Also, T, = =0.985s, and T, =

4 Vs
—F——==0.166 S. To find rise time, use
é/a)n a)n v 1_ é,z
Figure 4.16. Thus, @, T, =1.2136 or T, =0.0626 s.

b. The other poles have a real part of 15.47/2 = 7.735. Dominant poles have a real part of 8.119/2 =
4.06. Thus, 7.735/4.06 = 1.91. This is not at least 5 times.

C.

Program:

syms s
numg=0.7883*(s+53.85);
deng=(s"2+15.47*s+9283)*(s"2+8.119*s+376.3) ;
"G(s) transfer function-
G=vpa(numg/deng,3);
pretty(G)
numg=sym2poly(numg) ;
deng=sym2poly(deng);
G=tf(numg,deng)
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step(G)

Computer response:
ans =
G(s) transfer function

788 s + 42.4

(s +15.5s +9280.) (s + 8.12 s + 376.)

Transfer function:
0.7883 s + 42.45

sM + 23.59 s”3 + 9785 s™2 + 8.119e004 s + 3.493e006

w0 Step Response
2 T T
151 -
R e e e " iy S
=
£ 1 .
g
05 .
|:| 1 1
] 0. 1 1.4
Titme [=zec)

The time response shows 58 percent overshoot, T;=0.86s, T, =0.13s, T, = 0.05 s.



FI1VE

Reduction of Multiple
Subsystems

SOLUTIONS TO CASE STUDIES CHALLENGES

Antenna Control: Designing a Closed-Loop Response

a. Drawing the block diagram of the system:

Motor,
Power load and
Pots Pre amp amp gears
uj + 10 150 0.16 vo
= | ! K |— N :
- I s+150 s(s+1.32)
Thus, T(s) = 76 39K

s3+151.3252+1985+76.39K

b. Drawing the signal flow-diagram for each subsystem and then interconnecting them yields:

10
1 K 150

1
s

X3 0.8

uj Uo

pot
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7-( 1=X2

X9 =-132x + 0.8x3

. 10

x 3= -150x3 +150K(—(q, — 0.2X,)) = -95.49Kx] - 150x3 + 477.46K0;
T

90 = 0.2X1

In vector-matrix notation,

0 1 0 0
X = 0 -1.32 0.8 | X+ 0 9i
-95.49K 0 -150 477.46K

0,=[02 0 0]x

76 39
c. T, = (—)(K)(ISO)K (O 8)\5)\_
—-150 —l 32 -76.39K
G, :T’ G, = S G;= (K)(ISO)\J(O 8) )(O 2)K ) =
Nontouching loops:
GL1GL2 = 1928

150 132  7639K 198
A=1-[GL1 G2 +GL3] +[OLIGL2] =1+ =~ + == + —3— +

s 3 $2
A1=1
T(S):TIAI _ 76.39K
A $3+151.3252 +1985+76.39K
10 0.16K
d. The equivalent forward path transfer function is G(s) = @ .

Therefore,
2.55

T = 2 3261255

The poles are located at -0.66 + j1.454. o, = \/2.55 = 1.597 rad/s; 2wy = 1.32, therefore, £ = 0.413.
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0 _ aridi=¢ g0 4 4 N | T _
%0S = e X100 = 24%; T, = Con 066~ 6.06 seconds; T, = mn\/1__g2 =151 =
2.16 seconds; Using Figure 4.16, the normalized rise time is 1.486. Dividing by the natural frequency,

_ 1486 _ 0.93 seconds
T o255 '
€.
Cs) = 255
s(s2 4 1,325+ 2.56)
C[:::]:l—L 2554 33
r 241,325+ 2565
(s = 1_ 1 5[5+ 0.6E)+11.347/2.1144
£ B eioeele Eil4a°
o(f) = 1-e~ B0 8 ronal] 4R 4]+ 0,454 sin[1.4544])
In (%OS)
. __05IK _ 0.51K o 100 B
f. Since G(s) _—s(s+1.32) , T(s) _—52+1.32s+0.51K . Also, L= 5 %05 =0.517 for 15%
<+ In (o0
100
1.32 1.32

overshoot; oy :\IO.SIK ; and 2Cwp = 1.32. Therefore, oy :2_C :m =1.277=4/0.51K .

Solving for K, K=3.2.

UFSS Vehicle: Pitch-Angle Control Representation

a. Use the observer canonical form for the vehicle dynamics so that the output yaw rate is a state

variable.

-0.24897

-1

b. Using the signal flow graph to write the state equations:
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X =—1.483x, +x,—0.125X,

’

X, = —0.24897x, — (0.125*0.437)X,
X =2X, +2X, —2X, —2U

In vector-matrix form:

[o 1 0
.o —1.483 1
X

“lo —0.24897 0 —0.054625

2 2 0
y=[1 0 0 O

C.

Program:

numgl=-0.25*[1 0.437];
dengl=poly([-2 -1.29 -0.193 0]);
"G(s)"

G=tf(numgl,dengl)

numhl=[-1 0];

denhl=[0 1];

"H(s)"

H=tf(numhl1,denhl)

“Ge(s)"

Ge=feedback(G,H)

“T(s)"

T=feedback(-1*Ge,1)
[numt,dent]=tfdata(T,"V");
[Acc,Bcc,Ccc,Dec]=tf2ss(numt,dent)

Computer response:
ans =

G(s)

Transfer function:
-0.25 s - 0.1093

SM + 3.483 s"3 + 3.215 s”2 + 0.4979 s
ans =
H(s)

Transfer function:
-s

ans =
Ge(s)

Transfer function:
-0.25 s - 0.1093

s + 3.483 s™"3 + 3.465 s™2 + 0.6072 s

o ] [0]
—0.125 | o]
|X+| 0 |U

2 | |-
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ans =

T(s)

Transfer function:
0.25 s + 0.1093

s™ + 3.483 s”3 + 3.465 s”2 + 0.8572 s + 0.1093

Acc =
-3.4830 -3.4650 -0.8572 -0.1093
1.0000 0 0 0
0 1.0000 0 0
0 0 1.0000 0

Bcc =

1

0

0

0

Ccc =
0 0 0.2500 0.1093

Dcc =

0

ANSWERS TO REVIEW QUESTIONS

1. Signals, systems, summing junctions, pickoff points

2. Cascade, parallel, feedback

3. Product of individual transfer functions, sum of individual transfer functions, forward gain divided by
one plus the product of the forward gain times the feedback gain

4. Equivalent forms for moving blocks across summing junctions and pickoff points

5. As K is varied from 0 to oo, the system goes from overdamped to critically damped to underdamped.
When the system is underdamped, the settling time remains constant.

6. Since the real part remains constant and the imaginary part increases, the radial distance from the origin
is increasing. Thus the angle 0 is increasing. Since (= cos 0 the damping ratio is decreasing.

7. Nodes (signals), branches (systems)

8. Signals flowing into a node are added together. Signals flowing out of a node are the sum of signals
flowing into a node.

9. One

10. Phase-variable form, cascaded form, parallel form, Jordan canonical form, observer canonical form
11. The Jordan canonical form and the parallel form result from a partial fraction expansion.

12. Parallel form
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13. The system poles, or eigenvalues

14. The system poles including all repetitions of the repeated roots

15. Solution of the state variables are achieved through decoupled equations. i.e. the equations are solvable
individually and not simultaneously.

16. State variables can be identified with physical parameters; ease of solution of some representations

17. Systems with zeros

18. State-vector transformations are the transformation of the state vector from one basis system to another.
i.e. the same vector represented in another basis.

19. A vector which under a matrix transformation is collinear with the original. In other words, the length
of the vector has changed, but not its angle.

20. An eigenvalue is that multiple of the original vector that is the transformed vector.

21. Resulting system matrix is diagonal.

SOLUTIONS TO PROBLEMS

a. Combine the inner feedback and the parallel pair.

+
Ris) - 1 Els Y

=] 32+ s+100

Multiply the blocks in the forward path and apply the feedback formula to get,

50(s-2)
T(s) = .
(8) = 305241505.100

b.

Program:

"Gl(s)"

G1=tf(1,[1 0 0])

"G2(s)"

G2=tf(50,[1 1])

"G3(s)"

G3=tf(2,[1 0])

"G4(s)"

G4=tf([1 0].1)

"G5(s)"

G5=2
"Gel(s)=62(s)/(1+G2(s)G3(s))"
Gel=62/(1+G2*G3)
"Ge2(s)=64(s)-G5(s)"
Ge2=64-G5
"Ge3(s)=61(s)Gel(s)Ge2(s)"
Ge3=G1*Gel*Ge2
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"T(s)=Ge3(s)/(1+Ge3(s))"
T=Feedback(Ge3,1);
T=minreal (T)

Computer response:
ans =

G1(s)

Transfer function:

ans =
G2(s)

Transfer function:
50

G3(s)

Transfer function:
2

S
ans =

G4(s)

Transfer function:
s

ans =
65(s)
G5 =

2
ans =
Gel(s)=62(s)/(1+G2(s)G3(s))

Transfer function:
50 s"2 + 50 s

sN"3 + 2 s™2 + 101 s + 100
ans =

Ge2(s)=64(s)-G5(s)

Transfer function:
s -2



ans =
Ge3(s)=G1(s)Gel(s)Ge2(s)
Transfer function:

50 s"3 - 50 s”2 - 100 s
S"5 + 2 5™ + 101 M3 + 100 A2
ans =

T(s)=6e3(s)/(1+Ge3(s))

Transfer function:
50 s - 100

s"3 + 8”2 + 150 s - 100

Push G (s) to the left past the pickoff point.

| Hy  [e—
+

_1

Gy

GG, +1
Thus, T(S) = (L] LGZ + El] G, = M
Y

1+GH, (1+GH)

Solutions to Problems 133

a. Split G3 and combine with G, and Gg4. Also use feedback formula on Gg¢ loop.
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R(=) &+

G, —
1
R(s) + ¥ | * GE Cis)
G +0G G _ i
h 2 3 3 ¥ 146
e 0|
4t Bz
G_ |
T
Push Gy +G3 to the left past the pickoff point.
G, —
1
R(s) 4+ * GE Cis)
G +0G G _ i
h 2 3 3 ¥ 146
G +G
[ 4 E]
+ G
GE ]
G_ |
T
Using the feedback formula and combining parallel blocks,
+G G +G G C
EE 3 | 4 . EE 5 (=)
- + G
1+ G#GE+Gj) G+ 06, 1+6,
G_ |
T

Multiplying the blocks of the forward path and applying the feedback formula,

T(s)

Gg G+ GG+ G Cg G+ G Gg Ga

T T+ G+ G301+ 0,0+ Gy Og Ga + Gy Gy Gz + Gy Gg G5 O3 + Gy 3¢ G5 G + G B3 G, + G G304
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Push Gj(s) to the left past the summing junction.

G (s)
3

H (s) M-

Collapse the summing junctions and add the parallel transfer functions.

R(s) + C(s)
_..?—- C(5)G5(5) +C (5) = -

G, (5)G(s) [

H [s]l‘

Push G;(s)Gy(s) + Gs(s) to the right past the summing junction.
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R(s) «+ Cls)

...@ ﬁ% *E)GE+6 L) -

GEGE |
G.lts)Gz(s] +G?:‘5}

H(s)|‘

Collapse summing junctions and add feedback paths.

RS) + Cs)
- *1G(5}G{s) + 63 (s) -
566 |
T s @eE e

Applying the feedback formula,

G;(5) +G,(8)G,(5)

T(s)=

G,(5)G,(5)
1+[G;(8) + G, ()G, (8)] { H+ G,(s)+G,(s)G, (SJ

~ G,(5) +G,(5)G, (S)
"1+ H[G,(5) + G, (5)G, (5)]+ G, (5)G,(s)

a. Push G7 to the left past the pickoff point. Add the parallel blocks, G3+Ggy.
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EH o
Eﬁ o
R{z)* + + ¥
C{s)
EI 53+ Ef-l — ] E? b
(9462 f——
4,
EE -
Gy
Push G3+Gy to the right past the summing junction.
EE o
Eﬁ .
53 + Eq
Ri{s)* + B
102 (+—
T+
EE .
67
Collapse the minor loop feedback.
EE -
R(s)* 5, + - E?{53+ '34} l:i‘I_:s}
- I"'EE,E?
+ EE -
t E
3 e
G
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G7(G3+Gy)

Push T6G7 to the left past the pickoff point.

R(s)* +

G,

(i

Gy

G2

Push G to the right past the summing junction.

G

5]

G,

o

R{s)* 6,67(Gz+6,)

+

4,

Gg

G4

o}

Add the parallel feedback paths to get the single negative feedback,

Gs  Ga(1+GeG7)  Gs
1975 " GGG G M



T(s) =

Solutions to Problems

G731 [Gy+G3)

Program:

Gl=tf([0 1].[1 71):
G2=tf([0 0 1],.[1 2 3D):
G3=tf([0 1],[1 41):
G4=tf([0 1].[1 O1);
G5=tf([0 5].[1 71);
G6=tf([0 0 1],[1 5 10]);
G7=tf([0 3],.[1 21);
G8=tf([0 1].[1 61);
GO=tf([1].[1D);

G
1+GH I:[G?G|5+ I]GEGI+[G¢|+G3] [GEGI—GEG?]:I+I:G?GE+ 1]

%G1=1/s+7 input transducer
%G2=1/s"2+2s+3

%G3=1/s+4

%G4=1/s

%G5=5/s+7

%G6=1/s"2+5s5+10

%G7=3/s+2

%G8=1/s+6

%Add G9=1 transducer at the input

T1=append(G1,G2,G3,G4,G5,66,G7,G8,G9);

Q=[1 -2 -5 9
2180
3180
4180
534 -6
6700

7 3 4 -6

8 7 0 0];
inputs=9;
outputs=7;

Ts=connect(T1,Q, inputs,outputs);

T=tf(Ts)

139
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Computer response:

Transfer function:

6 sN7 + 132 s™6 + 1176 s™5 + 5640 s™M + 1.624e004 s/N3

+ 2.857e004 s"2 + 2.988e004 s + 1.512e004

s™10 + 33 s™9 + 466 s™8 + 3720 sN7 + 1.867e004 s™6

+ 6.182e004 s”™5 + 1.369e005 s™4 + 1.981e005 s”3

+ 1.729e005 s™2 + 6.737e004 s - 1.044e004

Combine G¢ and G7 yielding GgG7. Add G4 and obtain the following diagram:

Gy [ »LC(s)
R(s).¥ G
> w b
1
rd l >
E2 54+EEE?
5i
(B
3
Next combine G3 and G4+G¢G7.
G_ [ »C(s)
Ris). ¥ :
b
1
rd l 5
G_G
+

Push Gs to the left past the pickoff point.
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G, [ »LC(s)

R(5). ¥
G.G

B 53(54+EEE?}

G2
Notice that the feedback is in parallel form. Thus the equivalent feedback, Heq(s) = G_S +

G3(G41+GeG7) + Gg. Since the forward path transfer function is G(s) = Geq(s) = G1Gs, the closed-
loop transfer function is

T(s) = Geg(s)
() = T+ Geg(s)Heq(s) -
Hence,
G5 Gy
1+G4 I:GEGE"'GTGEGEGE"'GSG-'-'IGE"'GE:]

T[s] =

Push 2s to the right past the pickoff point.

R(s) 4 YT + + 1 C(s)
BIR-NEICRERE

+
T

25
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Combine summing junctions.

R(s) +

'l 5
/’,f———h‘.
—™ 23

Combine parallel 2s and s. Apply feedback formula to unity feedback with G(s) =s.

. @ /1\

—m U5

Combine cascade pair and add feedback around 1/(s+1).
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Ri(s) + Y%~ Q

Combine parallel pair and feedback in forward path.

R(s) + - m . 1 c(s)
EZ S+6 .

+ 2=

582 +2s

Combine cascade pair and apply final feedback formula yielding T(S) = —F————.
6S" +9s+6

Push Gj3 to the left past the pickoff point. Push Gg to the left past the pickoff point.

12 +

a
22
®—F 545556 -

¥+

r
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Hence,
E'lll
. 66563 o
—b@ > Ll |
G
K
G -
3
a
12 + ¥ 646506, 0,5
> >

1
I+E4EEEE“_E_}
&

Thus the transfer function is the product of the functions, or

022(s)

G1G2G4G5G6Gy

011(s) I -G4Gs+G4aGsGe + G1G2G3 - G1G2G3G4Gs + G1G2G3G4GsGe

Combine the feedback with Gg and combine the parallel G, and G3.

R{s) :{é
»

G C{s)

52”33 - [,‘5 +
G4
G_ (=
7

Move G+G3 to the left past the pickoff point.
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1+ 0

Combine feedback and parallel pair in the forward path yielding an equivalent forward-path transfer

function of

Gr+G3 Gy Gg
Ge(®) = 15G(G,+G3) ) | 957GorG3 ) | 17Gg

 Gels)
But, T(s) = 17Go(3)G7(s) ° Thus,
T(s) = Gy [Gy + G5 Gz + Gy Ga)
Gy (G G+ G755 G+ G755 G+ GG+ GaG+ 11+ G [Gz+Go)+ 1
10.
Push G3(s) to the left past the pickoff point.
G 3 -
Hy
R(s) + + C(s)
» 61 G 2 G 3 —»-
H2 k
G3
H 4
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Push G2(s)G3(s) to the left past the pickoff point.

Hy
3 -
H |
G y—
2'33
+
51

Cis)

Push G1(s) to the right past the summing junction.

R(S} +
’.

C(s)
..

| i
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Collapsing the summing junctions and adding the feedback transfer functions,

T(s) = —2O)G)G(5)
1+G,(5)G, (5)G5(8) H,q ()

where
H,, (5)= Hs(S)Jr H,(s) N H,(s) N H,(s)
Gi(8) G, (9G;5(5) G(5)Gs(s)  Gy(s)
11.
T(s) 225 Therefore, 2¢wn = 12, and 15. Hence, ¢ = 0.4
= ———— _ Therefore, =12, an =15. Hence, { = 0.4.
s* +125+225 o o
%0S = e %1 X100 = 16.3%; Ty=—— ~0.667; Ty~ —1— 0229,
Son o\ 1-C2
12.
C(s):+:ﬁ +;BS_+C
S(s“+3s+5) S S +3s+5
A=1
5=5"+35+5+Bs’+Cs
.B=-1, C=-3
1 s+3 1 S+3
CO)= s a3 s e
S S°+3s+5 s (s+1.5"+2.75
1.5
s+1.5 J2.75
1 (5+15+15 :_1_( Lo+ =
s (s+1.5*+275 s (s+1.5°+2.75
1.5
ct)=1-e""(cosv2.75t + sin«/2.75t
13.

Push 2s to the left past the pickoff point and combine the parallel combination of 2 and 1/s.

+ C(s)
28 —
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Push (2s+1)/s to the right past the summing junction and combine summing junctions.

3
28
C(s)
] 2(2s+1) -
S
2s+1 .
2(2s +1
Hence, T(S) = ( ) , where H, (S)=1+ —.
1+2(2s+1DH,(s) 2s+1 2s
14,
K G(s K
SinceG(S) =———, T(s) = 5) == . Therefore, 2¢an = 30. Thus, { =
s(s+30) 1+G(s) s +30s+K
15/an = 0.456 (i.e. 20% overshoot). Hence, an = 32.89 =\/E . Therefore K = 1082.
15.
%0S
—int foo : 4
Te)=7""—:¢= =0.358; T, = —— = 0.2. Therefore, oy =
s’ +os+K 22,7008 Cw
7" +1In"( ) n
100
55.89. K = 0,2 = 3124. o = 2L, = 40.
16.
. L 10K,
The equivalent forward-path transfer function is G(S) = . Hence,
s[s + (10K, +2)]
G(s 10K
T(s) = ©) == 1 . Since
1+G(s) s +(0K, +2)S+ 10K,
4
T,=—=2, ~Re=2;and T, = I— =1, ..Im = 7. The poles are thus at —2+jr. Hence,
Re
=+2° 1/10K . Thus, K; = 1.387. Also, (10K, + 2)/2 = Re = 2. Hence, K, = 1/5.
17.
For the i 1 G = i d H =0.2s. Theref T —GG—(S) =
a. For the inner loop, Ge(s) = 5 +12),an e(s) = 0.2s. Therefore, Te(s) = 1+ Ga(9)Ha(s)
20

S(ST16) . Combining with the equivalent transfer function of the parallel pair, Gp(s) = 20, the system



18.

19.

20.
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400
is reduced to an equivalent unity feedback system with G(s) = Gp(s) Te(s) = m . Hence, T(s) =

G(s) ___ 400
1+G(s)  s2+16s+400 °

b. wy2 = 400; 2Cmy, = 16. Therefore, oy = 20, and £ = 0.4. %60S = e 17 %100 = 25.38;

4 T .
Tg= E =0.5; Tp = o)n—l-Cz =0.171. From Figure 4.16, Ty = 1.463. Hence, T; = 0.0732.
og=Im=omn\1-¢2 =1833.
28900
T(s)= ; from which, 2¢@n = 200 and o, = ¥28900 = 170. Hence,
()= 2005+ 28900 "
i Vs
£ =0.588. %08 = ¢ x100 =10.18%; T, =——=—==0.0229 s.
a)n‘ll -
Also, T, = =0.04 s.
co,
Ei(s Eqs(s 2
For the generator, Eg(s) = Kff(s). But, If(s) = Rf‘:‘(L)fS . Therefore, E% =5 For the motor,
1 1 1
consider Ry =2 Q, the sum of both resistors. Also, Je = Ja+JL(5 )2 = 0'75+Z =1;De= DL(E 2 =1
Therefore,
Kt
Om(s) 3 RaJe 05
Eo(s) ~ 1 KK, T~ s(s+1.5) -
T SR )
0o(s) 1 Bo(s) 025 ,
But, Om(s) 2 Thus, Eg(s) = S(s+1.5) - Finally,

Oo(s)  Eg(s) Bp(s) 0.5
Ei(s)  Ej(s) Eg(s)  s(s+1)(s+1.5) -

02(s)

N2 2 N
For the mechanical system, J (N_l ) s205(s) = T(N—1 ) . For the potentiometer, E; (s)= 10 ?

, or

1
st5 =

T R
02(s) = 3 E;i(s). For the network, Eq(s) = E;(s) —1 = Ei(s) % ,or Ei(s) =Ey(s)
R+a S+ﬁ

S
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1
. s+—
Therefore, 6, (s) = g E_(s) RC substitute into mechanical equation and obtain,
S
5N,
E,(8)  JzN,

T(s) S(S+R_1C) |

21.
The equivalent mechanical system is found by reflecting mechanical impedances to the spring.

%
> i
4 a2
L - \
B
Writing the equations of motion:
(4’ +25+5)9,(s)— 50,(5) =4T(s)
~56,(s)+ (2s2 + 5)92(3) =0
Solving for 6;(s),
(4s’ +2s+5) 4T(s
6.(5) -5 0| 20T(s)
2 (45’ +25+5) -5 8s* + 45’ +30s” +10s
-5 (2s*+5

The angular rotation of the pot is 0.2 that of 07, or

0,(s) 2
T(s) s(4s’+2s* +15s+5)

For the pot:

E.(s) 50

0.5) S2r)

S ES)

For the electrical network: Using voltage division,
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E,(s) 200,000 s

E.(5) +200,000 s +—;

07’s

Substituting the previously obtained values,

10
E,(5) :(%(SU[E;}@)][EO@)J _ Z°
T(s) \T(s)/\G,(s) J\E,(9) S(3+1J(453+252+153+5)
2

22.
a.

X

R(s) + 8 4

+ so L2 )
= s+1

hwl""‘

+

X C(s)
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cCis)
i

R(s) + - J *
G G
Z 5
+%
- X3
X |—m G X
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23.

Xy ==2X, —4X, —6X; + T
y=X +X
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Y-

—_

b.
X, = X,
X, = =3X, +X;+T
X; ==3X, —4X, = 5X; + 1
y=X +2X,
1
1 1
r 1 M X3 1 s X2
O O O O
-5 -3
-4

X\ =7X +X +7r
X, = =3X, + 2X, — X, + 21

Xy ==X, +2X; +T
y =X +3X, +2X,
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24.
10 _C)
s’ +24s* +191s+504 RG)”’

a. Since G(s) =

C+24¢0+ 191¢+ 504¢ = 10r

Let,

Therefore,
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1
+7 s+8 s+9

10 1
b-G(S):(S ) ( ) (

Therefore,

25.

a. Since G(s) = 20 _£6)

s* +155° +66s> +80s R’

C +15C+660+80C=20r

Let,
C=X,
c=X,
ox,
.(.:. _x,
Therefore,
)21 =X,
.2 =X
.3 =Xy
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b. G(s) (20)( ! ) ( 1 ) ( ! )-H
.G(s)=(— . Hence,
S S+2 Ss+5 s+8

From which,

, = =5X, +X;
, =—2X; + X,
X, = 20r
y=X
26.
A=1+[G2G3Gq4 + G3G4 + G4 + 1] +[G3G4 + G4]; T1 = G1G2G3Gy; Aq = 1. Therefore,
T1Aq G1G2G3Gy
T8) =" A" =2+G,G3Gq + 2G3G4 + 2G4
27.

Closed-loop gains: G2G4G¢G7H3; GoG5GeG7H3. G3G4GeG7H3: G3G5G6G7H3: GgHi; G7H)
Forward-path gains: T = G1G2G4G6G7; Tz = G1G2G5G6G7; T3 = G1G3G4G6G7, T4 =
G1G3G5G6Gy

Nontouching loops 2 at a time: GgH1G7H>

A =1 -[H3GgG7(GyGy4 + GoGs + G3Gy4 + G3Gs) + GgH| + G7H] + [GgH 1 G7H3]

AM=A=A3=MAg=1
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T1A1 + ToAy + T3A3 + T4A4
A

T(s) =

G1G2G4GeGT + G1G2G5GeGT + G1G3G4G6G7 + G1G3G5G6G7
1 -H3G6G7(G2G4 + GoGs + G3Gy + G3Gs) - GgH| - G7Hy + GgH1G7Hy

28.
. 5. 1 |
Closed-loop gains: -s4; -5 g S
. 1
Forward-path gains: T1 =s; Tp = 2
Nontouching loops: None
1 1
=1 _(2.— .= _2
A=1-(-s s "5 S )
Al=Ay=1
N 1
s +—
G(s) T1A1 + ToAy s2 $3+1
s) = = =
442
A 1+(52+%+%+52) 25™s%H2s
29.

( G7G3G4Gs j
~ TN(0-GoH)(1-GgHp))
T(s) = G2G3G4G5GeG7Gg B

1 - (1-GH ) (1-G4H)(1-G7Hy)

G1G2G3G4G5(1-G7Hy)
1-GoH1-G4H+GrG4H 1 Hy-G7H4+GoG7H 1 Hg+G4G7HoHy-Go G4 G7H 1 HoHye-Go G3 G4 G5GG7Gyg

30.
o (s+I)s+2) 2 5 6

G(s)

= = - +
(s+3)Y(5+4) (s+3) s+3 s+4




Solutions to Problems

Writing the state and output equations,

X 1=-3x1 +x2
Xp=-3xp+r
x3 =-4x3+r

y =2x1 - 5xp + 6x3
In vector-matrix form,

-3 1 0] [o]
x=10 =3 0 x+l1lr

o o 4| [1]
y=[2 -5 6]
(+2) 34 1 54 1
(s+5°6+7)7  (s+53) s+5 (5+7)° s+7

b. G(s)= G(s) =

Writing the state and output equations,
)1( 1=-5x1 +x2
)1( 2=-5xp+r
)1( 3 =-Tx3+x4
)1( 4=-Tx4+71

3 3
Yy=-4 X1TX2-4 X3-X4

In vector matrix form,

159
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-5 1 0 0 0
. _|o -5 0 o 1
X = X + r
0o 0 -7 1 0
0o 0 0 -7 1
.3 2
Y—[ 4 1 4 1]x
C.
G(5) = e 2.1 _1 1 .11 .11
s+ )2 (r+ 4 [s+5)] %s5+5 ds+d s+l B [z+ 22

Writing the state and output equations,
).( 1=-2x1+x2
).( 7=-2xp+r
).( 3 =-4x3+r
-5xq4t+1
1 1 2

1
Y=g X1T3g X2-3 X319 X4

In vector-matrix form,

-2 1 0 0 0
2 o =2 0 0 « + 1 -

o 0 -4 0 1

o 0 0 -3 1

n_

11
| — |
i |—
Ll |
T

|
Iy
o
_

E



31.

Writing the state equations,

X17X2
X2=-T7x1-2xp+T1

y=3x1tx2
In vector matrix form,

Solutions to Problems

161
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Writing the state equations,

Xy ==X, —2X, = 5X; + T
y=06X,+2X, + X,
In vector matrix form,

[0 1 0] [O]
x=l0 0 1Ix+lolr

12 s [

X1=X2

).(2:X3

).(3:X4
).(4:-4X1-6X2-5X3—3X4+r
y=Xx1+7x2+2x3+x4

In vector matrix form,



32.

o 1 0 0
_ a0 1 0
=l o o 0o 1
_4 -6 -5 -3

a. Controller canonical form:

— i T

Solutions to Problems

163

From the phase-variable form in Problem 5.31(a), reverse the order of the state variables and obtain,

"‘ 27X

)'(1=-7x2-2x1+r

y=3x2+Xxq
Putting the equations in order,

)';1=-2x1-7x2+r

"‘ 27X

Y= X1 +3x2

In vector-matrix form,

_[2 7
thl OJX-FL()Jr
y=[1 3Jx

Observer canonical form:

G(8) == —  Divide cach term by 5 and
S)= . Y t
S2+2S+7 1vide each term ysz and ge
1,3
S 2
a(s) = (s)
1+ £+ L R(S)
S s 2

Cross multiplying,

1 3 2 17
(g +S—2 )R(s)=(1 +§ +57 ) C(s)

Thus,

1 1
5 R(5)-2C(s) + 3 BR(s) - 7C(s)) = C(s)

Drawing the signal-flow graph,
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-7

Writing the state and output equations,
>-(1=-2x1 +xy+r
>-( 2 =-Tx1+3r
y=X1
In vector matrix form,
- =2 1 1
X = |— —|X -I-|— —|I'
(7 o 3]
y=[1 0]
b. Controller canonical form:

From the phase-variable form in Problem 5.31(b), reverse the order of the state variables and obtain,

X; =X,

X, =—X; —2X, = 5X,
y=06X, +2X,+X
Putting the equations in order,

X, ==5X —2X, — X,
X =X
X; = X,

y=X +2X, +6X,
In vector-matrix form,
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[-5 =2 -1 [1]
x=l1 0 ol+lolr

lo 1 o] o]
y=[1 2 6J

Observer canonical form:

G(s) ==t 25+ 0 e cach term by —= and get
= . D1viae each term - an (S
s +55° +2s+1 Y ys3 &
1.2 6
s+sz+s3 C(s)
CO=—"5"72 17}
l+=+=+—= (s)
s s° s

Cross-multiplying,
1 2 6 5 2 1
(— += +—3)R(s) = (l +=—+=5+ —3)C(s)
S S S S S S
Thus,

“ (R(9)-5¢(5)) + 5 (2R(5) ~ 20(5) + 5 (6R(5) — C(3) = C()

Drawing the signal-flow graph,

-1

Writing the state and output equations,

X, ==5X, + X, +Tr
X, = =2X, + X; +2r

'3 =—X, +6r
y=[l 0 O
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In vector-matrix form,
[5 1 0] [1]

x=l-2 0 1lx+l2]r
-1 0 o] 6]

y=[1 0 OJx
C. Controller canonical form:
From the phase-variable form in Problem 5.31(c), reverse the order of the state variables and obtain,
).( 4=X3
Xx3=x%
).( 2 =X]
).(1:-4X4-6X3-5X2—3X1+r

y=x4+7x3+2x7 + X1
Putting the equations in order,

).(1:-3X1-5X2-6X3-4X4+1"
).(2:)(1

).(3:)(2

).(4:)(3

y=x1 +2xp +7x3 + X4

In vector-matrix form,

-3 -5 -6 —47 [1]

't 0o o ol ol
X = X+, r

lo 1 0 ol "ol

Lo 0 1 oJ LOJ
y=[ 2 7 1k

Observer canonical form:

Gls) = $3+252+7s+1 Divide cach term by L and
(s) A 3531552 16g14 - Divide cach term by 5 and get
1,2 7 .1
s 2z 8 4 ()
G(S) = =
1+ i+ 2 + 6 + 4 R(s)
s 2 3 4
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Cross multiplying,

1 2 7 1 3 5 6 4
(s +s2 +s3 +S4 )R(S):(1+S +s2 +s3 +S4 ) C(s)

Thus,
1 1 1 1
S (R(s) - 3C(s)) + 5_2 (2R(s) - 5C(s)) + s_3 (7R(s) - 6C(s)) + s_4 (R(s) - 4C(s)) =C(s)

Drawing the signal-flow graph,

Writing the state and output equations,

)l(1=—3x1+x2+r

)l(2=—5x1+x3+2r
);3=-6x1+x4+7r
);4=—4x1+r

y=X1
In vector matrix form,
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Writing the state equations,

X; ==50X, —2X, +50r
y=X

In vector-matrix form,



Solutions to Problems

Writing the state equations,

X, = —25%, —8X, + 10X,

X, ==X, +T
y=X

In vector-matrix form,

0 1 0 0

X=|-25 -8 10[x+|0]r
1 0 0 1
y=[1 0 O]

X1=X2

X5 = X3 - X3 + 100(r-x]) = -100x| -2x7 +100r

Yy =xi

169
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In vector-matrix form,

x={ O 1 X+[O]r
-100 -2 100
y=1[1 o] x

1 1
(s+1)2  s24+2s+1

d. Since

, we draw the signal-flow as follows:

Writing the state equations,
).( 1=X2
X 2= -X] - 2% + 10(r=C) = -x{ - 2xp + 10(r - (2x1+x0) = -21x] - 12xp + 10r
y= 2X1 + X2

In vector-matrix form,

X:[ 0 ! ]X +[ OJr
21 -12 10.

y=[2 1]x
34.
a. Phase-variable form:
10

T - —
s) §3435242s+10

r=u

Writing the state equations,
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X1=X2
X2=X3

x 3 = -10x] -2x5 -3x3 + 10u

y=xi
In vector-matrix form,
0 1 0 0
X = 0 0 1 X + 0 u
-10 -2 -3 10

b. Parallel form:

Writing the state equations,

x 1=5(u-x71 - X7 - x3) =-5x71 -5x2 -5x3 +5u
)'(2:—10(u-x1 -X2-x3)-x2 = 10x1 +9xp + 10x3 - 10u
)'(3 =5(u- X1 - X2 -X3) - 2Xx3 = -5x1 -5x -7x3 +5u
y=x1+tx2+x3

In vector-matrix form,

171
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35.

[-5 -5 =51 [ 5]
x=110 9 10Ix+l-10

s s 7] s ]

y=[1 1 IJx

10(s* +55+6)

.T(s) =
2 1) = 657 + 995 + 24451 180

Drawing the signal-flow diagram,

Writing the state and output equations,

X, =X,
X, = X,
X, =X,

X, = —180X, — 244X, — 99X, — 16X, + 10r
y=06X +5X, +X,

In vector-matrix form,

rTo 1 0 07 [0

|0 o 1 ol lol
o 0 o 1 Tlof

-180 —244 —99 —16] |10]
y=[6 5 1 O

X
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~ 10(s+2)(s+3) _V3 10/3 15 12
T (s+1)(s+4)s+5)(s+6) S+1 S+4 S+5 S+6

b. G(s)

Drawing the signal-flow diagram and including the unity-feedback path,

>£3 =15(U— X, — X, — X; — X, ) — 5X,

X, =—12(U— X, = X, — X; — X, ) — 12X,
Yy=X +X +X;+X,

In vector-matrix form,
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36.

(4 1 1
| 3 3 3
| 10 2 10
X=l— -z =
| 3 3 3
~15 —-15 =20
L12 12 12

Program:

"(a)"

IG(S) -

G=zpk([-2 -3].[-1 -4 -5 -6],10)
IT(S) -

T=feedback(G,1,-1)
[numt,dent]=tfdata(T,"v");

"Find controller canonical form~
[Acc,Bcc,Ccc,Dec]=tf2ss(numt,dent)
Al=Flipud(Acc);

"Transform to phase-variable form*
Apv=Fliplr(Al)

Bpv=Flipud(Bcc)

Cpv=Fliplr(Ccc)

“(b)"

IG(S) -

G=zpk([-2 -3],.[-1 -4 -5 -6],10)
IT(S) -

T=feedback(G,1,-1)
[numt,dent]=tfdata(T,"v");

"Find controller canonical form*
[Acc,Bcc,Ccc,Dec]=tf2ss(numt,dent)
"Transform to modal form*®
[A,B,C,D]=canon(Acc,Bcc,Ccc,Dcc, "modal ™)

Computer response:
ans =

@

ans =

G(s)
Zero/pole/gain:

10 (s+2) (s+3)
(s+1) (s+4) (s+5) (s+6)
ans =
T(s)

Zero/pole/gain:

10 (s+2) (s+3)

(s+1.264) (s+3.412) (s"2 + 11.32s + 41.73)

ans =



Find controller canonical form

Acc =
-16.0000 -99.0000 -244.0000 -
1.0000 0 0
0 1.0000 0
0 0 1.0000
Bcc =
1
0
0
0
Ccc =
0 10.0000 50.0000
Dcc =
0
ans =

Transform to phase-variable form

Apv =
0 1.0000 0
0 0 1.0000
0 0] 0
-180.0000 -244.0000 -99.0000
Bpv =
0
0]
0
1
Cpv =

60.0000 50.0000 10.0000
ans =
(b)
ans
G(s)

Zero/pole/gain:
10 (st+2) (s+3)

(s+1l) (st4) (st+5) (s+6)

ans =

T(s)

Zero/pole/gain:

180.0000
0
0
0

60.0000

0

0

1.0000
-16.0000

Solutions to Problems 175
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10 (s+2) (s+3)
(s+1.264) (s+3.412) ("2 + 11.325 + 41.73)
ans =
Find controller canonical form

Acc =

-16.0000 -99.0000 -244.0000 -180.0000

1.0000 0 0 0
0 1.0000 0 0
0 0 1.0000 0
Bcc =
1
0
0
0
Ccc =
0 10.0000 50.0000 60.0000
Dcc =
0
ans =

Transform to modal form

A =
-5.6618 3.1109 0 0
-3.1109 -5.6618 0] 0
0 0 -3.4124 0
0 0 0 -1.2639
B =
-4.1108
1.0468
1.3125
0.0487
C =
0.1827 0.6973 -0.1401 4._.2067
D =

37.



38.

Solutions to Problems

Writing the state equations,

X1=X2

X9 =-X]TX3
X3 =X4

X4=X]-X2tr

Yy=-x1tx2
In vector-matrix form,
10 99, [0
X= o0 0o [|X ™ol
1-1 0 1

y=c=[-1 1 0 0]x

é] +5é1+661-3é2-492: 0

-3.91-4914-624-592 +50,=T
or

é] = -5é1-661+3éz+492

0, =301+401-50,-50) +T

Letting, 01 =X ; é1=X2; 92=X3;é2=X4,

177
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where x = 0.

b. Using the signal-flow diagram,
)l( 1 =X2
)l(z =-6x1 - 5xp +4x3 + 3x4
)l( 3=X4

).(4:4X1+3X2-5X3-5X4+T

y=Xx3
In vector-matrix form,
0O 1 0 O 0
= -6 -5 4 3 4+ 0 T
0 0 0 1 0
4 3 -5 -5 1

39.
Program:
numg=7;
deng=poly([0 -9 -12]);
G=tf(numg,deng);
T=Feedback(G,1)
[numt,dent]=tfdata(T, "v")
[A,B,C,D]=tf2ss(numt,dent); %Obtain controller canonical form

()" %Display label

A=Flipud(A); %Convert to phase-variable form
A=Fliplr(A) %Convert to phase-variable form
B=Flipud(B) %Convert to phase-variable form

C=Fliplr(C) %Convert to phase-variable form
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"(b)" %Display label
[a,b,c,d]=canon(A,B,C,D) %Convert to parallel form

Computer response:
Transfer function:

sN"3 + 21 s™2 + 108 s + 7

numt =
0 0 0 7
dent =
1 21 108 7
ans =
@
A =
0 1 0
0 0 1
-7 -108 -21
B =
0
0
1
C =
7 0 0

ans =
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(b)
a =
-0.0657 0 0
0 -12.1807 0
0 0 -8.7537
b =
-0.0095
-3.5857
2.5906
C =
-6.9849 -0.0470 -0.0908
d =
0
40.
X 1=A1x1 +Bgr
y1=Cixg
X2 =A2X2 + Bay]
y2=C2x2
Substituting Eq. (2) into Eq. (3),
X 1=A1x1+Bgr
X2 =B2C1x1 + A2X2
y2=C2x2
In vector-matrix notation,
X AL E_Q.] [Xl] +[.B. 1] .
X, LB2Cyp AgflX; O
_ . X1
y,=[0:C) [x]
2
41.

X 1=A1x1 +Bqr

y1=C1x1

(1)
@)
€)
4)

(M
2
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X 2= AoXs + Bor

y2=Cox2

sl el

y =y; +y,=[C; . Cz][xj

In vector-matrix form,

42,
).( 1 =A1X1 +Bje
y=Cixa
X2 = Agxa +Bay
p=Cax2
Substituting e =1 - p into Eq. (1) and substituting Eq. (2) into (3), we obtain,

X1 =A1xg+Ba(r-p)
y=Cixa

X 2= AxXx2 +B2C1x1
p=Cox2

Substituting Eq. (8) into Eq. (5),

).( 1= AiXq - B1CoXy + Byr
)'( 2= BZC1X1 + A2X2

y =CiXxs
In vector-matrix form,

43,
z=P'APz+ P'Bu
y=CPz

181

A3)
“4)

(1
)
3)
4)

©)
(6)

()
®)
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2 1 4] [0.0606 03939 0.1212]
P'=l1 =2 ol - P=l0.0303 -03030 0.0606 |
4 6 2 |.02121 01212 0.0758]

[-1.6 123  3.81] [-3]
P'AP=1333 133 -233LP'B=l4 [ CP=[0544 -0.0702 0912]

163 -1.79 126 | | 4]

44, ] :
=P APz +P Bu

y=CPz
1

o f4 -t
P =l 2 3 -2 F=|-

=
[= ¥}
| l.ulm E.Jl,_.

s

g 5 1

M= H|~D

_1 146 —0.657 —0.314 1 a7 Al 193 17
F dF:[-E.aq -5;5 4:59 £ g- gé ‘FF‘(ﬁ"ﬁ’EJ

45,
Eigenvalues are -1, -2, and -3 since,

AL-A|=A+3)A+2)(A+1)
Solving for the eigenvectors, AX = AX

or,
dxy-Gm-[A+58)x =0
-Emy-md+Ex =10

-2xm-[A+1)xg =10

X3 X2
For7\=—1,x2=0,x1=x3.Fork=-2,x1=x2=7 .Fork=—3,x1=—7 , X2 =x3 . Thus,

z =P 1APz + P-1Bu ; y = CPz, where

_ -1 0 0 _ -12
F 1,4,!'?: no-2 0 |; F 15:[ 8 ]J-J.':‘F=I:1,4J?:I
n 0o =3 -3

46.

Eigenvalues are 1, -2, and 3 since,
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A-Al=(A-3)(A+2)(A-1)
Solving for the eigenvectors, AX = AX
or,
(-Ad-10)sy+ Tag-3m =0

_1:1_9;-1—%:2+|:—.1+2:1_3:|;:3 =10

X3

ForA=1,x1=xp > . For A =-2, x1 =2x3, X2 =-3x3. For A =3, x1 =x3, X2 =-2x3 . Thus,

z =P-1APz +P"1Bu ; y = CPz, where

3
1 1 o 0 _1 2
Foap=l 0 -2 0 | P = L ppomazy
o0 3 2
-2
2
47.
Program:
A=[-10 -3 7;18.25 6.25 -11.75;-7.25 -2.25 5.75];
B=[1;3;2];
c=[1 -2 471;

[P.d]=eig(A);
Ad=inv(P)*A*P
Bd=inv(P)*B
Cd=C*P

Computer response:
Ad =

-2.0000 0.0000 0.0000
-0.0000 3.0000 -0.0000
0.0000 0.0000 1.0000

1.8708
-3.6742
3.6742

Cd =

3.2071 3.6742 2.8577

48.
a. Combine G1(s) and G(s). Then push K; to the right past the summing junction:

183
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R(s) + + + C(s)
K K
@ Q? 12 G gs) G s) >

1
1 -
Push KK to the right past the summing junction:
R(s + + C(s
©) © o
K K_G(s) G(s)
1 2 1 2
2
S ——————————|
K K
1 2
s
K
1
1 -

K1K2G1(s)Ga(s)

2
S S
1 + K1K2G1(s)Ga(s) (1 +K_1 + Klej

Hence, T(s) =

b. Rearranging the block diagram to show commanded pitch rate as the input and actual pitch rate as

the output:



Commanded
pitch
rate

—;(?_> "
2

+
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K  —————
1
Actual
pitch
rate
G(s) G(s) - S -
1 2
2 -
s
1 ~t

Pushing K> to the right past the summing junction; and pushing S to the left past the pick-off point

yields,
K
1
Commanded s Actual
pitch - pitch
+ rate
rate -

Finding the closed-loop transfer function:

K2sG1(s)Go(s)

K2sG1(s)Go(s)

T(s) =

1+ Kszl(s)Gz(s)(l =

K2

K ) "1+ G(s)Ga(s)(s? + Kas + K K)
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C. Rearranging the block diagram to show commanded pitch acceleration as the input and actual pitch

acceleration as the output:

Commanded AC“:]aI
piteh zgzeleration
acceleration
—_— & 1 52 .
Pushing s2 to the left past the pick-off point yields,
K K
1 2
2 [
s
K 2 -

Commanded S Actual

pitch - - pitch

acceleration + + 2 acceleration

s G(s) G(s) -
T : 2
1 [
Finding the closed-loop transfer function:
o) 52G1(s)Ga(s) s2G1(8)Ga(s)
S = =
KiKy K2} 1+Gyi(s)G 2+ Kps + KK
1+ szGl(S)Gz(S)(l +—5 "+ S—) 1(9)G2()(s7 + Kas + K1k
s

49.

1
Establish a sinusoidal model for the carrier: T(s) =55
s“+a
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Establish a sinusoidal model for the message: T(s) = m

Writing the state equations,
)'( 1=X2
)'(2=—a2x1 +Kir
)'( 3=X4

)'(4=—b2x3+K2r

Yy = X1X3
50.
. o KiK2 . :
The equivalent forward transfer function is G(s) = m . The equivalent feedback transfer function
is
Ky4s .
H(s)=Kj3 + @ . Hence, the closed-loop transfer function is
T(s) - G(s) _ KKa(stap)
L+ GEHE) 3+ (aj+ap)s? + (a1a+K KoK 3+K KoK g)s + K KoK3a)
51.
a. The equivalent forward transfer function is
5
Ge(S)=K S(S+Z) 1 _ 5K
1+—5 s (5+3) 5 (s+3)(s2+25 +5)
s (s +2)
G
T(s)= e _ 5K

1+Ge  s4+553+1152+155 +5K
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b. Draw the signal-flow diagram:

1 a1
1 K 5 S S
UuO——0——0O—»—
z jx4
-2

Writing the state and output equations from the signal-flow diagram:

In vector-matrix form:

C.

Program:

for K=1:1:5

numt=5*K;

dent=[1 5 11 15 5*K];
T=tf(numt,dent);

hold on;
subplot(2,3,K);
step(T,0:0.01:20)

X, =X,

X, ==3X, + X,

1 0 0] [0]

0

0 -3 1 0] | ol
X+ u

0 1 "7 o |

|r
|
sk 0 =5 = [sk]

title(["K=",int2str(K)])

end




52.

Computer response:

Amplitude

k=1 H=2
1 1.5
1h} 4] s
g 3
= 05 =
[=5 [
g g os
I:l I 1
0 10 20 o 10 20
Time (zec) Time (zec)
k=4 H=5
2 3
15 2
= =
& 1 F{-F-1-L- Sefad 29
£ g
05 0
I:l L - 1
0 10 20 o 10 20
Time (zec) Time (sec)
a. Draw the signal-flow diagram:
1 1
1 1666.67 0.06 S 15x106 s

uo_* O—»—0

-1

Write state and output equations from the signal-flow diagram:

Solutions to Problems

k=3
15
-1 Lal-d -0 - =
0s5
|:| 1
0 10 20
Time (zec)
1 1
S S 1

189
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X, ==2%10"%, —4*10°x, — 82X, +15*10°x,

X, =—100x, — 720x, +100u
y=X
In vector-matrix form:
r 0 1 0 0 1 r 0 1
oo 0 1 o | ol
X==| 7 6 6|X+| |U
-2*10" —-4*10 -82 15*10 0
L -100 0 0 -720 J LIOOJ
y=[1 0 0 OJ
b.
Program:

numg=1666.67*0.06*15e6;
deng=conv([1 720],[1 82 4e6 2e7]);
"G(s)"

G=tf(numg,deng)

“T(s)"

T=Feedback(G,1)

step(T)

Computer response:
ans =

G(s)

Transfer function:
1.5e009

s™M + 802 s™"3 + 4.059e006 s™2 + 2.9e009 s + 1.44e010

ans =

T(s)

Transfer function:
1.5e009

s + 802 s”3 + 4.059e006 s”2 + 2.9e009 s + 1.59e010



Step Response
01 T T T T

0.0s

.08

Amplitude

.04

.oz

|:| 1 1 1 1
0 0.z 0.4 0.6 0.3 1

Time (zec)

53.
-272(s2+1.9s+84)
§3+17.1s2+34.58s-123.48

a. Phase-variable from: G(s) =

Drawing the signal-flow diagram:

Writing the state and output equations:

X =X,
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X, = 123.48X, — 34.58x, — 17.1x, — 272U

y=84x,+1.9X, + X,

In vector-matrix form:
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[0 1 o1 [ 0]
=l o 0 1 Ix+l 0 lu
[123.48 —34.58 —17.1] |-272]

y=[84 19 1k

X

- 241,95+
b. Controller canonical form: G(s) = 272(s~+1.95+84)

§34+17.1s2434.58s-123.48

Drawing the signal-flow diagram:

Writing the state and output equations:

X, =—17.1x;, —34.58X, +123.48%, —272u

X, =X,
y =X, +1.9%, + 84X,
In vector-matrix form:

[-17.1 -34.58 123.48] [-272]
X

= 1 0 0 Ix+l 0o lu
[ o 1 o | | o]
y=[1 1.9 84k

C. Observer canonical form: Divide by highest power of s and obtain

-272 516.8 22848

S 2 i $3
G)=""171 3458 12348
R R

Cross multiplying,
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-272  516.8 22848 17.1 34.58 123.48
s T2 T3 R =[1+ s T2 $3 1C(s)

S

Rearranging,

C(s)% [ -272R(s) - 17.1C(s)] +Si2 [ -516.8R(s) - 34.58C(s)] +Si3 [ -22848R(s) + 123.48C(s)]

Drawing the signal-flow diagram, wherer=u and y = c:

-272

123.48

d. Draw signal-flow ignoring the polynomial in the numerator:

1 1 1
272 S 1 S 1 s
@)
X3 X5 Xq
-14 1.8 4.9

Write the state equations:

X, =—4.9X, +X,
X, =1.8X, +X,

X, = —14x, —272u
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The output equation is

y=X,+1.9x +84x,
But,

X, =—4.9%, +X,
and

X, =—4.9% +X, = —4.9(—4.9%, + X, )+ 1.8X, +X,

Substituting Egs. (2) and (3) into (1) yields,

y=98.7X, —1.2X, + X,
In vector-matrix form:

49 1 01 [ o ]
0 1.8 1 |x+| 0 |u
0

I__
] o -14] [272]

y=[987 -1.2 1k

X

e. Expand as partial fractions:

G (s)=-47938 —L— 23204 L 444032
s +14 s—1.8

Draw signal-flow diagram:

Write state and output equations:

X, =—14x, +—479.38u
X, = 1.8, —232.94u

X, = —4.9x, +440.32u
y=X+X +X

In vector-matrix form:

(1)

2

A3)
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14 0 0 ] [-479.38]
x=l 0 18 0 Ix+l=23294U
Lo o 9] |440.32 ]

y=[1 1 1]

54.
Push Pitch Gain to the right past the pickoff point.

+ +

- 0.25 (s+0.435)
(+2s+1 2T =24+0 226=s+0.0169)

Collapse the summing junctions and add the feedback transfer functions.

0.25 (z+0 425
(s+Zs+1 Z3A0=E+0 226s+0.01 53]

=+ |-
Apply the feedback formula and obtain,
T(s)= G(s) B 0.25(s +0.435)
T 14G(S)H(s)  s* +3.45868° +3.45695” + 0.9693s + 0.15032
55.
Program:

numgl=-0.125*[1 0.435]
dengl=conv([1 1.23],[1 0.226 0.0169])
“G1"
Gl=tf(numgl,dengl)
“G2"

G2=tf(2,[1 2])

G3=-1

"H1"

H1=tf([-1 0].1)

"Inner Loop*
Ge=feedback(G1*G2,H1)
"Closed-Loop*
T=Feedback(G3*Ge,1)
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Computer response:
numgl =

-0.1250 -0.0544

dengl =

1.0000 1.4560 0.2949 0.0208

ans =
Gl

Transfer function:
-0.125 s - 0.05438

s”"3 + 1.456 s™2 + 0.2949 s + 0.02079

ans =

G2

Transfer function:

H1

Transfer function:
-S

ans =

Inner Loop

Transfer function:
-0.25 s - 0.1088

s™M + 3.456 s™3 + 3.457 s”2 + 0.7193 s + 0.04157

ans =

Closed-Loop
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Transfer function:
0.25 s + 0.1088

s™M + 3.456 s™3 + 3.457 s”2 + 0.9693 s + 0.1503

0.2023 1 1
' -
-
=t =+1.71 s
e .
2 \roﬁs Sy Gain 1 Saturation Muotor, load, Integratar1
+5 wolts £ gears
@1_3\]#.
Out Potl
TSNy Iy B e
= 171 s
Sum 2 Gain 2 Motor, load, Integrator2 Baddash
Eogearsl Deadband width
0.15
\/ﬁﬂ: p.l
Out Pot2 b-ll »
Scope
N BN B
— 174 .
Sum 3 Gain3 Dead Zone  pyator, load, Integratars
-2 to +2 & gears?
</0.\J:ﬂ=
COut Pat 3
* 0.2083 4
_ [00 _
=+1.71 =
sum 4 Gain 4 Motor, load, Integratorz
e gears3

e

e
Iy

OutPotd
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57.

SBE LLL ARE

Deadzone

- !'I :
I'I Backlash

a. Since V((s) = Vy(s) — Vr(S), the summing junction has Vy(s) as the positive input and V() as the
negative input, and V| (S) as the error. Since I(s) = V| (S) (1/(Ls)), G(s) = 1/(Ls). Also, since Vr(s) =
I(S)R, the feedback is H(s) = R. Summarizing, the circuit can be modeled as a negative feedback
system, where G(s) = 1/(Ls), H(s) = R, input = V4(s), output = I(s), and error = V| (s), where the

negative input to the summing junction is Vg(s).

1
| —
0. T(s) =S GO Ls - Hence, 1(5) =V, (8)——.
Vy(s) 1+G(S)HEG) 14 —Rr Ls+R Ls+R
v Ls
S
c. Using circuit analysis, 1(S) = JQ .
Ls+R

SOLUTIONS TO DESIGN PROBLEMS

58.

1 1 1
Je=1 a+JL(E 2 =2+2=4;D, = Da+DL(E 32 = 2+DL(% )2. Therefore, the forward-path transfer

function is,



59.

60.

61.

Answers to Design Problems 199

1 25
69 = (1000) | ——— | (35) . Thus. T =15 =—7—
- 1 20 +G ~ , 1 25 -
s(st4(Det2)) s2+Z(De+2)s+7
%0S
-In (o) 75 Det2
; =\/72 > 2Lon == - Therefore De = 10.9; from

Hence, { = %05 =0.456; o
\ /n +In? (100)

which Dy = 3560.

5 . _ _ _
a. T(s)= 2rs125 from which, 2o, = 1 and o, = 5. Hence, £ = 0.1. Therefore,
%0S =e <"1 X100=72.92%: T, - c =38,
n
25K .
b. T(s) = sz+(l+25K2)s+25K1 ; from which, 2o, = 1+25K5 and oy = 5+ ’Kl . Hence,
%0S
-In Cop)

4 39
= %0 =0.404. Also, Tg = _C(D =0.2, Thus, Lo, = 20; from which Ky = 75 and
n
\ ™ * 10 Crog i00)

o =49.5. Hence, K1 =98.01.

K Ge(s)
The equivalent forward path transfer function is Gg(s) = m . Thus, T(s) = 1 +ée(s) =

K ) . K
51w .w - Priorto tachometer compensation (K2 = 0), T(s) = — . Therefore K = wp2 =
s=+(1+Kp)s+K s<t+stK

100

B R ——— =1+
s2+(1+K2)s+100 . Hence, o, = 10; 28w, = 1+K).

100. Thus, after tachometer compensation, T(s) =

Therefore, Ky = 2L, - 1 =2(0.5)(10) - 1 =9.

At the N, shaft, with rotation, @, (S)
(JegS” + D)0, (8) + F(S)r =T, ()
F(s)= (Ms® + f $)X(s)
Thus,
(JgS” + D)0, (5) + (M + f$)X(S)r =T, (s)
But, X(S) =6, (S). Hence,
[(Geg + MP)s* +(Dg + £7)sP(5) = Tg(9)

where
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2
=32’ +J=5
2
Deq: D,(2)+D=4+D
r=2
Thus, the total load inertia and load damping is
J =0+ Mr? =5+4M
D =D, +fr’=4+D+(1)(2)’=8+D
Reflecting J. and D, to the motor yields,
_G+4M) [ _(+D)
m 4 > m T 4

Thus, the motor transfer function is

J

K, 1

G, (s) R B
E.(5) 1 KKy 1
s(s+J (D, + R ) s(s+J (D, +1))

m a m

The gears are (10/20)(1) = 1/2. Thus, the forward-path transfer function is
r L

| J 1
G.(s) = (500 n -
(O }\s(s+ D, +1)) |2

Finding the closed-loop transfer function yields,

G.(s)  250/3,
1+Ge(s) _Sz+ Dm+13+250
J J

m m

T =

D, +1

For T =2, = 4. For 20% overshoot, { = 0.456. Thus,

+1

20w, = 2(0.456)@, = =4

m

Or, w, = 4.386 = ’2‘]50 ; from which J =13 and hence, D,, = 51. But,

_(5+4M).
m 4

_(8+D)

J ; D, = . Thus, M = 11.75 and D = 196.
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62.
a.
Yh-Y cat
Spring
displacement
Desired| Input E
force [ _1 | voltage" 1 up 0.7883(s+53 85 F
100 ; K ot (o33 53) p| 52300 |4
1000 (5" + 15.47s +9283)(s"+ 8.119s+ 3763)
tra?s%l\lxtc o« Controller Actuator Pg;;(;%::gll Spring
L,
100
Sensor
Y.(5)=Y,.(5) 0.7883(5+ 53.85)

b. G(s) = =" 2
F,(3) (s> + 15.475 + 9283)(s* +8.119s + 376.3)

648.7709 (s+53.85)

Ge(s) = (K/100)*(1/1000)*G(s)*82.3¢3 =
(s> + 8.119s + 376.3) (s"2 + 15.47s + 9283)

648.7709 (5+53.85)

T(s) = Ge/(1+Ge) =
(s"2 + 8.189s + 380.2) (s> + 15.4s + 9279)

648.8 s +3.494e04

s*+23.59 ¢ + 9785 > + 8.184¢04 s + 3.528¢06
C.
For G(s) = (yh-ycat)/Fup

Phase-variable form

Ap=
0 1 0 0
0 0 1 0
0 0 0 1
-3.493¢6 -81190 - 9785 -23.59
Bp=
0
0
0
1
Cp=
42.45 0.7883 0 0

Using this result to draw the signal-flow diagram,
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0.7883

fdesired Vi 1 S f
0.01 "up S S S 42.45
O O 1990

-3.493x100

-0.01

Writing the state and output equations

X, =X,
X, = X,
X, =X,

X, = —23.59x, — 9785x, — 81190X, — 3493000, +0.01f,_. —0.01f,,
But,
f , =42.45%82300x, +0.7883 *82300X,

Substituting o into the state equations yields

X, = —3527936.35x, —81838.7709x, — 9785x, — 23.59, + 0.01f,

esired

Putting the state and output equations into vector-matrix form.

[0 1 0 0 7707
. 0 0 ] o || o |

X= + fdesired
0 0 0 1 7o |

|

|

|-3.528x10° —81840 —9785 —23.59] |0.01]
y=f,. =[3494000 64880 0 OJx



Stability

SOLUTIONS TO CASE STUDIES CHALLENGES

Antenna Control: Stability Design via Gain

From the antenna control challenge of Chapter 5,

_ 76.39K
$3+151.3252+198s+76.39K

T(s)

Make a Routh table:

$3 1 198

s2 151.32 76.39K
29961.36-76.39K

sl 151.32 0

s0 76.39K 0

From the s! row, K<392.2. From the s row, 0<K. Therefore, 0<K<392.2.
UFSS Vehicle: Stability Design via Gain

- 0125 (5 + 0.437)- 2

iZy =
1= Sls+ 1=+ 1.29) (= + 0.133)
GE=G—1
1+ G [-5)
. ~ 0,255 - 010925

A4 34837+ 34652+ 0EODTLOS

G, =—K,G,
~ (0.255+0.10925)K,
3 s* 4+3.483s® +3.4655% +0.60719s

)= G,(s) (0.255+0.10925)K,
T 1+G,(s)  S'+3.4835% +3.4655% +0.25(K, +2.4288)s + 0.10925K,
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st 1 3.465 0.10925K
s3 3.483 0.25(K1+2.4288) 0
1
52 "3 (Ki-4584) 0.10925K | 0
3.483
sl 0 0
(K| +4.2141)(K] - 26.42)
> K| -4584
s¥ 0.10925K 0 0

For stability : 0 <K <26.42

ANSWERS TO REVIEW QUESTIONS

1. Natural response

2. It grows without bound

3. It would destroy itself or hit limit stops

4. Sinusoidal inputs of the same frequency as the natural response yield unbounded responses even though
the sinusoidal input is bounded.

5. Poles must be in the left-half-plane or on the jo axis.

6. The number of poles of the closed-loop transfer function that are in the left-half-plane, the right-half-
plane, and on the jo axis.

7. If there is an even polynomial of second order and the original polynomial is of fourth order, the original
polynomial can be easily factored.

8. Just the way the arithmetic works out

9. The presence of an even polynomial that is a factor of the original polynomial

10. For the ease of finding coefficients below that row

11. It would affect the number of sign changes

12. Seven

13. No; it could have quadrantal poles.

14. None; the even polynomial has 2 right-half-plane poles and two left-half-plane poles.

15. Yes

16. Det (sI-A)=0
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SOLUTIONS TO PROBLEMS

1.
S 1 5 1
st 3 4 3
g 3.667 0 0
$2 4 3 0
s! 2275 0 0
s’ 3 0 0
2 rhp; 3 Ihp
2.
$ 1 4 3
st -1 -4 2
$ & 1 0
1-4¢
2
S £ -2 0
1 26 +1-4¢
s 1-4¢ 010
s’ 2 0 0
3 rhp, 2 lhp
3.
3
S 1 3 2
il
-1 3 2

3 2 3 ROZ
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Even (4): 4 jo; Rest(1): 1 rhp; Total (5): 1 rthp; 4 jo

4,
s* 1 8 15
s’ 4 20 0
52 3 15 0
s' 6 0 0 ROZ
s’ 15 0 0
Even (2): 2 jo; Rest (2): 2 lhp; Total: 2 jo; 2 Thp
5.
s° 1 -6 1 -6
s’ 1 0 1
s* -6 0 -6
s’ 24 0 0 ROZ
s € -6
s' -144/g 0
s’ -6
Even (4): 2 rhp; 2 lhp; Rest (2): 1 rhp; 1 lhp; Total: 3 rhp; 3 Thp
6.
Program:
den=[1 1 -6 0 1 1 -6]
A=roots(den)
Computer response:
den =
1 1 -6 0 1 1 -6
A =
-3.0000
2.0000
-0.7071 + 0.70711
-0.7071 - 0.70711
0.7071 + 0.70711
0.7071 - 0.7071i
7.
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%-det([si() siQ;siO siOD/siO i
%Template for use in each cell.
syms e %Construct a symbolic object for
%epsilon.
96%6%6%%6%6%6%%6%%6%%6%%6%%6%%6%%6%%6%%6% S S S S BB SBY%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%

sb=[1 4 3 0 0] %Create s™5 row of Routh table.
06%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6% BB BB BB BB BU6Y6Y6Y6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%6%
s4=[-1 -4 -2 0 o] %Create s™4 row of Routh table.

%%6%%%%%6%%%%%%%6%%6%%%%%6%%6%% %% %%%6%% %% %% %% % %% %% %6% % %% %% %6% % %% %% 6% % %% %% %% %%
if -det([s5(1) s5(2);s4(1) s4(2)]D/s4(D)==
s3=[e...
-det([s5(1) s5(3);s4(1) s4(3)1)/s4(D) 0 (0] |
%Create s™3 row of Routh table
%if 1st element is O.
else
s3=[-det([s5(1) s5(2);s4(1) s4(2)])/s4(1)--.
-det([s5(1) s5(3);s4(1) s4(3)1/s4(D) 0 01;
%Create s”3 row of Routh table
%if 1st element is not zero.
end
%%6%%%%%6%%%%%%%6%%6%%%%%6%%6%% %% %% %6%% %% %% %% %% % %% %6%% %% %% %% % %% %% 6% % %% %% %% %%
if -det([s4(1) s4(2);s3(1) s3(2)1)/s3(1)==
s2=[e ...
-det([s4(1) s4(3);s3(1) s3(3)]1)/s3(D) 0 o1;
%Create s™2 row of Routh table
%if 1st element is O.
else
s2=[-det([s4(1) s4(2);s3(1) s3(2)]1)/s3(1) -
-det([s4(1) s4(3);s3(1) s3(3)1)/s3(D) 0
%Create s”™2 row of Routh table
%if 1st element is not zero.
end
%%6%%%%%%%%%%%%%%6%%%%%6%%6%% %% %%%6%% %% %% %% % %% %% %6%% %% %% %6% % %% %% 6% % %% %% %% %%
if -det([s3(1) s3(2);s2(1) s2(2)/s2(D)==
sl=[e ...
-det([s3(1) s3(3);s2(1) s2(3)1)/s2(L) 0 o1;
%Create s™1 row of Routh table
%if 1st element is O.
else
sl=[-det([s3(1) s3(2):;s2(1) s2(2)]1)/s2(1) ...
-det([s3(1) s3(3);s2(1) s2(3)1/s2(D) 0 01;
%Create s™1 row of Routh table
%if 1st element is not zero
end

%%%6%%%%6%%%%%%%6%%%6%%%%6%%%%6%%%6%%% 6%%%6%%% %6%% % 6% % Y6%6% % 6%%%6%%% %% %% %6%% %% %% %

sO=[-det([s2(1) s2(2);s1(1) s1(2)])/s1(1) ...
-det([s2(1) s2(3);s1(1) s1B)D/s1(D) 0 01;
%Create s™0 row of Routh table.
%%6%%%%%%%%%%%%%%6%%%%%%%6%% %% %% %6%%%% %% %% % %% %% %% % %% %% %6%% %% %% %% % %% %% %% %%

"s3" %Display label.
s3=simplify(s3); %Simplify terms in s”™3 row.
pretty(s3) %Pretty print s”3 row.

"s2* %Display label.
s2=simplify(s2); %Simplify terms in s™2 row.
pretty(s2) %Pretty print s”2 row.

"sl* %Display label.
sl=simplify(sl); %Simplify terms in s™1 row.
pretty(sl) %Pretty print s™1 row.

"s0* %Display label.
sO=simplify(s0); %Simplify terms in s™0 row.

pretty(s0) %Pretty print s™0 row.

207
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Computer response:

s5 =
1 4 3 0 0
s4 =
-1 -4 -2 0 0
ans =
s3
[e 1 0 0]
ans =
s2
[ -1+4e 1
- --—-—----- -2 0 0]
L e 1
ans =
sl
L 2 1
[ 2e +1-4ce 1
- - 0 0 (0] |
[ -1+ 4e 1
ans =
sO
[-2 0 (0] 0] |
8
240
1) =@ 1053 + 3562 + 505 + 264
............................ =3 S N - S 4=k,
............................. =1 L .2 SO 1 1 S |
............................ =38 SR 1LY N L. 1. L S
............................. =L = 11 SO S |
g0 264 0 1]
2 rhp, 2 Thp
9.
Program:
numg=240;
deng=poly([-1 -2 -3 -4]);
IG(S) -
G=tf(numg,deng)
"Poles of G(s)"
pole(G)

“T(s)"




10.

11.
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T=Feedback(G,1)
"Poles of T(s)"
pole(T)

Computer response:
ans =

G(s)

Transfer function:
240

s™ + 10 s”3 + 35 s”2 + 50 s + 24
ans =

Poles of G(s)

ans

-4.0000
-0000
-0000
.0000

|
PNW

ans

T(s)

Transfer function:
240

s™M + 10 s”™3 + 35 s”2 + 50 s + 264
ans =

Poles of T(s)

ans =
-5.3948 + 2.6702i
-5.3948 - 2.6702i
0.3948 + 2.6702i
0.3948 - 2.6702i

System is unstable, since two closed-loop poles are in the right half-plane.

1
45t +4s2 + 1

T(s) =

Even (4): 4 jo

84
s¥ +557 +125° +255° +45s* + 505 + 825 + 605 + 84

T(s)=
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s® 1 12 45 82 84
s’ 1 5 10 12

s® 1 5 10 12

s’ 3 10 10 ROZ
s* 5 20 36

s’ -5 -29

s> -1 4

' -49

g’ 4

Even (6): 2 rhp, 2 lhp, 2 jo; Rest (2): 0 rhp, 2 lhp, 0 jo ; Total: 2 rhp, 4 lhp, 2 jo

12.
T(s)= 1
25t 455+ +25+1
gt 2 1
$’ 5 2
s 1 5
s! 23 0
s’ 5
Total: 2 lhp, 2 rhp
13.
8
T(s)=

s’ 25° s° +2s" +4s° —8s* — 45+ 8
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s’ 1 -1 4 -4
s® -2 2 -8 8
s’ -12 8 -16 0 ROZ
s ] 0.6667 | -5.333 8 0
s’ -88 128 0 0
s’ -4.364 8 0 0
s' -33.33 0 0 0
s’ 8 0 0 0

Even (6): 3 rhp, 3 lhp; Rest (1): 1 rhp; Total: 4 rhp, 3 lhp

Program:

numg=8;

deng=[1 -2 -1 2 4 -8 -4 0];
IG(S) -

G=tf(numg,deng)

“T(s)"

T=feedback(G,1)

"Poles of T(s)"

pole(T)

Computer response:
ans =

G(s)

Transfer function:

sSN7T - 2s™ -s5 +2sM+ 483 -8s™M2 -4s

ans =

T(s)

Transfer function:

SN -2s™ -5 +2s™M+4s"3-8s"2-4s+8

ans =
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Poles of T(s)

ans =
-1.0000 + 1.00001#
-1.0000 - 1.0000i
-1.0000
2.0000

1.0000 + 1.0000i
1.0000 - 1.0000i

Thus, there are 4 rhp poles and 3 lhp poles.

1: Even (6): 1 rhp, 1 lhp, 4 jo; Rest (1): 1 lhp; Total: 1 rhp, 2 lhp, 4 jo
16.
T(s) = s
SS+s —75 —75" —185—-18
s’ 1 -7 -18
s* 1 -7 -18
s 4 -14 0 ROZ
s* 3.5 -18 0
s' -34.57 0 0
s -18 0 0
Even (4): 1 rhp, 1 lhp, 2 jo; Rest (1): 1 lhp; Total: 1 rhp, 2 lhp, 2 jo
17.
G (s)= 307 sH(s)= 1 Therefore,
s4+353+1052+30s +169 s
T (s)= G _ 507s
I+G H  55435%4+1053+3052+1695 +507
sd 1 10 169
s 3 30 507
s3 12 60 0 ROZ
52 15 507 0
s! -345.6 0 0
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0

507

Even (4): 2 rhp, 2 lhp, 0 jo; Rest (1): 0 rthp, 1 lhp, 0 jo; Total (5): 2 rhp, 3 lhp, 0 jo

18.
T(s) = K(s+1) For a nd-order system, if all coefficients ar itive, the root:
s (1+K)s2 + 35+ (2+K) ' or a second-order system, coefficients are positive, the roots
will be in the lhp. Thus, K > -1.
19.
K(s+6)
T(s) =
©) §3 +4s2 + (K+3)s + 6K
1 3+K
4 6K
3 L
2 K 0
6K 0
Stable for 0 <K <6
20.
T(s) = K(s+3)(s+5)
(1+ K)s* + (8K —6)s + (8 +15K)
For 1* column negative | For 1* column positive
s2 1+K 8+15K K<-1 K>-1
s! 8K-6 0 K <6/8 K > 6/8
s9 8+15K 0 K <-8/15 K >-8/15
Stable for K > 6/8
21
Program:
K=[-6:0.00005:0];
for i=1:length(K);
dent=[(1+K(i)) (8*K(i)-6) (8+15*K(i))1;

R=roots(dent);

A=real (R);
B=max(A);
if B>0

R

K=K (1)
break

end

end

K=[6:-0.00005:0];

for i=1:length(K);

dent=[(1+K(i)) (B*K(i)-6) (8+15*K(i))1;
R=roots(dent);
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22.

A=real(R);
B=max(A);
if B>0

R

K=K (i)
break

end

end

Computer response:
R -

1.0e+005 *
2.7999
-0.0000
K =
-1.0000
R =
0.0001 + 3.3166i
0.0001 - 3.31661
K =
0.7500
Program:

%-det([s1 () siO;s10 siOD/s10O

%Template for use in each cell.

syms K %Construct a symbolic object for
%gain, K.

s2=[(1+K) (8+15*K) 0]; %Create s”™2 row of Routh table.

s1=[(8*K-6) 0 0]; %Create s”™1 row of Routh table.

sO=[-det([s2(1) s2(2);s1(1) s1(2)])/s1(1)--.
-det([s2(1) s2(3);s1(1) s1(3)])/s1(D) 0 (0] |
%Create s™0 row of Routh table.

"s2" %Display label.
s2=simplify(s2); %Simplify terms in s™1 row.
pretty(s2) %Pretty print s™1 row.

"sl® %Display label.
sl=simplify(sl); %Simplify terms in s™1 row.
pretty(sl) %Pretty print s”™1 row.

"s0* %Display label.
sO=simplify(s0); %Simplify terms in s™0 row.
pretty(s0) %Pretty print s™0 row.
Computer response:

ans =

s2

[L+K 8+15K 0]

ans =



23.

24,

25.

26.
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sl
[8 K-6 0 0] |
ans =
sO
[B+15K 0 0 0]
K(s+2)(s—-2 3
T(s)= ( X ) . For positive coefficients in the denominator, —1 < K < —. Hence

C(K+1)s* +(3 - 4K)

marginal stability only for this range of K.

T(s) = S 1od TKs I K Always unstable since s° and s~ terms are missing.
T(s) = K(s—=2)(s +4)(s+5)
Ks® + (7K +1)s” + 2Ks + (3 —40K)
s3 K 2K
X 54K* - K
s 7K +1 0
s0 3-40K 0
o1 3
For stability, — < K <—
54 40
Ts) = K(s+2)
)7 641353 2352 + (K+3)s + (2K-4)
s 1 -3 2K -4
s3 3 K+3 0
- (K+12)
s2 3 2K -4 0
K(K+33)
sl K+12 0 0
s0 2K -4 0 0

Conditions state that K <-12, K> 2, and K > -33. These conditions cannot be met simultaneously.

System is not stable for any value of K.
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27.
K
T(s)== >
S” +80s” +2001s+ (K +15390)
$ 1 2001
s 80 K+15390
1 14469
L ——K+—— 0
§ 80 8
s’ K+15390 0

There will be a row of zeros at s' row if K = 144690. The previous row, s°, yields the auxiliary

equation, 80s” + (144690+ 15390) = 0. Thus, s =+ j44.73. Hence, K = 144690 yields an

oscillation of 44.73 rad/s.
28.

Ks# - Ks? + 2Ks + 2K
(K+1)s2 + 2(1-K)s + (2K+1)

T(s) =

Since all coefficients must be positive for stability in a second-order polynomial, -1 <K < o0,

1
-00<K <1;-1<2K <00, Hence, - 2 <K<1.

29.
(s+2)s+7)
T(s)= 4 3 2
S +11s" +(K+31)s" +(8K+21)s +12K
Making a Routh table,
st 1 K+31 | 12K
s’ 11 8K +21| 0
3K +320
s 11 12K 0
1 24K?* +1171K + 6720
s 3K +320 0 0
g’ 12K 0 0

s row says —106.7 <K. s' row says K < -42.15 and —6.64 < K. s” row says 0 <K.



30.

3L

32.

K(s+ 4)
T =372
ST+35"+(2+K)s+4K
Making a Routh table,

s’ 1 2+K
s” 3 4K
' 6-K |0

s’ 4K 0

a. For stability, 0 <K <6.
b. Oscillation for K = 6.
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C. From previous row with K= 6, 3s?+24=0.Thus S =+ jw/g ,or @ =<8 radss.

a G (S): K (S—l)(S —2)

(s +2) (s 2+25 +2

. Therefore, T (s ) =

(s-2)(s-1)K

s34+ (K +4)s2+(6-3K)s +2(K +2)

Making a Routh table,
$3 1 6-3K
2 44K 442K
- (3K2+8K-20)
sl K+4 0
s0 4+2K 0

From s! row: K = 1.57, -4.24; From 2 row: - 4 < K; From s0 row: - 2 <K. Therefore,

-2<K<1.57.

b. If K = 1.57, the previous row is 5.57s2 + 7.14. Thus, s =+ j1.13.

. From part b, ® = 1.13 rad/s.

Applying the feedback formula on the inner loop and multiplying by K yields

Thus,

Making a Routh table:

Ge(s)=

T (s)=

s (s2+55+7)

s3+552+7s +K
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$3 1 7

s2 5 K
35-K

sl 5 0

s0 K 0

For oscillation, the s! row must be a row of zeros. Thus, K = 35 will make the system oscillate. The
previous row now becomes, 532 +35. Thus, s2+7=0, 0ors =+ j\ﬁ . Hence, the frequency of

oscillation is \/7 rad/s.

33.
T(s) = Ks2 + 2Ks
973+ (K-1)s2 + (2K-4)s + 24
s3 1 2K-4
52 K-1 24
| 2K* —6K 20
S K—1 0
s0 24 0
For stability, K > 5; Row of zeros if K = 5. Therefore, 452 + 24 = 0. Hence, ® = \/E for
oscillation.
34,
Program:

K=[0:0.001:200];

for i=1:length(K);
deng=conv([1 -4 8],[1 3]):;
numg=[0 K(i) 2*K(i) 0];
dent=numg+deng;
R=roots(dent);

A=real (R);

B=max(A);

if B<O

R

K=K (1)

break

end

end

Computer response:
R -

-4.0000
-0.0000 + 2.4495i



35.

36.

37.

-0.0000 - 2.4495i

5
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a. From the computer response, (a) the range of K for stability is 0 <K < 5.

b. The system oscillates at K = 5 at a frequency of 2.4494 rad/s as seen from R, the poles of the

closed-loop system.

T(s) = K(s+2)
) =353 392 + (K+3)s + (2K-4)
¢4 1 -3 2K-4
$3 3 K+3 0
K+12
§2 3 2K-4 0
K(K+33)
sl K+12 0 0
s0 2K-4 0 0

For K <-33: 1 sign change; For —-33 <K <-12: 1 sign change; For —12 <K < 0: 1 sign change; For

0 <K < 2: 3 sign changes; For K > 2: 2 sign changes. Therefore, K > 2 yields two right-half-plane

poles.
T =
()= A 753 + 1552 + 135 + (41K)
st 1 15 K+4
$3 7 13 0
92
§2 7 K+4 0
1000-49K

sl 92 0 0
s0 K+4 0 0

a. System is stable for - 4 <K <20.41.

b. Row of zeros when K = 20.41. Therefore

K

T(s) =

s3 + 1452 + 455 + (K+50)

97S

2+24.41. Thus, s =+ j1.3628, or » = 1.3628 rad/s.
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$3 1 45

s2 14 K+50
580-K

sl 14 0

s0 K+50 0

a. System is stable for -50 < K < 580.

b. Row of zeros when K = 580. Therefore, 14s2 + 630. Thus, s = ij\/ﬂ ,or m=6.71 rad/s.

38.
K
T = 83+ 1752 1 10s + K
s4 1 17 K
s3 8 10 0
126
s2 8 K 0
32
sV K 0 0
a. For stability 0 <K <19.69.
126 .
b. Row of zeros when K = 19.69. Therefore, 3 $2+19.69. Thus, s = i]\/ 1.25, or
o= 1.118 rad/s.
¢. Denominator of closed-loop transfer function is s+ 8s3 + 17s2 + 10s + K. Substituting K = 19.69
and solving for the roots yield s =+j1.118, -4.5, and -3.5.
39.

K(sZ +2s+1)

T =372 + (ks -K
§3 1 K+1
52 2 -K

3K+2
sl 2 0
s0 -K 0
e 2
Stability if - 3 <K<0.
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40.
T(s) = 2s% + (K+2)s3 + Ks?2
° s3+s2+2s+K
s3 1 2
52 1 K
s 2-K 0
sY K 0
Row of zeros when K = 2. Therefore s2 + 2 and s = ij\ﬁ , or ® = 1.414 rad/s. Thus K = 2 will yield
the even polynomial with 2 jo roots and no sign changes.
41.
1 Kz 1
s3 Ky 5 0
KK, -5
2 1 0
s K,
| K12 -5K K, +25
s 5-KK, 0 0
sY 1 0 0
For stability, K{Kp > 5; K12 + 25 < 5K1K5 ; and K1 > 0 . Thus 0 < K2 < 5K ;K5 - 25,
or0<Kj< \ISKle -25.
42.
s 1 1 1
s3 Kj K> 0
Ki-K2
52 X 1 0
K12 -KiKp + K22
s! 0 0
Ky - Ky
sY 1 0 0

For two jo poles, K12 - K1K» + K52 = 0. However, there are no real roots. Therefore, there is no

relationship between K1 and K that will yield just two jo poles.
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43.
s8 1 1.18E+03 2.15E+03 -1.06E+04 -415
s’ 103 4.04E+03 -8.96E+03 -1.55E+03 0
s0 1140.7767 2236.99029 -10584.951 -415 0
§ 3838.02357 -8004.2915 -1512.5299 0 0
s4 4616.10784 -10135.382 -415 0 0
$3 422.685462 -1167.4817 0 0 0
52 2614.57505 -415 0 0 0
s! -1100.3907 0 0 0 0
s0 -415 0 0 0 0
a. From the first column, 1 rhp, 7 lhp, 0 jo.
b. G(s) is not stable because of 1 rhp.
44,
Eigenvalues are the roots of the following equation:
s 0 O 0 1 3 S -1 -3
Isl—Al=f{0 s 0[-|2 2 —4|=[=2 s-2 4 |[=s’-55"-155+40
0 0 s 1 -4 3 -1 4 s—3
Hence, eigenvalues are -3.2824, 1.9133, 6.3691. Therefore, 1 rhp, 2 lhp, 0 jo.
45,
Program:
A=[0 1 0;0 1 -4;-1 1 3];
eig(h)
Computer response:
ans =
1.0000
1.5000 + 1.3229i
1.5000 - 1.32291
46.

Writing the open-loop state and output equations we get,
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X, = X, +3X,

Xy ==3X, —4X, = 5X; +U
y=X,+X,

Drawing the signal-flow diagram and including the unity feedback path yields,

1

Writing the closed-loop state and output equations from the signal-flow diagram,

X, = X, +3X,

>£3=—3x1—4x2—5x3+r—c
=-3X, = 4X, =5X; +1 = (X, + X;)
==3X, = 5X, —6X; +r
y=X+X
In vector-matrix form,
[0 1 o] [o]
x=l0 1 3Ix+lolr

-3 -5 6] |1
y=[0 1 1Jx

Now, find the characteristic equation.
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s 00l To 1 o] [s -1 0 ]
Ist-A=llo s ol-lo 1 3l|=l0o -1 -3 |
000 s] |3 5 6| [3 5 (s+6)]

=5 +55° +95+9

Forming a Routh table to determine stability

s 1 9
57 5 9
1 36 0
5
s’ 9 0
Since there are no sign changes, the closed-loop system is stable.
47.
Program:
A=[0,1,0;0,1,3;-3,-4,-5];
B=[0;0;1];
Cc=[0,1,1];
D=0;
G-
G=ss(A,B,C,D)
o

T=Feedback(G,1)
"Eigenvalues of T*

ssdata(T);
eig(M)
Computer response:
ans =
G
a =
X1l x2 x3
x1 0 1 0
X2 0 1 3
x3 -3 -4 -5
b =
ul
x1 0
X2 0
X3 1
Cc =
x1l x2 x3
vyl 0 1 1
d =

ul
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yl 0

Continuous-time model.

ans =
T
a =
X1l x2 X3
x1 0 1 0
X2 0 1 3
x3 -3 -5 -6
b =
ul
x1 0
X2 0
X3 1
Cc =
X1l x2 x3

yl 0
Continuous-time model.
ans =

Eigenvalues of T

ans =

-1.0000 + 1.4142i
-1.0000 - 1.4142i
-3.0000

SOLUTIONS TO DESIGN PROBLEMS

48.

K(s+1)(s+10)
3 + (5.45+K)s2 + (11.91+11K)s + (43.65+10K)

T(s) =

$3 1 11.91+11K

$2 5.45+K 43.65+10K
11E2 4+ Bl.826K + 21.25

s! 545+ K 0

s0 43.65+10K 0




226 Chapter 6: Stability

For stability, - 0.36772 <K < Q0. Stable for all positive K.

49.
(s)= 0.7K(s+0.1)
T A 12283 +1.14s2 +0.193s + (0.07K+0.01)

s4 1 1.14 0.07K+0.01

$3 22 0.193 0

§2 1.0523 0.07K+0.01 0

sl 0.17209 - 0.14635K 0 0

s0 0.07K+0.01 0 0

For stability, - 0.1429 <K < 1.1759
50.
2
T (s)= 06K +10K s2+60.1 K s
s +130s 4+322953+10 (K +2348) s 2+(60.1 K +58000) s +0.6 K
§d 1 3229 60.1K+58000
st 130 10K+23480 0.6K
$3 -10K+396290 7812.4K+7540000 0
-100K2+2712488K+8.3247E9
s2 -10K+396290 0.6K 0
7813E3K4-5.1401E11K3+7.2469E15K2+3.3213E19K+2.4874E22

s! 1000K3-66753880K2+9.9168E11K+3.299E15 0 0
s0 0.6K 0 0

Note: s3 row was multiplied by 130

From s! row after canceling common roots:

7813000 (K —39629) (K +967.31586571671) (K +2776.9294183336) (K —29908.070615165)

From s0 row:
From s3 row:
From s2 row:

From s! row:

1000 (K —39629) (K +2783.405672635) (K —29908.285672635)

K>0

K <39629

K <29908.29; 39629 <K
29908.29 <K, or K <29908.07;




Therefore, for stability, 0 <K <29908.07
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51.

§d 1 1311.2 1000(100K+1)
st 112.1 10130 60000K

s3 1220.8 99465K+1000 0

52 10038-9133.4K 60000K 0

s 99465 0 0

(K+0.010841)(K-1.0192)
(K-1.0991)
s0 60000K 0 0

52.

From s2 row: K < 1.099

From s! row: -0.010841 <K < 1.0192; K> 1.0991

From s0 row: 0 < K

Therefore, 0 <K < 1.0192

Find the closed-loop transfer function.

63x10° K
G(s) =
(s+30)(s+140)(s+2.5)
Te)=—2S0 _ 63x10°K
1+G(s)H(s) S’ +172.55> +46255+ (10500 + 63x10°K)
Make a Routh table.
S 1 4625
s 172.5 10500+63x10°K
s! 4564.13-365217.39K 0
s’ 10500+63x10°K 0

The s' line says K < 1.25x107 for stability. The s’ line says K > -1.67x10™* for stability.
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Hence, -1.67x10™* < K < 1.25x107 for stability.

53.
Find the closed-loop transfer function.
G(s) = J570KR(s+ 103)(s +0.8)
s(s+62.61)(s—62.61)
)= Gs) 7570Kp(s +103)(s + 0.8)
1+ G(s)H(s) s* +7570K,s* +(785766K, —3918.76)s + 623768K
Make a Routh table.
s’ 1 785766K, —3918.76
s> 7570 623768K,
s' 785766K, —4001.16 0
s’ 623768K, 0
The s' line says Kp> 5.09x107 for stability. The s° line says Kp > 0 for stability.
Hence, Kp>5.09x107 for stability.
54.
Yh-Ycat
Spring
displacement
Dfesired . lmim . F . * .
orce [ 1 Vol taae S| 1 up 0.7883 (s +53.85) - out
100 8 « ~| 1000 " (St 1547549283 (4 8119 54376 3) [ | S0 >
Iralnr;{)illlltccr i Controller Actuator P;yn‘:zﬁlri[;h Spring
1 g
100
Sensor
Yh-Yeat
Spring
displacement
Desired F +
foree +G§ | K - L P 0.7883(s +53.85) -l 2300 Four
100 1000 (s +15.475 +9283)(s’+ 8.1195+376.3) | -
) Controller Actuator Pantograph Spring
dynamics
- Y, (5)— Y, (5) 0.7883(s + 53.85)
S) = =
F,(S) (s° +15.475+9283)(s* +8.1195+376.3)

Ge(s)=(K/100)*(1/1000)*G(s)*82.3¢3
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0.6488K (s+53.85)

Ge(s) =
(s> +8.119s +376.3) (s> + 15.47s + 9283)

0.6488K (s+53.85)

T(s) =
4 3 2 7
s +23.589s +9784.90093 s + (0.6488 K + 81190.038 )s +(34.94 K+ 0.34931929 10)

1 9785 (0.3493e7+34.94K) +
23.59 (0.6488K+81190) 0 +
(-0.0275K+6343) (0.3493e7+34.94K 0 K<230654
)
—0.017&?+10587K +4325%6
—.027K +6343 0 -128966<K<188444
(0.3493¢7+34.94K) 0 -99971<K

The last column evaluates the range of K for stability for each row. Therefore -99971 <K < 188444.
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Steady-State Errors

SOLUTIONS TO CASE STUDIES CHALLENGES

Antenna Control: Steady-State Error Design via Gain

76.39K . . .
a.G(s) = S(5F150)(s+132) ° System is Type 1. Step input: €(c0) = 0; Ramp input:
1 1 2.59 ..
e(o) =K, ~ 7639k ~ K ; Parabolic input: (o0) = o0,
150 x 1.32
1 2.59
b. =K 0.2. Therefore, K = 12.95. Now test the closed-loop transfer function,
vV
T(s) = 989.25 for stability. Using Routh-Hurwitz, the system is stabl
(s) 31151 3252+ 19851989 25 ° or stability. Using Routh-Hurwitz, the system is stable.

$3 1 198

s2 151.32 989.25

sl 191.46253 0

s0 989.25 0

Video Laser Disc Recorder: Steady-State Error Design via Gain

a. The input, 152 > transforms into 30/s3. e(o0) = 30/K, = 0.005.

~0.2%600

30
Ky= 20000 * K1KpK3 = 6x107 K1KoK3. Therefore: e(c0) = 30/K, =

6x10 7K, K,K,

=5x107. Therefore K;K,K3 = 10°.
2x10°(s + 600)
s’ (s+2x10%)

b. Using K1K7K3 = 10°, G(s) = . Therefore, T(s) =

2x10°(s + 600)
s +2x10%s* +2x10°s +1.2x10% "

Making a Routh table,
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2x10°

1.2x108

§3 1

s2 2x10°
s 194000
s0 120000000

we see that the system is stable.

C.

Program:

numg=200000*[1 600];
deng=poly ([0 0 -20000]);
G=tf(numg,deng);

IT(S)I

T=Feedback(G,1)
poles=pole(T)

Computer response:
ans =

T(s)

Transfer function:
200000 s + 1.2e008

s”3 + 20000 s”™2 + 200000 s + 1.2e008

poles =
1.0e+004 *
-1.9990

-0.0005 + 0.0077i
-0.0005 - 0.00771

. Infinite

. Step(position), ramp(velocity), parabola(acceleration)

. Decreases the steady-state error
. Static error coefficient is much greater than unity.

. They are exact reciprocals.

is 1/10001.

9. The number of pure integrations in the forward path

10. Type 0 since there are no poles at the origin

. Step(position)-1, ramp(velocity)-2, parabola(acceleration)-3

. A test input of a step is used; the system has no integrations in the forward path; the error for a step input
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11. Minimizes their effect

12. If each transfer function has no pure integrations, then the disturbance is minimized by decreasing the
plant gain and increasing the controller gain. If any function has an integration then there is no control over
its effect through gain adjustment.

13. No

14. A unity feedback is created by subtracting one from H(s). G(s) with H(s)-1 as feedback form an
equivalent forward path transfer function with unity feedback.

15. The fractional change in a function caused by a fractional change in a parameter

16. Final value theorem and input substitution methods

SOLUTIONS TO PROBLEMS

1.
. . sR(s)
e(0)= IlmsE(s)= lim ——=
(0) s —0 s) s >0 1+G(s)
where
450(s+12)(s+ 8)(s +15)
G(s) = > i
s(s +38)(s” +2s+28)
For step, € (0) = 0. For 37tu(t),, R(s) = g . Thus, € (20) = 6.075x107. For parabolic input,
S
e(®) =00
2.
. . sR(s)
= limsE(Bs)= lm —=—
e () s —0 ®) s —>0 1+G(s)
Y s(60/s%) 3
=lim L 20G )G AGTE) 0.9375
s’ (s+2)(s+15)
3.

Reduce the system to an equivalent unity feedback system by first moving 1/s to the left past the

1
summing junction. This move creates a forward path consisting of a parallel pair, | — + 1| in cascade
S

2
with a feedback loop consisting of G(S) = 3 and H(S) = 7. Thus,

Ge(s):((sﬂjL 2/(s+3) J: 2(s+1)
S 1+14/s+3)) s(s+17)

Hence, the system is Type 1 and the steady-state errors are as follows:

Steady-state error for 15U(t) = 0.
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Steady-state error for 15'[2U('[) =0

5
System is type 0. Kp = 5 .

40 80
=—=1143
1+K 7

p
For 70tu(t), €(c0) = 00

For 40u(t), e(o0) =

For 80t2u(t), e(o0) = 00

R(S) 72/84
B(s)=17 G(s) 12005+ 2)E+3)E+NE+9)
S’(S+3)(S+10)(S+15)

Thus,
72

()= limSEG) = g 5oy = 027!
(3)(10)(15)

f[%—il = sE(s)

206
T4
. . . R(s) . S 9
Therefore, e(o0) = lim s2E(s)= lim s2 = lim 100(s+1)(s+2) ~ 10 °
<0 20 1+G(s) B0 1+ s+1)(s+ 10
s=(s+10)(s+3)

e(w0)= li ; K, = 1000012)(25)(32) =24.78 . Therefore, () = 0.582.
+K (61)(73)(87)

p

8 . .
For 8u(t), egs = m = 2; For 8tu(t), €gg = 0, since the system is Type 0.

a. The closed-loop transfer function is,
5000
s’ +75s + 5000

from which, o = 45000 and 2¢wn = 75. Thus, £=0.53 and

T =

%0S= e 1 %100 = 14.01%,
4

4
b. Tg= = ——=0.107 second.
Co, T75/2

¢. Since system is Type 1, egg for 5u(t) is zero.
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13.

14.

15.

0 5
= 66.67, 55 = — = 0.075.
K

v

d. Since Ky is

e. €gg = 00, since system is Type 1.

10.
K, = limsG(s) = w =10*
=0 (25)(@)(30)

Thus, a.= 8.

11.

K, =lim $’G(s) = % =10,000 . Therefore, K = 7291.667.
S—> X

12.
_ 5
__s(s+D(s+2) >
% 0l 1+M_ s +38% +7s+15
s(s+1)(s+2)

Therefore, Kp= 1/3; Ky, = 0; and K, = 0.

b. For 50u(t), &(0) =7 i(;{p = 37.5; For 50tu(t), €(0) = 00; For 50t2u(t), e(c0) = o0
C. Type 0
L

R(s) . . s

E(s)=———_.Th =1 E(s) =1
)= TraE ™ &)= ImsEE) = . 1000(5" + 45+ 20)(s" + 205+ 15)
$’(s+2)(s+10)

=4x10"4.

Collapsing the inner loop and multiplying by 1000/s yields the equivalent forward-path transfer
function as,

O 10°(5+2)

~5(s” +10055 +2000)

G, ()

Hence, the system is Type 1.

é(oo)= lims® E(s) = lims® RES) :
s—0 $s—0 1+ G(S)
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l S
For Type 0, step input: R(s) =~ , and e(oo)— Iim———=
s=>0 1+ G(S)

. 1
For Type 0, ramp input: R(s) = 5—2 , and

1 1
e(0)=lim . -
01+ G(s) I+limG(s) 1+K

p

1
For Type 0, parabolic input: R(s) =75 , and e(oo) lIim——=
s 520 54+ 3G(S)

1 S
For Type 1, step input: R(s) == , and e(oo)— lim———=
s>0 1+ G(S)

1
For Type 1, ramp input: R(s) =2 > and e(oo) lslg(}m

1 1 1
For Type 1, parabolic input: R(s) =—5 , and e(oo) lim————=
s 520 §45G(9)

1 S
For Type 2, step input: R(s) =7 , and e(oo)— lIim———=
52014+ G(S)

1
For Type 2, ramp input: R(s) = 2 , and e(oo) lgr()lm

1 1
For Type 2, parabolic input: R(s) = 3 , and e(oo) hnz)lm
520 S+ SG(S

TYPE
(1] 1 2
Step 0 0 0
-
=
% 1
= | Ramp | T E, u U
Parabola (et} Kl_ 0
W
16.
1/10 7K

a. e(o )—K——OOI where K, =

\

=10. Thus, K =685.71.
5x8x12

b. Ky = 10.



236 Chapter 7: Steady-State Errors

€. The minimum error will occur for the maximum gain before instability. Using the Routh-Hurwitz
K(s+7) |
s*+255° +1965” +(480+ K )s+7K

Criterion along with T (S) =

s* 1 196 7K For Stability
s’ 25 480+K
s” 4420-K 175K K < 4420
! —K?—435K +2121600 -1690.2 <K <
1255.2
s’ 175K K>0
Thus, for stability and minimum error K = 1255.2. Thus, K, = L =18.3 and
S5x8x12

17.

18.

19.

20.

21.

eeoy= 10 110 _ 5 6055
K, 183

\

15 15 150

e(o) = K, “Ka/l0 ~“Ka ~ 0.003. Hence, Ka = 50,000.

K

s(s+1 K
Find the equivalent G(s) for a unity feedback system. G(s) = ( 1()) =S Thus, (o) =

s+1

100 100
K_v T 0.01; from which K = 110,000.

Ka=73 - e(®) =% =0.01. Hence, K = 4000.

10 1 30 .
a.e(o)= Ky =000 - But, Ky = 5 = 60,000. Hence, K = 10,000. For finite error for a ramp
input,n=1.
. . 10000(s2+3s+30

b.Kp=1lim G(s) =lim sgs+5) ) _ 00

@0 s0

. . 10000(s2+3s+30
Ky=1lim sG(s)=lim s S§S+5) ) - 60,000

sJ0 s0

10000(s2+35+30
Ko~ lim $2G(s) - lim 5210000 250

sZ0 sZ0




22.

23.

24.

25.

26.

27.
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a. Type 0
__R(s) 1 1 10/s 120
b.E(s) =77 GE) Thus, €() Slén(; sE(s) Slérr(; S o K(s2i2st5) 125K -
(s+2)%(s+3)
c. €(00) = oo, since the system is Type 0.
25 25
e(0)= —= ———=0.1. Thus, K=700.
K, 150K/420
50 50
e(©) = 17 K, 1 +4_K =0.05. Thus, K = 6493.5.
26
, _ _ , K 2000
The system is stable for 0 < K < 2000. Since the maximum Ky, is Ky = ——= ———=6.25, the
320 320
minimum steady-state error is KL = ——=0.16.
v 6.25
To meet steady-state error characteristics: Bia)
— 2 — 1
Eiz)= =
Y 1+ 33} X [1+ Fo{g+ o)
(s +p3r°
& () = 3Ei3) =1 = F =0.1
t— oo z*0 1+ Ko [F +Ke
ﬁ?
Therefore, Ko, = 9p2.
. . o _ K(sta)
To meet the transient requirement: Since T(s) = 2+ (K42 B)s + (BZ Ko’

op2=10=p2+Ka ; ngn:\/ﬁ = K+2f. Solving for B, B=+1. For f=+1,K=1.16 and o = 7.76.

An alternate solution is f =-1, K=5.16, and o = 1.74.

a. System Type =1
1 1 K
b. Assume G(s) = S ¢ Therefore, €(0) = 1 =K —00Lor " =100.
V
__G6) K
B TOZTH 6O ~Trask -
100

Since o, = 10, K =100, and oo = 1. Hence, G(s) = m .

1
C.2lop=0a= I.Thus,C:% .
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T(s) = G(s) K(sta)
©=T+GE) ~2HK+B) stak

. Hence, K+ =2, Ka = (,)n2 = (12+12) -2

1
Also, () e :f(%: 0.1. Therefore, B = 0.1Kou=0.2, K=1.8,and o. = 1.111.

28.
System Type = 1. T(s) = 1 f((;)(s) =

K
s2+as+K From G(s), Ky =7 =100. For 10% overshoot, { =

0.6. Therefore, 2Cmp = a , and 0,2 = K. Hence, a = 1.2 \/K .

K
Also, a= 100 Solving simultaneously,

K=1.44x 104 anda=1.44 x 102.
29.
K
a. For 20% overshoot, £ = 0.456. Also, K, = 1000 = a

. Since T(s) = 2Cmy = a, and

s2+as+K ’

®p =\/E . Hence, a=0.912 \/E . Solving for a and K, K = 831,744, and a = 831.744.

1 K
b. For 10% overshoot, { = 0.591. Also, K. =0.01. Thus, K, =100 = 2 Since T(s) = —s2+as+K s
V

2Lop =a, and oy :\/K . Hence, a = 1.182\/§ . Solving for a and K, K =13971 and a=139.71.

30.
a. For the inner loop:
1

2
s4(st+1) s
G1(s) = 1 +# N sHs3+1
s$3(s+1)

1 1
— G o
s2(s+3) 1s) s(s9+4sH+353+s+3)

Ge(s) =

T(s) = Ge(s) B 1
()= 1+Ge(s) — s0+455+3sH+s2+3s+1

b. From Ge(s), system is Type 1.

C. Since system is Type 1, egs =0

. 1 5
d. ; From Ge(s), Ky = lim sG,(s) = 3 - Therefore, egs =3~ = 15.
s—0 v

e. Poles of T(s) =-3.0190, -1.3166, 0.3426 + j0.7762, -0.3495. Therefore, system is unstable and

results of (c) and (d) are meaningless
31.
a. For the inner loop:
10
Grs) — s(sHD)(sH3)(s+4) 10
106 = e 20 " 5(s3+852+195+32)
(st1)(st3)(st4)




ans

32.
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20
s(s3+8s2+19s+32)

Ge(s) =

T(s) Ge(s) 20
() =TTGe(s) ~ $#+853+19524325120

b. From Ge(s), system is Type 1.
C. Since system is Type 1, egs =0

. 20 5 5
d. From Ge(s), Ky = 15% $G,(s) =35 =73 - Therefore, es = K =8

e. Poles of T(s) =-5.4755, -0.7622 +j1.7526, -1. Therefore, system is stable and results of parts ¢ and

d are valid.

Program:

numgl=[1 7];dengl=poly([0 -4 -8 -12]);
"G1(s)="

Gl=tf(numgl,dengl)
numg2=5*poly([-9 -13]);deng2=poly([-10 -32 -64]);
"G2(s)="

G2=tf(numg2,deng2)
numh1=10;denh1=1;

"H1(s)="

H1=tf(numhl,denhl)
numh2=1;denh2=[1 3];

"H2(s)="

H2=tF(numh2,denh2)

%Close loop with H1 and form G3
"G3(s)=62(s)/(1+G2(s)H1(s)"
G3=feedback(G2,H1)

%Form G4=G1G3
"G4(s)=G1(s)GC3(s)"
G4=series(G1,G3)

%Form Ge=G4/1+G4H2
"Ge(s)=64(s)/(1+G4(s)H2(s))"
Ge=feedback(G4,H2)

%Form T(s)=Ge(s)/(1+Ge(s)) to test stability
"T(s)=Ge(s)/(1+Ge(s))"
T=Feedback(Ge,1)

"Poles of T(s)"

pole(T)

%Computer response shows that system is stable. Now find error specs.
Kp=dcgain(Ge)

"sGe(s)="

sGe=tf([1 0],1)*Ge;

"sGe(s)"

sGe=minreal (sGe)

Kv=dcgain(sGe)

"sn2Ge(s)="

s2Ge=tf([1 0],1)*sGe;
"sn2Ge(s)”

s2Ge=minreal (s2Ge)
Ka=dcgain(s2Ge)
essstep=30/(1+Kp)

essramp=30/Kv
essparabola=60/Ka

Computer response:
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Gl(s)=

Transfer function:

sM + 24 s”"3 + 176 s™2 + 384 s
ans =
G2(s)=
Transfer function:
5 s™2 + 110 s + 585
s"3 + 106 s”™2 + 3008 s + 20480
ans =
H1(s)=
Transfer function:
10
ans =
H2(s)=

Transfer function:

s + 3

ans =
G3(s)=6G2(s)/(1+G2(s)H1(s)
Transfer function:

5 s”2 + 110 s + 585
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s”"3 + 156 s”2 + 4108 s + 26330

ans =
G4(s)=G1(s)G3(s)
Transfer function:
5 s™3 + 145 s”™2 + 1355 s + 4095
sN7 + 180 s”™6 + 8028 s~5 + 152762 s™ + 1.415e006 s”3
+ 6.212e006 s”2 + 1.011e007 s
ans =
Ge(s)=6G4(s)/(1+G4(s)H2(s))
Transfer function:
5 s™M + 160 s”"3 + 1790 s"2 + 8160 s + 12285
s”8 + 183 s”7 + 8568 s™6 + 176846 s™5 + 1.873e006 s™4
+ 1.046e007 s™3 + 2.875e007 s~2 + 3.033e007 s
+ 4095
ans =
T(s)=Ge(s)/(1+Ge(s))
Transfer function:
5 s + 160 s”3 + 1790 s"2 + 8160 s + 12285
s”8 + 183 s”7 + 8568 s™6 + 176846 s™5 + 1.873e006 s™4
+ 1.046e007 s™3 + 2.875e007 s"2 + 3.034e007 s

+ 16380
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ans =

Poles of T(s)

ans =
-124.7657
-21.3495
-12.0001
-9.8847
-7.9999
-4.0000
-2.9994

-0.0005

ans =
sGe(s)=
ans =
sGe(s)
Transfer function:

5 s”5 + 160 s™4 + 1790 s”3 + 8160 s”™2 + 1.229e004 s
s”"8 + 183 s”7 + 8568 s™6 + 1.768e005 s™5 + 1.873e006 s™4

+ 1.046e007 s™3 + 2.875e007 s~2 + 3.033e007 s
+ 4095

Kv =

ans =
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sn2Ge(s)=

ans =
sn2Ge(s)
Transfer function:
5 s”6 + 160 s~5 + 1790 s™4 + 8160 s"3 + 1.229e004 s"2
s”"8 + 183 s”7 + 8568 s™6 + 1.768e005 s™5 + 1.873e006 s™4
+ 1.046e007 s™3 + 2.875e007 s~2 + 3.033e007 s
+ 4095
Ka =
0

essstep =

7.5000
Warning: Divide by zero.
(Type "warning off MATLAB:divideByZero"™ to suppress this warning.)
> In D:\My Documents\Control Systems Engineering Book\CSE 4th ed\Solutions Manual\Chap
7 References\p7_32.m at line 40
essramp =

Inf
Warning: Divide by zero.
(Type "warning off MATLAB:divideByZero"™ to suppress this warning.)
> In D:\My Documents\Control Systems Engineering Book\CSE 4th ed\Solutions Manual\Chap
7 References\p7_32.m at line 41
essparabola =

Inf
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33.

10K,
The equivalent forward transfer function is, G(s) = m .

G(s) 10K 10K
Also, T(s) = 1+ G() = 210K+ 1)s+10K] - From the problem statement, K, = 1+10Ks =10.

Also, 2oy, = 10K¢+1 =2(0.5 h[ 10K =«[ 10K . Solving for K1 and K¢ simultaneously, K| = 10 and

Kg=0.9.

34.
~ sR(s) - sD(s)Ga(s) 1 100
e() = lim ™ G15)Gy(s) - Where G1(5) =5 and G2 =5 . From the problem statement,
s20
| _loo
1 . B S+2 49
R(s) =D(s) =5 - Hence, e(o0) = lim 100 =11 -
S@O 1 +@ s—}-_z

35.

Error due only to disturbance: Rearranging the block diagram to show D(s) as the input,

Dis) + Es T
- -
) S5+
Eq (5+2)
(S+3)
Therefore,
Ko
) M - Ko(s+3)
-E(s) = D(s) KiKG2) D(S) §(513)(5+4) + K| Ka(512)

tS(s+3)(s+4)

1 3
ForD(s) =7 . ep(©) = lim sE(s) = - K]

s20
. 1 1 6
Error due only to input: €r(%0) =~ = KK KK -
vV
6

Design:
3
ep(e©) =-0.000012 = - 2K 0 Or K =125,000.
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37.

38.
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er(0) =0.003 = K16K2 ,orKy=0.016
C)__GOG(() . . E,)__ G
R(S) 1+G,()H,(5)" ~ R©)  1+G,(s)H,(s)
e (oo):lim—SR(S)Gl(S)
S0 14G(9)H,(9)

System 1:

Forming a unity-feedback path, the equivalent unity feedback system has a forward transfer function
of

10(s+10)

G.(s) = S(S+2) B 10(s+10)

= 110G +10)(5+3) T 118 +1325 +300
S(s+2)
1
a. Type 0 System; b.Kp = K = lirrgGe (s)=1/3;c. step input; d. e(0) = K =3/4;
p
1
SR(s) S(_s)
. e =1 =1 =0.
€ a—step(oo) Sl—l;l(}l+G(S)H(S) SLH&H 10(s+10)(s+4)
S(s+2)

System 2:

Forming a unity-feedback path, the equivalent unity feedback system has a forward transfer function
of

10(s+ 10)
G, (5) = %s+2%0 _ 10(s +10)
1+ J0G +10)8 ~ s(11s +102)
s(s+2)
1
a. Type 1 System; b. K, = ling SG, (S) =0.98; c. ramp input; d. €(0) = ? =1.02;
(1 )
S —
e (o) = lim SR(S) lim \32 1
el = = = .
a—ramp 50 1+ G(S)H(S) 07 4 10(s +10)(s+1) 50
S(s+2)

System 1. Push 5 to the right past the summing junction:
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R(s) 5(s+4) C(s)>
(s+5)(s+8)
2 -
Produce a unity-feedback system:
R(s) T —S(std) C(s)
(s+5)(s+8)
1 #
5(s+4)
S+ 5)(s+8) 5(s+4) 1 1
Thus, G, (8) = ( = Kp=—.¢ = =0.75,¢ 00,
(O =TT T T rissre0 P 3T Ty ramp
(s+35)(s+38)
€parabola = -
: . : Xs+4) .
Checking for stability, from first block diagram above, T(s) = ———————. The system is stable.
S™+23s+80

System 2. Push 20 to the right past the summing junction and push 10 to the left past the pickoff point:

R(s) & __200(st4) C(s) -
(s+5)(s+8)
1
—_— ‘_
40
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Produce a unity-feedback system:

200(s+4)
_— P(Q) -
(s+5)(s+8)
-39 <
40
200(s + 4)
 (s+5)(5+48)  200(s+4) 200(4)
Thus 6.9 =""300(s + 4) (2) =9 _is2s_7a0 " 7a0 = 0%
(5+5)(5+8)\40

1
Estep = 1+K, =-12.5, eramp = %, €parabola = ©.

G.(s)  200(s+4)
1+G,(s) s +185+60°

Therefore, system is stable and steady-state error calculations are valid.

Checking for stability, from first block diagram above, T (S) =

39.
Produce a unity-feedback system:

R(s) (st1)
sz(s+2)

C(s) >
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s+1
Ths, Gu(s) = — 82 _ s+l Error = 0.001 = —
us, Ge(s) = 1+gs+21()g1<2-)1) T2 H(K-DsH(K-1) o T K
s4(s+

1
Therefore, Kp =999 = K- Hence, K =1.001001.

s+1
Check stability: Using original block di T(s) = SZ(EH)J -
eck stability: Using original block diagram, T(s) = +I§ )~ 122Kk
s=(s+2)
Making a Routh table:
$3 1 K
2 2 K
K
sl 2 0
s0 K 0

Therefore, system is stable and steady-state error calculations are valid.
40.

a. Produce a unity-feedback system:

s+4 1
Hi®=33 -1=53

K(s+1) C
s () g
s“(st+2)
1
— <_
s+3
K(s+1)
s2(s+2) K(st1)(s+3)
Thus, Ge(s) = = . System is Type 0.
€ K (s+) sH553+652+Ks+K
1+

s2(s+2)
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b. Since Type 0, appropriate static error constant is Ky,

QKp:if:3

K(st1)
2
. . . . s°(st+2) K(s+1)(s+3)
heck stability: 1 block T(s) = = .
Check stability: Using original block diagram, T(s) +(s+4)K§S+1! st 553+(K+6)s2+5Ks+4K
(s+3)s2(s+2)
Making a Routh table:
s 1 K+6 4K
s3 5 5K 0
s2 6 4K 0
5
s! 3K 0 0
s0 4K 0 0

Therefore, system is stable for 0 < K and steady-state error calculations are valid.

Program:

K=10

numgl=K*poly([-1 -21);dengl=poly([0 0 -3 -4 -5]);
"G1(s)="

Gl=tf(numgl,dengl)

numhl=[1 6];denhl=poly([-7 -8]);
"H1(s)="

H1=tFf(numhl,denhl)

"H2(s)=H1-1"

H2=H1-1

%Form Ge(s)=G1(s)/(1+G1(s)H2(s)
"Ge(s)=61(s)/(1+G1(s)H2(s))"
Ge=feedback(G1,H2)

%Test system stability
"T(s)=Ge(s)/(1+Ge(s))"
T=Feedback(Ge,1)

pole(T)

Kp=dcgain(Ge)

"sGe(s)"

sGe=tf([1 0],1)*GCe;

sGe=minreal (sGe)

Kv=dcgain(sGe)

"sn2Ge(s)”

s2Ge=tf([1 0],1)*sGe;
s2Ge=minreal (s2Ge)
Ka=dcgain(s2Ge)
essstep=30/(1+Kp)

essramp=30/Kv
essparabola=60/Ka

K=1E6
numgl=K*poly([-1 -2]);dengl=poly([0 O -3 -4 -5]);
"G1(s)="

G1l=tf(numgl,dengl)
numh1l=[1 6];denhl=poly([-7 -8]);
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"H1(s)="
H1=tFf(numhl,denhl)
"H2(s)=H1-1"

H2=H1-1

%Form Ge(s)=G1(s)/(1+G1(s)H2(s)
"Ge(s)=G1(s)/(1+G1(s)H2(s))"
Ge=feedback(G1,H2)
%Test system stability
"T(s)=Ge(s)/(1+Ge(s))"
T=Feedback(Ge,1)
pole(T)

Kp=dcgain(Ge)

"sGe(s)"

sGe=tf([1 0],1)*Ge;
sGe=minreal (sGe)
Kv=dcgain(sGe)
"sn2Ge(s)”

s2Ge=tf([1 0],1)*sGe;
s2Ge=minreal (s2Ge)
Ka=dcgain(s2Ge)
essstep=30/(1+Kp)
essramp=30/Kv
essparabola=60/Ka

Computer response:

ans =
Gl(s)=

Transfer function:
10 s™2 + 30 s + 20

s™N5 + 12 s™M + 47 s”N3 + 60 sN2

ans =
H1(s)=
Transfer function:

s + 6

s"2 + 15 s + 56
ans =

H2(s)=H1-1
Transfer function:

-s"2 - 14 s - 50

sh"2 + 15 s + 56

ans =

Ge(s)=61(s)/(1+G1(s)H2(s))



Solutions to Design Problems

Transfer function:
10 s™4 + 180 s”™3 + 1030 s™2 + 1980 s + 1120
SAT + 27 $76 + 283 SN + 1427 SMA + 3362 SA3 + 2420 S°2 - 1780 S
- 1000
ans =
T(s)=Ge(s)/(1+Ge(s))

Transfer function:
10 s™4 + 180 s™3 + 1030 s™2 + 1980 s + 1120

ans =
-7.6131
-7.4291
-5.2697
-3.3330 + 0.1827i
-3.3330 - 0.1827i
-0.0111 + 0.1898i
-0.0111 - 0.1898i
Kp =
-1.1200
ans =
sGe(s)

Transfer function:
10 s”5 + 180 s™4 + 1030 s”™3 + 1980 s™2 + 1120 s

SN7 + 27 s™6 + 283 sN5 + 1427 s™M + 3362 s™N3 + 2420 s”2 - 1780 s

- 1000

ans =

sn2Ge(s)

Transfer function:
10 s”™6 + 180 s”™5 + 1030 s™4 + 1980 s™3 + 1120 s™2

SN7 + 27 s™6 + 283 sN5 + 1427 s™M + 3362 sN3 + 2420 s”N2 - 1780 s

- 1000

251
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essstep =
-250.0000

Warning: Divide by zero.

(Type "warning off MATLAB:divideByZero"™ to suppress this warning.)

> In D:\My Documents\Control Systems Engineering Book\CSE 4th ed\Solutions Manual\Chap 7
References\p7_41.m at line 27

essramp =
Inf

Warning: Divide by zero.

(Type "warning off MATLAB:divideByZero"™ to suppress this warning.)

> In D:\My Documents\Control Systems Engineering Book\CSE 4th ed\Solutions Manual\Chap 7
References\p7_41.m at line 28

essparabola =

Inf

1000000

ans =

Gl(s)=

Transfer function:
1e006 s”2 + 3e006 s + 2e006

sNS + 12 s™M + 47 s”"3 + 60 s™2

ans =

H1(s)=

Transfer function:
S + 6

sN"2 + 15 s + 56

ans =

H2(s)=H1-1

Transfer function:
-s"2 - 14 s - 50

s"2 + 15 s + 56
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ans =

Ge(s)=61(s)/(1+G1(s)H2(s))

Transfer function:
1e006 s™4 + 1.8e007 s™3 + 1.03e008 s™2 + 1.98e008 s + 1.12e008
SA7 + 27 S°6 + 283 SN5 - 098563 S - 1.7e007 M3 - 9.4007 SN2
- 1.78e008 s - 1e008

ans =

T(s)=CGe(s)/(1+Ge(s))

Transfer function:
1e006 s™4 + 1.8e007 s™3 + 1.03e008 s™2 + 1.98e008 s + 1.12e008

SN7 + 27 s™6 + 283 s™N5 + 1437 s™M + 1.004e006 s™3 + 9.003e006 s™2

+ 2e007 s + 1.2e007

-26.9750 +22.2518i
-26.9750 -22.2518i
17.9750 +22.2398i
17.9750 -22.2398i

ans =

sGe(s)

Transfer function:
1e006 s™5 + 1.8e007 s™4 + 1.03e008 s™3 + 1.98e008 s™2 + 1.12e008 s
SA7 + 27 SM6 + 283 S°5 - 9.986€005 sA4 - 1.7€007 SA3 - 9.4e007 SN2
- 1.78e008 s - 1e008

Kv =

ans =

sn2Ge(s)
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Transfer function:

1e006 s™6 + 1.8e007 s™5 + 1.03e008 s™4 + 1.98e008 s™3 + 1.12e008 s™2

SA7 + 27 SM6 + 283 SN5 - 9.986005 sA4 - 1.7€007 SA3 - 9.4e007 SN2
- 1.78e008 s - 1e008

Ka =

essstep =
-250.0000

Warning: Divide by zero.

(Type "warning off MATLAB:divideByZero"™ to suppress this warning.)

> In D:\My Documents\Control Systems Engineering Book\CSE 4th ed\Solutions Manual\Chap 7
References\p7_41.m at line 56

essramp =
Inf
Warning: Divide by zero.
(Type *"warning off MATLAB:divideByZero™ to suppress this warning.)

> In D:\My Documents\Control Systems Engineering Book\CSE 4th ed\Solutions Manual\Chap 7
References\p7_41.m at line 57

essparabola =
Inf
42.
G1(s)Ga(s) D(s)G(s)
Y =RO) TG 9)Ga()HE) 7T+ G1(89)G20)HE)
G1(s)Ga(s) D(s)Ga(s)
E(s)=R(s) - Y(9) =RO) - TG (5)Go()H(G) RO T+ G1(5)Ga(5)H(s)
G1(s)Ga(s) Ga(s)
= [ T G1(S)G2(S)H(S)} RO) - TG 3G eHE) PO
Thus,
. o G1(s)Ga(s) Ga(s)
o(0)= i sE(s) = I { [1 T G1(S)G2(S)H(S)} RE) - T5G15)GORE) D“)}
43.

a. E(s) = R(s) - C(s). But, C(s) = [R(s) - C(s)H(s)]G1(s)Ga(s) + D(s). Solving for C(s),

~_R(5)G1(s)Ga(s) D(s)
CO) =TT G(5)Ga)HG) T 1+ G1(5)Go(s)H(s)

Substituting into E(s),

) Gi(5)G2(s) i
E®) = 1-T5G,5)G9)HG) | RO " T+ G1(5)Ga(s)Hs) PG
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b. For R(s) = D(s) =% ,

lim G;(s)Ga(s)

e(o0) —lim sE(s) = 1 - —>20 !
20 SEG) = 1T im G1(9)GaHG) 1+ 1im G(5)Gas)H(s)
sJ0 20
C. Zero error if G1(s) and/or G)(s) is Type 1. Also, H(s) is Type 0 with unity dc gain.
44,
First find the forward transfer function of an equivalent unity feedback system.
K
G.(s) = s(s+D(s+4) K
¢ 1L KE+a-1D) ¢’ +58% +(K+4)s+K(a-1)
sS(s+1)(s+4)
1 1 a—1
Thus, e(0) = e(0) = = K =
1+ Kp 1+ a
K(a—1)
a @ -(a-1)\ a-1
Finding the sensitivity of €(o0), Se:g = gg = : (a (aaz )) = z
a—1
= (=3¢ |

45,
From Eq. (7.70),
K Kp Ko
S I ) B : (s+2) 2K
6(00)=1-1éf16 KiKa(stD) | - léna KiKoGstD) |~ 27K K,
S ) S 1+

Sensitivity to K:
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46.

S _S1de  KiKr - (100)0.1)
ek T e 5Ky, T T2+K1Kp T T 2+(100)(0.1)

=-0.833

Sensitivity to K»:

S Ky e 2Kp(IHKp)  2(0.1)(1+100) 0.8
eKy = e 5K,  (K22)21K1Kp) — (0.1-2)2+(100)0.1) ~ ¢
a. Using Eq. (7.89) with
s2+155+50 - (45+22) - (25+20)
-1 1
sl-A) =—5— - (3s+15)  s2+10s+23 6
s +20s“+111s+164

- (s+13) s+9 s2+155+38

yields e(0) = 1.09756 for a step input and e(o0) = o for a ramp input. The same results are obtained

using

a-1- _L[-Sliﬁ ES ‘E“]
IB4] _43 o 33
and Eq. (7.96) for a step input and Eq. (7.103) for a ramp input.
b. Using Eq. (7.89) with

2

s“+9s S 7
-1 1 2
(sl -A) = -(5s+7) s 7s
s3+9s2+55+7
S (s+9) -1 s2+9s+5

5
yields e(o) = 0 for a step input and e(x) = 7 for a ramp input. The same results are obtained using
oo 7
a-l=_Lll_7 0 o
Tlos -1 s
and Eq. (12.123) for a step input and Eq. (12.130) for a ramp input.

c. Using Eq. (7.89) with

2+55-4 —55-23 -5+ 10
(sl - &)~ 1= 1 sell  s24ldsed?  -25-19
53+1452+435+17 . — 2573 _,‘-2+9_;+5

yields e(o0) = 6 for a step input and e(o) = oo for a ramp input. The same results are obtained using

—4 -23 10
4=l 1] 11 42 -19
¥l 2 -3 5
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and Eq. (7.96) for a step input and Eq. (7.103) for a ramp input.

47.
Find G4(s): Since 100 mi/hr = 146.67 ft/sec, the velocity response of G4(s) to a step displacement of
the accelerator is v(t) = 146.67(1 - e"®Y). Since 60 mi/hr = 88 ft/sec, the velocity equation at 10 seconds
K
becomes 88 = 146.67 (1 - e°®10). Solving for o yields o = 0.092. Thus, G4(s) = 510092 But, from
, , .S . 13.49
the velocity equation, the dc value of G4(s) is 0092 = 146.67. Solving for K1, G4(s) = 510.092
Find error: The forward transfer function of the velocity control loop is
13.49K 13.49K 1
G;(s)G,(s) = - Therefore, Ky ="3795 - €(00) =g~ =6.82x 10-3K.
s(s + 1)(s +0.092) - v
48.

First, reduce the system to an equivalent unity feedback system. Push K to the right past the summing

junction.

K
Riz) * 172 Cizd -

K1
Convert to a unity feedback system by adding a unity feedback path and subtracting unity from K -

The equivalent forward transfer function is,

Ki1K>
G B Js24Ds _ LSLY)
&)= TKK, (K3 ) - Js2 +Ds+Ko(K3-K )
+— |-
Js2+Ds \K1
K,

The system is Type 0 with Kp = . Assuming the input concentration is Ry,
37
o R, Ro (K3 — Kl) .
e(0) = = . The error can be reduced if K3 = K.
H—Kp K
3
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49.
(st0.01)
K=—3
a. For the inner loop, Ge(s) = > _ K (s+0.01) here K = &
' 1 P e Lag 800D 7 $24Ks+0.01K * ™ J
2
S
(s+0.01) (s+0.01)2
F = = .
orm Ge(s) = G1e(s) ™3 s2(s2+Ks+0.01K)
System is Type 2. Therefore, egtep = 0,
b. ramp = 0,
1
C. Cparabola =K, T0.01 100
d. T(s) = Ge(s) K(s+0.01)2
S TTHG(s) T s K s3+1.01Ks2+0.02Ks+10-4K
s4 1 1.01K 104K
$3 K 0.02K 0 0<K
s2 1.01K-0.02 104K 0 0.0198 <K
|| 00201 K2-0.0004 K
s0 104K 0<K

K
Thus, for stability K =~ >0.0199

SOLUTIONS TO DESIGN PROBLEMS

50.

. 3n . . . . .
Pot gains: K1 == = 3; Amplifier gain: K5 ; Motor transfer function: Since time constant = 0.5, o
T

100

0 .. C(s)
=2. Also, =70 = 10. Hence, K = 20. The motor transfer function is now computed as E (SS) =
a

Q |~

20
m . The following block diagram results after pushing the potentiometers to the right past the

summing junction:
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Finally, since Ky =10 =

First find Ky: Circumference = 27 nautical miles. Therefore, boat makes 1 revolution

‘hr ~ 3600 x 0.314 sec
_5.56x 10-3

51.
21
in 20 = 0.314 hr.
1
Angular velocity is thus, 0314 =
1/10°
o =
For 0.1° error, €(c0) 3600 27 rad
K =12.76.
52.
a. Performing block diagram reduction:
R(s) + + s—13 +
—_— K —
% : 8‘ s+13

rad

100

s’ +14 s+100

Fot Ampl. Hotor
20
L K =
3 2 5(5+2)
k2 - _1
B from which Ky = 3 -

d
=556x 10325

S€C

iZ(5)
-_

K
. Thus Ky, =3.19= 7 from which,

259

2

(s+0.5)s’+ 9.55 +78)

C(s)

| 3s
s+0.2




260 Chapter 7: Steady-State Errors

R(s) _+ + s —13] 100 (s+0.2) 2 C(s)
— — K, _ = 3 2 i 2 L
) s+13 s +14.25 +402.85+20 (s+0.5)(s +9.5s5+78)
g
+
R(s) + C(s)
= K, ()] Ge(s) -
— S *
2
_ -12.85 —2.

G(s) = (~200) ) 85 26

s 743725 04942.1555+134205 4+1.0249x105 5 3+4.6048x105 s 24+2.2651x105 s +10140

System is unity feedback with a forward transfer function, Gi(s), where
$s2-12.85-26
s 743725 04942.15 s 3+13420s 4+1.0269x10° s 3+4.5792x10° s 2+2.2599x10° s +10140

Gi(s) = —200K

Thus, system is Type 0.

520K
b. From G(s), Kp = To1ao = 700. Thus, K1 =13650.
Gt
1+G ¢
For K1 =13650,

c.T(s)=

2
T (s) = —2730000 s 1285 -26

s 743725 04+942.15 52 +13420s 4+1.0269x10° s 3 -2.2721x10°% s 2+3.517x107 s +7108140

Because of the negative coefficient in the denominator the system is unstable and the pilot would not

be hired.
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53.
The force error is the actuating signal. The equivalent forward-path transfer function is
K
G, (S) = ——L——. The feedback is H(S) = D,S + K_ . Using Eq. (7.72)
) s(s+K,K,) ) ¢
R(s
E,(5) = —Re® . Applying the final value theorem,
1+ G,(s)H(s)
(1 )
A3 K
e () =lim S =—2 < 0.1. Thus, K, < 0.1K.. Since the closed-loop system
oram () = T RDSTR) T K,
s(s+K,K,)
is second-order with positive coefficients, the system is always stable.
54.

a. The minimum steady-state error occurs for a maximum setting of gain, K. The maximum K possible

is determined by the maximum gain for stability. The block diagram for the system is shown below.

D _desired (9) + Vi(S)
[

S
3 - K @, (9)

(s +10)(s* +4s+10)

Pushing the input transducer to the right past the summing junction and finding the closed-loop

transfer function, we get

3K
(s +10)(s* +4s5+10) 3K
T(S) = 3K =73 2
14 s’ +14s> +50s+ (3K +100)
(s +10)(s” +4s+10)
Forming a Routh table,

s 1 50

2 14 3K+100

s! -3K + 600 0

14
s 3K+100 0
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100
The s' row says -0 < K < 200. The s” row says —? < K. Thus for stability,

——— <K <200. Hence, the maximum value of K is 200.

3K 1 1
b. K, =—==06.Hence, €, () = ==.
100 1+K, 7
C. Step input
55.
a.
Yh-Yeat
Spring
displacement
Desired Input F *
force | _1 | voltage™ 1 up 0.7883(s +53.85 F
— —ﬁ»@—» K — > — (o43).55) 82300 " pm
100 1000 (S +15.475+9283)(s>+ 8.119 s+ 376.3)
Input i Controller Actuator Pantograph Spring
transducer dynamics
L
100
Sensor
Yh-Yeat
Spring
displacement
Desired n K F *
foree |1 uw 0.7883(s +53.85) Fout
—»@—»— - -l — - > 82300 |
100 1000 (8" +15.47s +9283 )(s"+ 8.119s+376.3)
Controller Actuator Pantograph Spring
dynamics
b.
Y,(s)— Y., () 0.7883(s + 53.85)

G(s) = =2 2
Fup(S) (S"+15.47s+9283)(s” +8.1195+376.3)

Ge(s) = (K/100)*(1/1000)*G(s)*82.3¢3

0.6488K (s+53.85)

Ge(s) =
(s> +8.119s + 376.3) (s> + 15.47s + 9283)

Ko = 0.6488K*53.85/[(376.3)(9283)] = K*1.0002E-5

Maximum K minimizes the steady-state error. Maximum K possible is that which yields stability.
From Chapter 6 maximum K for stability is K = 1.88444 x 10°. Therefore, K, = 1.8848.
C. e = 1/(1+K,) = 0.348.
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SOLUTIONS TO CASE STUDIES CHALLENGES
Antenna Control: Transient Design via Gain

a. From the Chapter 5 Case Study Challenge:
e —T639K
(8) = 5(5+150)(s+1.32)

1
Since Ts = 8 seconds, we search along -5, the real part of poles with this settling time, for 180°.

We find the point to be - 0.5+j6.9 with 76.39K = 7194.23, or K = 94.18. Second-order
approximation is OK since third pole is much more than 5 times further from the imaginary axis

than the dominant second-order pair.

b.

Program:

numg= 1;

deng=poly([0 -150 -1.32]);
"G(s)"
G=tf(numg,deng)
rlocus(G)
axis([-2,0,-10,10]);
title(["Root Locus™])
grid on
[K1,p]=rlocfind(G)
K=K1/76.39

Computer response:
ans =

G(s)

Transfer function:

s™"3 + 151.3 s™2 + 198 s
Select a point in the graphics window
selected_point =

-0.5034 + 6.3325i
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K1 =

6.0690e+003

p:
1.0e+002 *
-1.5027

-0.0052 + 0.0633i
-0.0052 - 0.0633i

79.4469

>>
ans =

G(s)

Transfer function:

sN"3 + 151.3 s™2 + 198 s
Select a point in the graphics window
selected_point =

-0.5000 + 6.2269i

K1 =

5.8707e+003

p =
1.0e+002 *
-1.5026
-0.0053 + 0.06231
-0.0053 - 0.0623i1
K =

76.8521
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Root Locus

Imaginary Axis

-2 1.5 -1 -ns 0
Real Axis

UFSS Vehicle: Transient Design via Gain

. T K(s+0.437)
a. Push -K; to the right past the summing junction yielding G(s) = S(s+2)(s+1.29)(s+0.193) ° where

K =0.25K7. Combine the parallel feedback paths and obtain H(s) = (s+1). Hence, G(s)H(s) =

K(s+0.437)(s+1
S(s +2)((SS +1_29))((SS+0_)193) . The root locus is shown below in (b). Searching the 10% overshoot line

(£=0.591; 6 = 126.24°), we find the operating point to be -1.07 £ j1.46 where K =3.389, or K| =
13.556.

b.

Program:

numg= [1 0.437];

deng=poly([0 -2 -1.29 -0.193]);
G=tf(numg,deng);

numh=[1 1];

denh=1;

H=tf(numh,denh);

GH=G*H;

rlocus(GH)

pos=(10);
z=-1og(pos/100)/sqrt(pi~2+[log(pos/100)]"2);
sgrid(z,0)

title(["Root Locus with * , num2str(pos), " Percent Overshoot Line"])
[K,pl=rlocfind(GH);

pause

K1=K/0.25

T=Feedback(K*G,H)

T=minreal (T)

step(T)
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title(["Step Response for Design of " , num2str(pos),

Computer response:
Select a point in the graphics window

selected_point =

-1.0704 + 1.4565i

K1 =

13.5093

Transfer function:
3.377 s + 1.476

s™M + 3.483 s™3 + 6.592 s™2 + 5.351 s + 1.476

Transfer function:
3.377 s + 1.476

s™M + 3.483 s™3 + 6.592 s”2 + 5.351 s + 1.476

Foot Locus with 10 Percent Owvershoot Line

" Percent"])

Imaginary Axis
(o)

At

2t

Feal Axis
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Step Response for Design of 10 Percent

Amplitude

Time (=ec)

ANSWERS TO REVIEW QUESTIONS

1. The plot of a system's closed-loop poles as a function of gain

2. (1) Finding the closed-loop transfer function, substituting a range of gains into the denominator, and
factoring the denominator for each value of gain. (2) Search on the s-plane for points that yield 180 degrees
when using the open-loop poles and zeros.

3.K=1/5

4. No

5. At the zeros of G(s) and the poles of H(s)

6. (1) Apply Routh-Hurwitz to the closed-loop transfer function's denominator. (2) Search along the
imaginary axis for 180 degrees.

7. If any branch of the root locus is in the rhp, the system is unstable.

8.If the branch of the root locus is vertical, the settling time remains constant for that range of gain on the
vertical section.

9. If the root locus is circular with origin at the center

10. Determine if there are any break-in or breakaway points

11. (1) Poles must be at least five times further from the imaginary axis than the dominant second order
pair, (2) Zeros must be nearly canceled by higher order poles.

12. Number of branches, symmetry, starting and ending points

13. The zeros of the open loop system help determine the root locus. The root locus ends at the zeros.

Thus, the zeros are the closed-loop poles for high gain.

SOLUTIONS TO PROBLEMS

a. No: Not symmetric; On real axis to left of an even number of poles and zeros
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b. No: On real axis to left of an even number of poles and zeros
C. No: On real axis to left of an even number of poles and zeros
d. Yes

e. No: Not symmetric; Not on real axis to left of odd number of poles and/or zeros

f. Yes
g. No: Not symmetric; real axis segment is not to the left of an odd number of poles
h. Yes
2.
jo Jo
‘i/
s-plane ‘

@ (b)

s-plane

(© (d)
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jo Jo
A
K s-plane s-plane
L0 > G
K
© @
jo Jo
A A

s-plane

& e 7 (e}

ya
N 7\ /N &

f

(e) ()
jw
jw ju
i3 ==pl l s-plane
j€ il
=-plang
j1 F 9
) ¥ @
N -t {
-jz 0 _;
-7 it
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d.
4,
FOOT LOCLS EQLOr | L)
2 i _ |
1} i
" i
i :
B e e SIS
T ,
E :
o i
] L L L H
-4 -3 -2 -1 ] 1

| T

Breakaway: ¢ =-2.43 for K = 52.1
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Imag Axis
o
T
[¢
C

4
&
&b
IS

3
Real Axis

Break-in: 6 =-1.5608 for K = 61.986; Breakaway: ¢ =-5.437 for K = 1.613.

20K (s+5)

and thus identify
s +2s +7s

Convert the denominator to the following form: D(S) =1+

_ 20K(s+5) _ 20K(s+5)
S’ +28°+7s  s(s*+2s+7)

G(s)

Plotting the root locus yields

Root Locus Editor ()
15 T T

Imag Lxis

| | |
4 3 2 d
Real Lxis

271
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Im
\ s-plane

BO»Re O

7.
Im
A s-plane
A
8.

Imag Axis

-25

P x
//Ai\c S e
N |

—x

s s s
-6 -4 -2
Real Axis

0

~F

Closed-loop poles will be in the left-half-plane when rhp pole reaches the origin,

orK >

BB 9
V2)V2)) 2

9



10.

Root Locus Editor ()

2 1

1
&
i Ot----4 = = £
]
E

-1

-2

-4 -3 -2 -1 1] 1 2 3 4

Faal fwvis

Closed-loop poles will be in the right-half-plane for K > 30)

Therefore, stable for K < 4/9; unstable for K > 4/9 .

2.5 T T T T

2)(2) _4
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3 (gain at the origin).

15F

Imag Axis
o
o [$)]
T T

o
(%))
T

25 1 1 1 1

o

o

-5 -4 -3 -2 -1
Real Axis

o
-

Breakaway: o =-3.436 for K = 1.781. System is never unstable. System is marginally stable for K =

00,



274 Chapter 8: Root Locus Techniques

11.
System 1:
Z.00
1.50
.-l"""'-‘-"""‘-h
1.00
.50
O—a= ) —~——f e
- .50
=1.00
ot -1.50
=2.00
=2.00 -1.00 .aa 1.00 2.00
Real
(a)

a. Breakaway: o = 1.41 for K = 0.03; Break-in: ¢ = -1.41 for K =33.97.

b. Imaginary axis crossing at j1.41 for K = 1. Thus stable for K > 1.
C. At break-in point, poles are multiple. Thus, K = 33.97.

d. Searching along 1350 line for 1800, K = 5 at 1.414 £ 1350,

System 2:

=2.30

-1.90

-.30
Real

(b)

a. Break-in: o =-1.41 for K = 28.14.

.30

-2,

1.50

.o

.30

.o

.30

00 jm

.30

.o

.30

ulu]



12.

13.
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b. Imaginary axis crossing at j1.41 for K = 0.67. Thus stable for K > 0.67.
C. At break-in point, poles are multiple. Thus, K =28.14.

d. Searching along 1350 line for 1800, K = 4 at 1.414 £ 1350,

a.
2.50
- X E X 00 jw
-2.50
-10.00 —5.00 o0 500 10.00

Real

Root locus crosses the imaginary axis at the origin for K = 6. Thus the system is stable for K > 6.

{""'_0 75

/K .00 jm
\ -.75

\___0
-1.30

-3.00 -1.50 .an 1.50 3.00
Real

k'

Root locus crosses the imaginary axis at j0.65 for K = 0.79. Thus, the system is stable for K < 0.79.

Imag Axis
o
[¢
L

Real Axis
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There will be only two right-half-plane poles when pole at +2 moves into the left-half-plane at the

origin. Thus K = =6.67.

(5)N2)V2)2)
3

14,

Imag Axis
o
L

15 L L L L L L
-12 -10 -8 -6 -4 2 0 2
Real Axis

Root locus crosses the imaginary axis at j7.348 with a gain of 810. Real axis breakaway is at —2.333
at a gain of 57.04. Real axis intercept for the asymptotes is _T =—5. The angle of the asymptotes

T

5T
T3 Some other points on the root locus are:
£=0.4:-1.606 +j3.68, K =190.1
£=0.6:-1.956 +j2.6075,K=117.8

£ =0.8:-2.189 +j1.642, K = 79.55



15.

16.
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a.
1.50
75
00 jw
-.75
-1.50
-3 00 ~1.50 oo 1.50 .00

Real
Imaginary axis crossing: j1.41 at K = 1.5. Stability: K < 1.5. Breakaway: -1.41 at K = 0.04. Points on
root locus: -1.5 £ j0, K =10.0345; -0.75 £j1.199, K=0.429; 0 + j1.4142, K = 1.5;
0.75+£j1.1989, K =9. Finding angle of arrival: 90 - 01 - 02 + 03 =90°- tan"1(1/3) - tan"1(1/2) +

03 = 180°. Thus, 03 = 135°.

b.
_ 1.50
\ 75
................ A0 jw
/ -.75
: ) -1.50
-3.00 -1.50 .00 1.50 .00

Real
Imaginary axis crossing: j1.41 at K = 1. Stability: K < 1. Breakaway: -1.41 at K = 0.03. Break-in:
1.41 at K =33.97. Points on root locus: -1.5 £j0, K = 0.02857; -0.75 £ j1.199, K = 0.33;

0+j1.4142,K=1;0.75+j1.1989, K =3.

a. Root locus crosses the imaginary axis at + ]3.162 at K =52,

b. Since the gain is the product of pole lengths to -5, K = (1) (\/42 +1? )(\/42 +17 ) =17 .
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17.
a.
f 10,00
/ 7.50
/ 5.00
/ 2.50
x40 00 jw
\ -2.50
\ -5.00
\ -7.50
\ -10.00
-10.00 =5 .00 .00 5.00 10,00
Real
0-2-3-4-(1) 8 2kt)r  © Sn
b.cy= 3 =-§;Ang1e:£—3L =303
¢. Root locus crosses imaginary axis at j4.28 with K = 140.8.
d. K=13.125
18.
. . (0-3-6)-(-0)
Assume that root locus is epsilon away from the asymptotes. Thus, G4 = 5 =-1;
(2k+1) 3
Angle = 3 & :g , 775 . Hence o = 7. Checking assumption at —1 £ j100 yields -180° with K =
9997.02.
19.
: 1.00
s ™, 50
S ST T - (’9‘_»(. 00 jw
R -/ -.50
W -1.00
-Z.00 -1.00 .00 .00 Z.00

a. Breakaway: -0.37 for K = 0.07. Break-in: 1.37 for K=13.93
b. Imaginary axis crossing: £j0.71 for K = 0.33

C. System stable for K < 0.33
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d. Searching 120° find point on root locus at 0.52120° = - 0.25 +j0.433 for K= 0.1429

20.
a.
20
15)
10
51
% of- % IS ©
£
5k
10}
15}
-20 L L L L
-40 -30 20 -10 0 10 20
Real Axis
b.0<K<23.93
c. K=81.83 @-13.04 £j13.04
d. At the break-in point, s =-14.965, K = 434.98.
21.

AN

/

AN

/

—10.00 =5.00

.00
Real

(-1-2-3-4)-(0)

a. Asymptotes: Gint = 4

b. Breakaway: -1.38 for K =1 and -3.62 for

1

5.00

5
) ; Angle =
K=

10.00

Qk+1)
4

=10,

oo

=)

uln]

=)

.00 jw

.an

oo

=)

[alu]

T om oM /T
4
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C. Root locus crosses the imaginary axis at +j2.24 for K = 126. Thus, stability for K < 126.

d. Search 0.7 damping ratio line (134.427 degrees) for 1800. Point is 1.4171./134.427° =
-0.992 +j1.012 for K =10.32.

e. Without the zero, the angles to the point +j5.5 add up to -265.074°. Therefore the contribution of
5.5 . .
the zero must be 265.074 - 180 = 85.074°. Hence, tan 85.0740 = —Z. where - 7. is the location of the
C

zero. Thus, z. = 0.474.

5 : 10.00

________________
________________
................ ¢¢ ¢¢ -2.30
=5.00

................ SRRSO SOUPOPUROPORS SOOI OO ¢+ =7.30

1 —10.00

—10.00 =5.00 .00 .00 10.00

f. After adding the zero, the root locus crosses the imaginary axis at +j5.5 for K =252.5. Thus, the
system is stable for K <252.5.

g. The new root locus crosses the 0.7 damping ratio line at 2.7318£134.427° for K = 11.075
compared to 1.4171.£134.427° for K = 10.32 for the old root locus. Thus, the new system's settling

time is shorter, but with the same percent overshoot.



22, _
Jwua
z-plane
4 ) ¥ } d
-1
23.
1
. I e B
(s)isz+ocs+1 B as
1+
s2+1

oS
Plotti t 1 for G(s)H(s) =
otting a root locus for G(s)H(s) 211

, We obtain,

yd

e

/ > 0
\

N

e

=2.00 =-1.00

0o

Real

oo

—-1.
2.00

.50

oo

.50

oo

.50

oo

S0
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1
. Thus an equivalent system has G(s) = Sz— and H(s) = as.

+1
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24.
a.
5.00
/ 3.75
/
l z.50
/ 1.25
/
- K ( % 00 je
A -1.25
\\ -2 .50
1Y -3.75
\ -5.00
-5.00 —Z.50 o Z.50 5.00
Real
b. Root locus crosses 20% overshoot line at 1.8994 £ 117.126° = - 0.866 + j1.69 for K = 9.398.
4 T
¢.Ts=0366 = 4.62 seconds; Tp = 160 = 1.859 seconds
d. Root locus crosses imaginary axis at +j3.32 for K = 60. Therefore stability for K < 60.
e. Other poles with same gain as dominant poles: ¢ =-4.27
25.
a.

20 T T T T T T T T T T

5 ]
2
z —
o OF x i
51 ]
0 ]
5) ]
.20 L L L L L L L L L L
-8 -7 -6 -5 4 3 -2 -1 0 1 2 3

Real Axis
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(-6-5-4-2)-(2)
O'a = =
4-2
0 — 2k+)zr 7 37
©o4-2 272
C. At the jw axis crossing, K= 115.6. Thus for stability, 0 <K < 115.6.
d. Breakaway points at o= -2.524 @ K=0.496 and o=-5.576 @ K =0.031.

-9.5

e. For 25% overshoot, Eq. (4.39) yields {'= 0.404. Searching along this damping ratio line, we find
the 180° point at —0.6608 + j1.496 where K = 35.98.
f.—7.839 +j7.425

g. Second-order approximation not valid because of the existence of closed-loop zeros in the rhp.

h.

Program:

numg=35.98*[1 -2 2];
deng=poly([-2 -4 -5 -6]);
G=tf(numg,deng);
T=Feedback(G,1)

step(T)

Computer response:
Transfer function:
35.98 s”2 - 71.96 s + 71.96

s™M + 17 s™3 + 140 s™2 + 196 s + 312

Step Response

0.3
0.23
n.z
013
0.1

Amplitude

003 f

-0.03

-0

_|:|15 1 1 1 1 1 1 1 1
a 1 2 3 4 3 G 7 i 9

Time [zec)

Simulation shows over 30% overshoot and nonminimum-phase behavior. Second-order
approximation not valid.

26.
a. Draw root locus and minimum damping ratio line.
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27.

28.

=]

00 jw

-.30

—1.00

.50 a0 .50 T 50

Real
Minimum damping ratio is { = cos (180 - 145.55) = cos 34.45° = 0.825. Coordinates at tangent point
of £ = 0.825 line with the root locus is approximately —1 + j0.686. The gain at this point is 0.32.

b. Percent overshoot for £ = 0.825 is 1.019%.

4 Y14
C. Ts=7 =4 seconds; Tp =57ce75 =4.57 seconds

d. Second-order approximation is not valid because of the two zeros and no pole-zero cancellation.

The root locus intersects the 0.55 damping ratio line at —7.217 +j10.959 with K =134.8. A
justification of a second-order approximation is not required. The problem stated the requirements in
terms of damping ratio and not percent overshoot, settling time, or peak time. A second-order
approximation is required to draw the equivalency between percent overshoot, settling time, and peak
time and damping ratio and natural frequency.

Since the problem stated the settling time at large values of K, assume that the root locus is
-11+a 4

approximately close to the vertical asymptotes. Hence, Gint = T =- T_ . Since Ty is given
s

as 4 seconds, Gint = -1 and o0 = 9. The root locus is shown below.
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10.00

7.50

S.00

2.40

-2.30

=5.00

=7.80

-10.00
-10.00 -5.00 .00 5.00 10.00
Real

29.
The design point is - 0.506 + j1.0047. Excluding the pole at -o. , the sum of angles to the design point

is -141.37°. Thus, the contribution of the pole at -a is 141.37 - 180 = - 38.63°. The following
geometry applies:

jua

i1.0047

s-plane

=L =050

1.0047

Hence, tan 6 = =-0506

= tan 38.63 = 0.799. Thus o = 1.763. Adding this pole at -1.763 yields
1800 at - 0.506 £ j1.0047 with K = 7.987.

30.
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31.

Root Locus Techniques

Imag Axis
o

s s s s s s s
-10 -8 -6 -4 -2 0 2

Real Axis

b. Searching along the 10% overshoot line (angle = 126.2399), the point - 0.7989 + j1.0898 yields

180° for K = 81.74.

c. Higher-order poles are located at approximately —6.318 and —7.084. Since these poles are more than

5 times further from the imaginary axis than the dominant pole found in (b), the second-order

approximation is valid.

d. Searching along the imaginary axis yields 180° at j2.53, with K =394.2.
Hence, for stability, 0 <K <394.2.

Program:
pos=10;

z=-log(pos/100)/sqgrt(pi~2+[log(pos/100)]"2)

numg=1;

deng=poly ([0 -3 -4 -8]);

G=tf(numg,deng)
Gzpk=zpk(G)
rlocus(G,0:1:100)

pause
axis([-2,0,-2,2])
sgrid(z,0)

pause

[K,P]=rlocfind(G)
T=Feedback(K*G, 1)
pause

step(T)

Computer response:
5 =

0.5912

Transfer function:

1



s™M + 15 s"3 + 68 s™2 + 96 s

Zero/pole/gain:
1

s (st8) (s+4) (s+3)
Select a point in the graphics window
selected_point =

-0.7994 + 1.0802i

81.0240

P =

-7.1058
-6.2895
-0.8023 + 1.0813i
-0.8023 - 1.0813i

Transfer function:
81.02

sM + 15 s”"3 + 68 s™2 + 96 s + 81.02

Foot Locus
1.5 T T T T T T T
1 -
o5t %
2]
i i
E D”m ----- OO I -k - I
=1 .
o
E
- 05t g
At
_1 5 1 1 1 1 1 1 1
- -7 -G -8 -4 -3 -2 -1

Feal Axiz
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Root Locus
g
kS
=
i
=
[}
Lx]
E
Feal Axis
Step Response
1.4 r r r r r r
12+ E
1]
=
=
g
|:| 1 1 1 1 1 1

] 1 2 3 4 = [ b

Time (zec)
32.
a. For a peak time of 1s, search along the horizontal line, Im = 7/ Tp= =, to find the point of

intersection with the root locus. The intersection occurs at —2 + jr at a gain of 11.
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Imag Axis
o

b.
Program:

numg=11*[1 4 5];

L L L L
-3 -2 -1 0 1
Real Axis

deng=conv([1 2 5],poly([-3 -4])):

G=tf(numg,deng);
T=Feedback(G,1);

step(T)

oy
0.6
0.5
0.4

0.3

Amplitude

0.z

N

Step Response

0s5 1 15 2 25
Titme [=zec)
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33.
a.
Root Locus
101 N
5 - -
2]
by
< el A
5 O & g0
E
-5F 5
10T J
-10 -5 0 5 10
Real Axis

b. Searching the jo axis for 180°, we locate the point j6.29 at a gain of 447.83.
C. Searching for maximum gain between -4 and -5 yields the breakaway point, -4.36. Searching for

minimum gain between -2 and -3 yields the break-in point, -2.56.




34.
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To find the angle of departure from the poles at -1+j1: -0 - 05 - 03 + 04 + 05 - O - 900

= - tan"1(1/5) - tan"1(1/4) - tan"1(1/3) + tan"1(1/2) + tan"1(1/1) - B - 90° = 1800 . Thus, O = -
242.220

e. Searching along the = 0.3 line (0 = 180 - cos™1({) = 107.458°) for 180° we locate the point
3.96 £ 107.458° = -1.188+j3.777. The gain is 127.133.

Root Locus with 0.3 Damping Ratio Line
. T

T T S

15

Imag Axis

0
Real Axis

b. Searching the jo axis for 180°, we locate the point j2.56 at a gain of 30.686.

C. Searching for maximum gain between 0 and -2 yields the breakaway point, -0.823. Searching for
maximum gain between -4 and -6 yields the breakaway point, -5.37. Searching for minimum gain
beyond -8 yields the break-in point, -9.39.

e. Searching along the { = 0.3 line (0 = 180 - cos™1({) = 107.458°) for 180° we locate the point

1.6 £ 107.458° =-0.48 £j1.53. The gain is 9.866.
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35.
Root Locus with 15 Percent Overshoot Line

Axis
(o)
3

Imag

Real Axis

a. Searching the 15% overshoot line ({ =0.517; 6 = 121.1319°) for 180°, we find the point 2.404

£ 121.1319=-1.243 +j2.058.

b. K=11.09.
C. Another pole is located left of -3. Searching for a gain of 11.09 in that region, we find the third

pole at -4.514.
d. The third pole is not 5 times farther than the dominant pair from the jo axis. the second-order

approximation is estimated to be invalid.



36.

Imag Axis
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L L L L
-1 0 1 2 3 4
Real Axis

b. Searching the jw axis for 1809, we locate the point j1.69 at a gain of 4.249.

C. Searching between -2 and -3 for maximum gain, the breakaway is found at -2.512.

d.

jo

A

S-plane

12

To find the angle of arrival to the zero at 2 + j2:

4 (2 (2
0,+0,-6,-6,-0,-60,=6,+90 -0 — tan lkg)—tan 1kz)—tan \ )

—|=180"
5

Solving for ), the angle of arrival is 6, =—191 50
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e. The closed-loop zeros are the poles of H(S), or —1 + j2.
f. Searching the ¢'=0.358; (0 = 110.97°) for 180°, we find the point

=-0.6537+j1.705. The gain, K = 0.8764.

0. Higher-order poles are at —2.846 + j1.731. These are not 5 times further than the dominant poles.
Further, there are closed-loop zeros at —1 =+ j2 that are not cancelled any higher-order poles. Thus,
the second-order approximation is not valid.

37.

50 T T T T T T T T T

40| .

30 1

20 1

Imag Axis

_50 1 1 1 1 1 1 1 1 1
-40 -35 -30 -25 -20 -15 -10 -5 0 5
Real Axis

a. The root locus crosses the imaginary axis at j2.621 with K = 4365. Therefore, the system is stable
for 0 <K <4365.

b. Search the 0.707 damping ratio line for 180° and find —0.949 + j0.949 with K = 827.2.
C. Assume critical damping where root locus breaks away from the real axis. Locus breaks away at —
1.104 with K = 527.6.

38.

Program:

numg=1;

deng=poly([0 -3 -7 -8]);
numh=[1 30];

denh=[1 20 200];
G=tf(numg,deng)
Gzpk=zpk(G)
H=tf(numh,denh)



rlocus(G*H)

pause
K=0:10:1e4

rlocus(G*H,K)

sgrid(0.707,0)

axis([-2,2,-5,51):

pause

for 1=1:1:3;
[K,P]=rlocfind(G*H)

end

T=Feedback(K*G,H)

step(T)

Computer response:
Transfer function:

s™ + 18 s”3 + 101 s”2 + 168 s

Zero/pole/gain:
1

s (s+8) (s+7) (s+3)

Transfer function:

s + 3

0

sn"2 + 20 s + 200

Select a point in the graphics window

selected_point

-0.9450 + 0.9499i

K =

828.1474

P =

-9.9500
-9.9500
-8.1007
-8.1007
-0.9492
-0.9492

Select a point in the graphics window

+10.
-10.

+

+

1.

1.
0.
0.

0085i
0085i
85791
85791
9512i
9512i

selected_point =

0.0103 + 2.6385i

K =

4_.4369e+003

P =

-9.7320 +10.06911

Solutions to Problems 295
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-9.7320 -10.06911i

-9.2805 + 3.3915i
-9.2805 - 3.3915i
0.0126 + 2.6367i
0.0126 - 2.6367i

Select a point in the graphics window
selected_point =

-1.0962 - 0.0000i

K =

527.5969

P =

-9.9682 +10.0052i
-9.9682 -10.0052i
-7.9286 + 1.5303i
-7.9286 - 1.5303i
-1.1101
-1.0962

Transfer function:
527.6 s™"2 + 1.055e004 s + 1.055e005

s™6 + 38 s”5 + 661 s™4 + 5788 s”3 + 23560 s”2

+ 3.413e004 s + 1.583e004

Foot Locus
a0 r r

Imaginary Axis
=
"ﬁ'

-5':' 1 1
_E0 -40 =20

Real Axis
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Foot Locus
5 T T 1 1 1 1 1
a7 |
S :
% [ pamatttios e s — —-x-m_ -------------------------
C et i
= LT .
1] P 1
E — :
707 :
_5 1 1 1 : 1 1 1
-2 -1.5 -1 05 0 0s 1 15 2
Real Axis

Step Response

Amplitude

Time (zec)

a. Search jo =j10 line for 180° and find -4.533 +j10 with K =219.676.

219.676 x 6
b-Ka=""30

C. A settling time of 0.4 seconds yields a real part of -10. Thus if the zero is at the origin, G(s)
K
m , which yields complex poles with -10 as the real part. At the design point, -10 +j10, K =

200.
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40.
a. Searching along oy = -1 for 1809, find —1 + j2.04 with K = 170.13.

b. Assume critical damping when root locus breaks away form the real axis. Searching for maximum
gain, the breakaway point is at -1.78 with K = 16.946.

41.
K

K . .. .. . 3+ 2+ n _ .
B162155+K Differentiating the characteristic equation, s + 6s- + 5s + K = 0, yields,

T(s) =

3s 0s oS
2= == == =
3s 6K+1288K+58K+1 0.

Solving for 88—12 ,
b6 -1
8K~ 3s2+12s+5

The sensitivity of s to K is

. K& _K__
SK™ s 8K ~ s 352+ 125+5

a. Search along the { = 0.591 line and find the root locus intersects at s = 0.7353.£126.228° =
- 0.435 +j0.593 with K = 2.7741. Substituting s and K into Sq.k yields

Ss:k = 0.487 - j0.463 = 0.672£-43.5530
b. Search along the £ = 0.456 line and find the root locus intersects at s = 0.8894./117.129° =
- 0.406 +j0.792 with K = 4.105. Substituting s and K into Sg.g yields

Se:x =0.482-j0.358 = 0.6 £-36.603°

C. Least sensitive: { = 0.456.

42.

0.00076s>
The sum of the feedback paths is He(s) = 1 + 0025+~ 0 oe - Thus,

_ 0.00078(F + 26.31652 4+ 131745+ 78.947)
=+ 0,085

He ()

and

K5+ 26,3165 + 1317 .4 54 72.947)

G () He (5] = 0.00076 [+ 0.08) (524 s+ 1220)

K ([5+ 0.08] [(s+ 12,128+ 32.215{) (r+ 13.128- 33.815{]])
s[5+ 008 (52 + Ts+ 1220)

G (51 He (5) = 0.00076

B ([r+ 13188+ 33.816¢] [s+ 13,125 33.815:])
s [+ 35+ 34,7631 [+ + 3.6- 32.753i]

G () He () = 0.00078



Solutions to Problems 299

Plotting the root locus,

50,00

25.00

- .00 jw

-12.50

L | -37.50

b
==0.00

=50.00 =25.00 ] 25.00 S0.00
Real

Searching vertical lines to calibrate the root locus, we find that 0.00076K is approximately 49.03 at

-10 + j41.085. Searching the real axis for 0.00076K = 49.03, we find the third pole at -36.09.
41.085
a. ¢ =cos (tan"l (757 )) =0.236

b. %0S = e <“1¢ X100 =46.63%

C. on =\ 102+ 41.0852 = 42.28 rad/s

4 4
d. T :E =70 = 0.4 seconds

T TU
e.Ty,= = =0.076 seconds
p 41.085
o\ 1-G2

43.
. o Kis Ko
Push K5 to the right past the summing junction and find, T(s) = (1 + K_z ) (m )
Ko
Ky K1(S+K—1)
Kj(s+ K_l) s2+ Ky
= m . Changing form, T(s) = —K3s . Thus, G(s)H(s) = 21Ky Sketching the
b s2 + Ko

root locus,
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a.
Juw
IVEz
s—plane
O =)
- IVE
Ko
K](s-i-K—l) K,
52 + Kz KI(S+K_1) K2
b. T(s) = o Kss 2+ Kyt Ky Therefore closed-loop zero at - K_l . Notice that the zero
2+ K>

at the origin of the root locus is not a closed-loop zero.

. o Kis Ko
¢. Push K to the right past the summing junction and find, T(s) = (1 + & ) (s2 T Kas + Ko )
K o
=
K, 1(s Kl)

Ki(s+ Kl) ) s2 + Kss K> )

= m . Changing form, T(s) = H—Kz . Thus, G(s)H(s) = sz+—K35 . Sketching the
s2 + K3s
root locus, ]
]
=-plane
* » 4 ) b o
-k
3

Ko
The closed-loop zero is at - K_l .
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45,

jw
ju
iz =-plane iz
=-plane
i1
» 0 - + o . o
-5 -4 -2
_J1
_J3
_J2
a b
Jju
jw
i : =-plane
= s-plane
—uiil} X i ——
" s
W v -4 S Y
El
) -jz
F Y
c d

a. Using Figure P8.15(a),
[Ms2+(D+D)sH(K+K)1X(S) - [Des+K]Xa(s) = 0
Rearranging,
[MsZ+Ds+K]X(s) = -[Des+Kc](X(s)-Xa(s))
where [D¢s+K](X(s)-Xa(s)) can be thought of as the input to the plant.
For the active absorber,
(Mcs2+DesH+K)Xa(s) - (Des+Ke)X(s) = 0
or
Ms2X4(8)+Ds(Xa(s)-X(s) Ko (Xa(s)-X(s)) = 0
Adding -M¢s2X(s) to both sides,
Mes(Xa(8)-X(8)+Des(Xa(s)-X(8) HKe(Xa(5)-X(5)) = -McsX(s)

Let Xa(s)-X(s) = Xc(s) and s2X(s) = C(s) = plant output acceleration. Therefore,

301

(1
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Ms2Xo(5)+DesX () HK X c(s) = -McC(s)

or

(Mcs2+Ds K )X o(s) = -McC(s) )

Using Egs. (1) and (2), and X3(s)-X(s) = Xc(s),

X(8) B -M¢ CX(s) D¢stKe
C(8)  Mes24Des+Ke " Xe(s)  Ms2+Ds+K

which suggests the following block diagram:

> Structure Output structure
Input force acceleration
Fs) * 1 X(s) ) C(s)
Ms’+Ds+K [ ™ : >

force feedback from absorber

-F(s) -Xc(9) v
Dc S+ Kc —

o

Ms’+Ds+K,

Active vibration absorber

b. Substituting M = D =K = D, = K. =1 and redrawing the block diagram above to show X(s) as the

2
Mcs” (s+1
;) . To study the steady-

output yields a block diagram with G (s) = 1 and H(s) =
s“+s+1 Mcsz+s+1

state error, we create a unity-feedback system by subtracting unity from H(s). Thus He(s) = H(s)-1 =

[MC -5 1] —1 _ The equivalent G(s) for this unity-feedback system is Ge (s) = G
Mcsz+s+1 1+GHg
M, s2+s+1

= . Hence the equivalent unity-feedback system is Type 1 and
M, s*+2 M, s3+s3+MC s2+2s2+s

will respond with zero steady-state error for a step force input.
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2
G Mcs“+s+1
C. Using Gg(s) in part b, we find T (s) = = < . Dividing
+Ge (sz+25+2)Mcsz+s3+252+25+1
Mcsz+s+1
' 3,52 $2+2s2+235+1
numerator and denominator by s> +2s*+2s+1, T (s) = . Thus, the system
(sz+2 s+2) MC52+1

s3+2 52+2 s+1

2 2 2 2
s“+2s+2)M.s s“+2s+2)M.s
has the same root locus as a system with G(s)H(s) = ( ) < = ( ) <

$3+2s2+25+1 (s+1) [s2+s+l)

Sketching the root locus,

{
T
!

SOLUTIONS TO DESIGN PROBLEMS

46.
4
a. For a settling time of 0.1 seconds, the real part of the dominant pole is - 01 —- 40. Searching
along the & = - 40 line for 180°, we find the point —40 + j57.25 with 20,000K = 2.046 x 10%, or K =
102,300.
‘ . 4, 5725
b. Since, for the dominant pole, tan™" ( 20 ) =55.0589, { = cos (55.058°) = 0.573. Thus,
%0s = ¢ "1 X100 = 11.14%.
¢. Searching the imaginary axis for 180°, we find » = 169.03 rad/s for 20,000K = 1.43 x 1010,
Hence, K = 715,000. Therefore, for stability, K < 715,000.
47.

_ 61.73K
(s+10)3 (s2 + 11.11s + 61.73)

G(s)
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20.00

15.00

i0.00

. 4
-
(4]
g

o0 jw

=5.00

/ —1i0.00

-15.00

]

=20.00
—&0.00 —10.00 .aa 10.00 20.00
Real

a. Root locus crosses the imaginary axis at £j6.755 with 61.73K equal to 134892.8. Thus for
oscillations, K =2185.21.
b. From (a) the frequency of the oscillations is 6.755 rad/s.

¢. The root locus crosses the 20% overshoot line at 6.£117.126° = -2.736 + j5.34 with 61.73K =

4 4
23323.61. Thus, K=377.83 and Ty = @ =373 = 1.462 seconds.
48.
a. Finding the transfer function with C, as a parameter,
2
2s (st1)
.. 2 —
Y  s2@st2)  (2ageen
Yo +1)sP+4as+2 s’
1+ —
s2+4s5+2
Plotting the root locus,
1.00
P T T R T L T T T T T T A - PR PP PP PRSI  TVrTT TP . Sl:l
e S A0 jw
S S T S S, | i —-.30
-1.00
—4.00 —3.00 -2.00 -1.00 .oa
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. 4 2 2
b. Since 2{wy, = m ;op2 = Cotl Cz =Gl 0.692. Hence, C, = 3.2.

49,
a.

Root Locus with 0.5 Damping Ratio Line
30 T ™ T T

-30 20 10 0 10 20 30
Real Axis

b. The pole at 1.8 moves left and crosses the origin at a gain of 77.18. Hence, the system is stable for

K> 77.18, where K = -508K5. Hence, Ky <-0.152.
¢. Search the { = 0.5 (6 = 120° ) damping ratio line for 180° and find the point, -8.044 +j13.932
=16.087 £ 120° with a K =-508K, =240.497. Thus, Ky =-0.473.

d. Search the real axis between 1.8 and -1.6 for K = 240.497 and find the point -1.01.

240.497K |(s+1.6) 240.497K |(s+1.6)
Thus Ge(s) = §(57T.01)(5+8.044+]13.932)(s18.08413.932) ~ s(s+1.01)(s2+16.08851258.8066) °

Plotting the root locus and searching the jo axis for 180° we find j15.792 with 240.497K = 4002.6, or K|
=16.643.

Root Locus with 0.45 Damping Ratio Line

30
20} /
101
@2
Z
g O +
£
_’] 0 L
T \
20 . . .
-30 -20 -10 0 10 20 30

Real Axis
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Search the £ = 0.45 (0 = 116.744° ) damping ratio line for 180° and find the point, -6.685 +j13.267
=14.856 £ 116.744° with a K =240.497K| = 621.546. Thus, K| =2.584.
50.

a. Update the block diagram to show the signals that form Hgys(s).

I =t
1
'S Pitch
Pitch command Compensator drnamics Pitch output
+ (s ;
s T Ls s
+ -
Momentum
wheel
Hy(s) L
8
Perform block diagram reduction of the parallel paths from Tw(s).
I [
Pitch
Pitch command Compensator ) drnam cs Pitch output
+ i .
0(s) + 8 K(s+ 0.01) He®) | | . Tw) - 8 L 0(s) L 0(s) -
s ‘_17 Is
+

Momentum

wheel

Reduce the momentum wheel assembly to a single block.

. Compensator
Pitch command

- 6.9

Pitch output
K(s+ 0.01)

0(s) ‘ 06e)
1 >

s
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4.514x10°K(s+ 0.01)
s’ (s +0.043)

Substitute values and find Ge(s) = . Plotting the root locus yields

Root Locus with 0.404 Damping ratio Line

006 T T T T T T T T
0.04 |- % ]
£
%
%
X
0.02 | % -
xX
xxx
2] Xxx
§ X
> 0 B e L e — > .
£ x
= X
e
X
XX
&
0.02 [ N ]
X
§
g
-0.04 - g E
_006 1 1 1 - 1 1 1 1 1
-0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05
Real Axis

b. Searching the 25% overshoot line ( = 0.404; 6 = 113.8°) for 180° yields

-0.0153 +j0.0355 with a gain = 4.514E-6K = 0.0019. Thus, K =420.9.

C. Searching the real axis between —0.025 and —0.043 for a gain of 0.0019. we find the third pole at -
0.0125. Simulate the system. There is no pole-zero cancellation. A simulation shows approximately

95% overshoot. Thus, even though the compensator yields zero steady-state error, a system redesign

for transient response is necessary using methods discussed in Chapter 9.
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Sl

14
1)(0

Configuration A
T

08

06|

02}

Imag Axis
o
T

02}

04} b

04} (ﬁ

06| 4
-0.8 | g
1 ) ) ) ) )
-2000 -1500 -1000 -500 0 500 1000
Real Axis
x 10% Configuration B
1 T T T T

08| 1

0.6 | g

04r Q—) /

02 1
R
2
o Of & % |
@
E

02}F ]

04} b \_

-0.6 - B

08} ]

1 1 1 1 1
-2000 -1500 -1000 -500 0 500

Real Axis
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x 10* Configuration C
1 T T T T T T T T T
0.8 —
0.6 - —
0.4 \_x -
0.2 -
< ol o x |
je2} < >
@
E ~_
ozr \ i
o4l _—— -
0.6 B
-0.8| B
1 1 1 1 1 1 1 1 1
-2000 -1500  -1000 -500 0 500 1000 1500 2000 2500
Real Axis

b.

Configuration A: System is always unstable.

Configuration B: root locus crosses jo axis at j2897 with a gain of 3.22 x 10°. Thus, for stability, K
<3.22x 10°.

Configuration C: root locus crosses j axis at j1531 with a gain of 9.56 x 10°. System is unstable at
high gains. Thus, for stability, 9.56 x 10° > K.

a. Using MATLAB and the Symbolic Math Toolbox, the open-loop expression that yields a root

locus as a function of N? is

0.2284x10'N? (s* + 3.772¢-05s + 66.27) (s> + 49.99s + 8789)
Gu(s) =

S(s+45.12) (5* + 4.893s + 8.777¢04)
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Foot Locus
300 r r

200

e
100 bys w -

] N
: ------"\-_
.E I “"-K'---K---K——-K——}'E—x—x—x%x%x;ffi(i{icﬁof}ﬁ}f}f:”
£ _.___.____-__
el W |
XXXX}{
-200 X _
®
-300 . . | |
-a0 _an e — " D
Real Axiz
Root Locus

Imaginary Axis

Feal Axis

Program:

syms s N KLSS KHSS KG JR JG tel s
numGdt=3.92*N"2*KLSS*KHSS*KG*s;
denGdt=(N"2*KHSS*(JR*s"2+KLSS)*(JIG*s"2*[tel *s+1]+KG*s) +IR*sN2*KLSS*[(IG*s"2
+KHSS)*(tel*s+1)+KG*s]);
Gdt=numGdt/denGdt;

"Gdt in General Terms*
pretty(Gdt)

"Values to Substitute”
KLSS=12.6e6

KHSS=301e3

KG=668

JR=190120

JG=3.8

tel=20e-3
numGdt=3.92*N"2*KLSS*KHSS*KG*s;
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numGdt=vpa(numGdt,4);
denGdt=(N"2*KHSS* (JR*s"2+KLSS)*(JG*s"2*[tel *s+1]+KGC*s) +IR*sN2*KLSS* [ (IG*s"2
+KHSS)*(tel*s+1)+KG*s]);
denGdt=vpa(denGdt,4);

"Gdt with Values Substituted®
Gdt=numGdt/denGdt;

pretty(Gdt)

Gdt=expand(Gdt) ;

Gdt=vpa(Gdt,4);

"Gdt Different Form 1"
pretty(Gdt);

denGdt=col lect(denGdt,N"2);

"Gdt Different Form 2+
Gdt=collect(Gdt,N"2);

pretty(Gdt)
[numGdt,denGdt]=numden(Gdt) ;
numGdt=numGdt/0.4349e10;
denGdt=denGdt/0.4349e10;
denGdt=expand(denGdt) ;

denGdt=col lect(denGdt,N*2);
Gdt=vpa(numGdt/denGdt,4);

"Gdt Different Form 3*
pretty(Gdt)

"Putting into Form for RL as a Function of N™2 using previous results*
numGH=[1 49.99 8855 3313 582400];
denGH=[41.87 2094 0.3684e7 0.1658e9 0];
denGH=denGH/denGH(1)

GH=tFf(numGH, denGH)

GHzpk=zpk(GH)

"Zeros of GH*®
rootsnumGH=roots(numGH)

"Poles of GH~
rootsdenGH=roots(denGH)
K=0:1:10000;

rlocus(GH,K)

sgrid(0.5,0)

pause

axis([-10,0,-20,20])
[K,P1=rlocfind(GH)

Computer response:

Gdt in General Terms

2 / 2 2 2

—— N KLSS KHSS KG's / (N KHSS (JR's + KLSS) (JG s (tel s + 1) + KG s)

/

2 2
+JR's KLSS ((JG s + KHSS) (tel s + 1) + KG s))

Values to Substitute

12600000

301000
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KG =

JR =

190120

ans =
Gdt with Values Substituted
16 2 /
.9931 10 N s / (301000.
/

2 2 8 2
N (190100. s + .1260 10 ) (3.800 s (.02000 s + 1.) + 668. s)

13 2 2
+ .2396 10 s ((3.800 s + 301000.) (.02000 s + 1.) + 668. S))

ans =
Gdt Different Form 1
16 2 / 10 2 5 12 2 4 14 2 3
.9931 10 N s / (-4349 10 N s + .2174 10 N s + .3851 10 N s
/

14 2 2 16 2 12 5 13 4
+ .1441 10 N s + .2533 10 N s + .1821 10 s + .9105 10 S

17 3 18 2
+ .1602 10 s + .7212 10 s)

ans =
Gdt Different Form 2

16 2 / 10 5 12 4 14 3
2993110 N s / ((-4349 10 s + .2174 10 s + .3851 10 s
/

14 2 16 2 18 2 12 5
+ .1441 10 s + .2533 10 s) N + .7212 10 s + .1821 10 s

13 4 17 3
+ .9105 10 s + .1602 10 s)

ans =
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Gdt Different Form 3

7 2 /
2284 10 N s / (
/

5 4 3 2 2
(1.000 s + 49.99 s + 8855. s + 3313. s + 582400. s) N

9 2 5 4 7 3
+ .1658 10 s + 41.87 s + 2094. s + .3684 10 s )

ans =

Putting into Form for RL as a Function of N”2 using previous results

denGH =
1.0e+006 *
Columns 1 through 4
0.0000 0.0001 0.0880 3.9599
Column 5
0

Transfer function:
s™ + 49.99 s”3 + 8855 s”2 + 3313 s + 582400

s™ + 50.01 s™3 + 8.799e004 s™2 + 3.96e006 s

Zero/pole/gain:
("2 + 66.27) (s™2 + 49.99s + 8789)

s (s+45.12) (s™2 + 4.893s + 8.777e004)

ans =

Zeros of GH

rootsnumGH =
-24.9950 +90.3548i
-24.9950 -90.3548i
-0.0000 + 8.1404i
-0.0000 - 8.1404i

ans =

Poles of GH

rootsdenGH =
1.0e+002 *
0
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-0.0245 + 2.9624i

-0.0245 - 2.9624i

-0.4512
Select a point in the graphics window
selected_point =

-3.8230 + 6.5435i

K =

51.5672

P =

-21.1798 +97.62821
-21.1798 -97.6282i
-3.8154 + 6.5338i
-3.8154 - 6.5338i

b. From the computer response, K = 0.2284x10’N* = 49.6. Therefore, N is approximately 5/1000.

out

Y

53.
a.
Yh-Ycat
Spring
displacement
Desired| Input F *
foce | _1 | voltageh, 1 up 0.7883(s +53.85 F
—» —i@—»K o - — (5+33.8)) »{ 82300
100 1000 (S +15.475+9283)(s*+ 8.119 s+ 376.3)
Input i Controll Actuator .
transducer ontrotier P;;ézﬁ;il;h Spring
1
100
Sensor
Yh-Yeat
Spring
displacement
Desired + K F +
force . 1 u 0.7883(s +53.85) Fout
—>®—> — - — - — - »| 82300 ¢
100 1000 (s°+15.47s +9283 )(s"+ 8.119s+376.3)
Controller Actuator Pantograph Spring
dynamics
Yo ()= Vou(s) 0.7883(s + 53.85)

G =="F (57 +15.475+9283)(s” +8.1195+376.3
= (s) (5" +15.47s+9283)(s” +8.1195+376.3)

Ge(s)=(K/100)*(1/1000)*G(s)*82.3¢3

0.6488K (s+53.85)

Ge(s) =
(s + 8.119s + 376.3) (s°2 + 15.47s + 9283)
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100 T T T T T

60 | E

20 | E

Imag Axis
o
C
L

20} i

40| i

60 | i

80| i

-100 L ! ! 1 1
-100 -80 -60 -40 -20 0
Real Axis

b. 38% overshoot yields £ = 0.294. The £ = 0.294 line intersects the root locus at —9 + j27.16. Here,
K.=7.179 x 10*. Thus K = K./0.6488, or K = 1.107 x 10°.

c. Ty=4/Re=4/9=044s; T,=n/Im=mn/27.16=0.116 s

d. Nondominant closed-loop poles are located at —3.4 +j93.94. Thus poles are closer to the imaginary
axis than the dominant poles. Second order approximation not valid.

e.

Program:

syms s
numg=(s+53.85);
deng=(s"2+15.47*s+9283)*(s"2+8.119*s+376.3) ;
numg=sym2poly(numg) ;
deng=sym2poly(deng);
G=tf(numg,deng)
K=7.179e4
Ke=0.6488*K
T=Feedback(Ke*G, 1)
step(T)

Computer response:
Transfer function:

s + 53.85

s + 23.59 s”"3 + 9785 s™2 + 8.119e004 s

+ 3.493e006

71790
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4.6577e+004

Transfer function:
4.658e004 s + 2.508e006

s + 23.59 s”"3 + 9785 sN2 + 1.278e005 s

+ 6.001e006

Step Response
oy T T T T T T T

06

0

04+

Amplitude

e

01 r

|:| 1 1 1

1 1
0 (K| nz o3 04 05 nE 07
Time (zec)

0.66 —0.42
T,=0.125, T,=0.6 5, %0S = ———— =57.1%.
0.42
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Design via Root Locus

SOLUTIONS TO CASE STUDIES CHALLENGES

Antenna Control: Lag-Lead Compensation

76.39K
a. Uncompensated: From the Chapter 8 Case Study Challenge, G(s) = m =

7194.23 . . . 6.9
m with the dominant poles at - 0.5 £ j6.9. Hence, = cos (tan™! 05 )=0.0723, or
4 4 7194.23
%0S =79.63% and Ty :5 =05 = 8 seconds. Also, Ky = 150x132 — 36.33.

0 . .

79.63
b. Lead-Compensated: Reducing the percent overshoot by a factor of 4 yields, %0S = 4 =

8
19.91%, or C = 0.457. Reducing the settling time by a factor of 2 yields, Ts =5 = 4. Improving

4
Ky by 2 yields Ky = 72.66. Using Tg = a =4, Cop = 1, from which o, = 2.188 rad/s. Thus, the
n

design point equals -Cop + j 0\ 1-62 = -1 + j1.946. Using the system's original poles and
assuming a lead compensator zero at -1.5, the summation of the system's poles and the lead

compensator zero to the design point is -123.017° . Thus, the compensator pole must contribute

1.946
123.017°-180° = -56.98°. Using the geometry below, po-1 tan 56.989, or pe = 2.26.

juw
ji1.94e

s-plane

Adding this pole to the system poles and the compensator zero yields 76.39K = 741.88 at -1+j1.946.

Hence the lead-compensated open-loop transfer function is GLead-comp(s) =
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741.88(s+1.5) , , : .
. Searching the real axis segments of the root locus yields higher-order
s(s +150)(s +1.32)(s + 2.26)

poles at greater than -150 and at -1.55. The response should be simulated since there may not be

pole/zero cancellation. The lead-compensated step response is shown below.

—_

Cota
Ot R T o@D M
=

AN

—_

0 2.2 4.4 6.6 2.2 11
Time [Seconds)

Lead compensated

Since the settling time and percent overshoot meet the transient requirements, proceed with the lag

741.88x 1.5 .
compensator. The lead-compensated system has K, = m = 2.487. Since we want K,

72.66 +0.002922
= 72.66, an improvement of 2487 = 29.22 is required. Select G(S)Lag = SSJFOW to improve the

steady-state error by 29.22. A simulation of the lag-lead compensated system,

_ 741.88(s+1.5)(s+0.002922)
GLag-lead-comp($) = 5(s¥150)(s+1.32)(s+2.26)(s+0.0001) 1S shown below.

AN

—_

Coty o
P T N T S R X

l:lql___

—— e |

2.2 4 4 6.6 2.8 11
Time (Seconds)

Lag-lead compensated
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UFSS Vehicle: Lead and Feedback Compensation

0.25K5(s+0.437)
Minor loop: Open-loop transfer function G(s)H(s) = (5+2)(s+1.29)(s10.193) ; Closed-loop transfer

0.25K, (s +0.437)
s(s” +...)

function: Ty, (s) = . Searching along the 126.87° line (§ = 0.6), find the

dominant second-order poles at -1.554 + j2.072 with 0.25K, = 4.7. Thus K = 18.8. Searching the
real axis segment of the root locus for a gain of 4.7 yields a 3rd pole at -0.379.

Major loop: The unity feedback, open-loop transfer function found by using the minor-loop closed-

) -0.25K1(s+0.437) ] or
loop poles is GML(S) = S(5+0.379)(5+1.554+]2.072)(5+1.554-12.072) - Searching along the 120° line

(€ =0.5), find the dominant second-order poles at -1.069+j1.85 with 0.25K; = 4.55. Thus K| = 18.2.

Searching the real axis segment of the root locus for a gain of 4.55 yields a 3rd pole at -0.53 and a 4th
pole at -0.815.

ANSWERS TO REVIEW QUESTIONS

1. Chapter 8: Design via gain adjustment. Chapter 9: Design via cascaded or feedback filters

2. A. Permits design for transient responses not on original root locus and unattainable through simple gain
adjustments. B. Transient response and steady-state error specifications can be met separately and
independently without the need for tradeoffs

3. PI or lag compensation

4. PD or lead compensation

5. PID or lag-lead compensation

6. A pole is placed on or near the origin to increase or nearly increase the system type, and the zero is
placed near the pole in order not to change the transient response.

7. The zero is placed closer to the imaginary axis than the pole. The total contribution of the pole and zero

along with the previous poles and zeros must yield 1800 at the design point. Placing the zero closer to the
imaginary axis tends to speed up a slow response.

8. A PD controller yields a single zero, while a lead network yields a zero and a pole. The zero is closer to
the imaginary axis.

9. Further out along the same radial line drawn from the origin to the uncompensated poles

10. The PI controller places a pole right at the origin, thus increasing the system type and driving the error
to zero. A lag network places the pole only close to the origin yielding improvement but no zero error.

11. The transient response is approximately the same as the uncompensated system, except after the
original settling time has passed. A slow movement toward the new final value is noticed.

12. 25 times; the improvement equals the ratio of the zero location to the pole location.
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13. No; the feedback compensator's zero is not a zero of the closed-loop system.
14. A. Response of inner loops can be separately designed; B. Faster responses possible; C. Amplification

may not be necessary since signal goes from high amplitude to low.

SOLUTIONS TO PROBLEMS

1.
Uncompensated system: Search along the = 0.5 line and find the operating point is at -1.5356 +

12.6598 with K = 73.09. Hence, %08 = e /1" x100 = 16.3%; Ts = =2.6 seconds; Kp

1.5356
_73.09

=2.44. A higher-order pole is located at -10.9285.

Compensated: Add a pole at the origin and a zero at -0.1 to form a PI controller. Search along the =

0.5 line and find the operating point is at -1.5072 + j2.6106 with K = 72.23. Hence, the estimated

performance specifications for the compensated system are: %00S = e 1 x100 = 16.3%; Tg=

15072 = 2.65 seconds; Kp = c0. Higher-order poles are located at -0.0728 and -10.9125. The

compensated system should be simulated to ensure effective pole/zero cancellation.

s+0.01

a. Insert a cascade compensator, such as G_(S) =

b

Program:

K=1

G1l=zpk([]1,[0,-2,-5],K) %G1=1/s(s+2)(s+5)
Ge=zpk([-0.01],[0].,1) %Gc=(s+0.01)/s

G=G1*Gc

rlocus(G)

T=feedback(G,1)

T1=tf(1,[1,0]) %Form 1/s to integrate step input
T2=T*T1

1t=0:0.1:200;

step(T1,T2,t) %Show input ramp and ramp response

Computer response:
K -

1

Zero/pole/gain:
1

s (s+2) (s+5)



Zero/pole/gain:
(s+0.01)

Zero/pole/gain:
(s+0.01)

sN2 (s+2) (st+5)

Zero/pole/gain:

(s+0.01)

(s+5.064) (s+1.829) (s+0.09593)

Transfer function
1

S

Zero/pole/gain:

(s+0.01126)

(s+0.01)

s (s+5.064) (s+1.829) (s+0.09593)

(s+0.01126)

Step Response
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200 T

180 |

160 |

120

Amplitude

a0 -

60 |

20k

40 B0 a0 100 120
Time [zec)

180 200

a. Searching along the 126.16° line (10% overshoot, £ = 0.59), find the operating point at



322 Chapter 9: Design Via Root Locus
. . 20
-1.4 +j1.92 with K = 20. Hence, K, =Tx5x3 _ 1333

+0.3
b. A 3x improvement will yield Kp =4. Use a lag compensator, G¢(s) = z 0.1

c

=c) r\

=1=]

.49

.42

/
[
Sl
Cota ’
J
f
{
L

.22

.21

ov

.oo
u] =] 1z 1=

Time(seconds)

Unzompensated

.20

a4 { e
=T

.56

=]
Cotn

.24

oS

n lu]

f
f
|
fc =4 f
I
I
/
/

(=) 12 1=

Time [Seconds)

Lag Compensated

a. Searching along the 126.16° line (10% overshoot, £'= 0.59), find the operating point at

17.5
-1.009 +j1.381 with K= 17.5. Hence, Ky = §= 1.1667.
X

s +0.3429

b. A 3.429x improvement will yield Ky = 4. Use a lag compensator, G¢(S) = o1
S+ 0.

C.

Program:

K=17.5

G:Zpk([] ’ [O > -3 ’ _5] ’ K)

Ge=zpk([-0.3429],[-0.1],1)

Ge=G*Gc;

Tl=feedback(G,1);

T2=Feedback(Ge,1);

T3=tf(1,[1,0]); %Form 1/s to integrate step input
T4=T1*T3;

T5=T2*T3;

t=0:0.1:20;

step(T3,T4,T5,t) %Show input ramp and ramp responses
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Computer response:
K

17.5000

Zero/pole/gain:
17.5

s (s+3) (s+5)

Zero/pole/gain:
(s+0.3429)

Step Responze
25 T T T T T T T T T

20+

13 .

Amplitude

n} 1 | | | | | | | |

1 2 4 B a 10 12 14 15 18 20
Time (zec)

a. Uncompensated: Searching along the 126.16° line (10% overshoot, £ = 0.59), find the operating
_45.72 20
point at -2.03 + j2.77 with K = 45.72. Hence, Kp = 2x4x6 — =0.9525. An improvement ofo 9525

201
=20.1 is required. Let G¢(s) = . Compensated: Searching along the 126.16° line (10%

overshoot, € = 0.59), find the operating point at - 1.99+j2.72 with K = 46.05. Hence, Kp =

46.05 x 0.201

2x4x6x001 1928
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' =] P\ T T T T T T T
.44 H b
35 1
cih)
27 1
.18 1
.09 b
Luu] } } ! ! I 1 I
2} 6.25 12.50 12.73 25.00 31.25 37.50 43.75 S0.00
Time (Seconds)
Uncornpensated
.95 T T T T
.7a m
B3 T T
=18 3}
.47 m
32 T
16 T
.o I I I I I I I
1] 6.25 12.50 12.75 25.00 21.25 27.50 42,75 S0.00

Time (Seconds)

Lag Compenszated

¢. From (b), about 28 seconds

Uncompensated: Searching along the 1359 line ( = 0.707), find the operating point at

. i 4.6045 4
-2.32 +j2.32 with K = 4.6045. Hence, Kp = T =0.153; Ty = E =1.724 seconds; Tp =

2—7;2 =1.354 seconds; %008 = e "1 X100 = 4.33%;

on = V2.32% +2.32% =3.28 rad/s; higher-order pole at -5.366.

Compensated: To reduce the settling time by a factor of 2, the closed-loop poles should be — 4.64 +
j4.64. The summation of angles to this point is 119° . Hence, the contribution of the compensating

zero should be 180° -119° =61° . Using the geometry shown below,

4.64
Z.-4.64

c

=tan (61°). Or, z, = 7.21.
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Jw

j4.46

=-plang

&1
-2 —4 _64

After adding the compensator zero, the gain at -4.64+j4.64 is K = 4.77. Hence,

0= M =6.88. TSZi = (.86 second; Tp= S 0.677 second;
2X3x%5 4.64 4.64

%0S = e "1 %100 = 4.33%; @ =4.64* +4.64°=6.56 rads; higher-order pole at

-5.49. The problem with the design is that there is steady-state error, and no effective pole/zero

cancellation. The design should be simulated to be sure the transient requirements are met.

Program:

clf

"Uncompensated System®
numg=[1 6];
deng=poly([-2 -3 -5]);
"G(s)"
G=tf(numg,deng);
Gzpk=zpk(G)
rlocus(G,0:1:100)

z=0.707;
pos=exp(-pi*z/sqrt(1-z"2))*100;
sgrid(z,0)

title(["Uncompensated Root Locus with * , num2str(z), " Damping Ratio
Line™])

[K,p]l=rlocfind(G); %Allows input by selecting point on graphic
"Closed-loop poles = *

p

i=input(“Give pole number that is operating point ");
"Summary of estimated specifications”
operatingpoint=p(i)

gain=K

estimated_settling_time=4/abs(real (p(i1)))
estimated_peak_time=pi/abs(imag(p(i)))
estimated_percent_overshoot=pos
estimated_damping_ratio=z
estimated_natural_frequency=sqrt(real (p(i))"2+imag(p(i))"2)
Kp=dcgain(K*G)

IT(S) -

T=Ffeedback(K*G, 1)

"Press any key to continue and obtain the step response-
pause

step(T)

title(["Step Response for Uncompensated System with * , num2str(z),---
" Damping Ratio"])

"Press any key to go to PD compensation®

pause

"Compensated system®
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done=1;

while done>0

a=input(“Enter a Test PD Compensator, (s+a). a = D)

numc=[1 a];

"Ge(s)"

GGe=tf(conv(numg,numc) ,deng);

GGczpk=zpk(GGc)

wn=4/[(estimated_settling_time/2)*z];

rlocus(GGc)

sgrid(z,wn)

title(["PD Compensated Root Locus with * , num2str(z),---

" Damping Ratio Line", "PD Zero at ", num2str(a), ", and Required Wn*"])
done=input("Are you done? (y=0,n=1) %);

end

[K,pl=rlocfind(GGc); %Allows input by selecting point on graphic
"Closed-loop poles = *

P

i=input(“Give pole number that is operating point ");
"Summary of estimated specifications”

operatingpoint=p(i)

gain=K

estimated_settling_time=4/abs(real (p(i1)))
estimated_peak_time=pi/abs(imag(p(i)))
estimated_percent_overshoot=pos

estimated_damping_ratio=z
estimated_natural_frequency=sqrt(real (p(i))"2+imag(p(i))"2)
Kp=dcgain(K*GGc)

“T(s)"

T=Feedback(K*GGc,1)

"Press any key to continue and obtain the step response-
pause

step(T)

title(["Step Response for Compensated System with * , num2str(z),..-.
" Damping Ratio"])

Computer response:
ans =

Uncompensated System

ans =
G(s)
Zero/pole/gain:
(s+6)
(s+5) (s+3) (s+2)
Select a point in the graphics window

selected_point =

-2.3104 + 2.28261

ans =

Closed-loop poles =

p:

-5.3603
-2.3199 + 2.2835i



-2.3199 - 2.2835i
Give pole number that is operating point 2
ans =

Summary of estimated specifications

operatingpoint =

-2.3199 + 2.2835i

estimated_settling_time =

1.7242

estimated_peak time =

1.3758

estimated_percent_overshoot

4.3255

estimated_damping_ratio =

0.7070

estimated_natural_frequency

3.2552

ans =

T(s)

Transfer function:
4.466 s + 26.8

sN"3 + 10 s”™2 + 35.47 s + 56.8

ans =

Press any key to continue and obtain the step

ans =

Solutions to Problems 327

response
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Press any

ans =

key to go to PD compensation

Compensated system

Enter a Test PD Compensator, (s+ta). a =

a =

ans =

Ge(s)

Zero/pole/gain:
(s+6)"2

(st5) (s+3) (s+2)

Are you done? (y=0,n=1) 1
Enter a Test PD Compensator, (sta). a =

ans =

Ge(s)

Zero/pole/gain:

(s+7.1)

(s+6)

(s+5) (st3) (s+2)

Are you done? (y=0,n=1) O
Select a point in the graphics window

selected_point =

-4.6607

ans =

+ 4.5423i

Closed-loop poles =

p:
-4.6381
-4.6381
-5.4735

Give pole

ans =

+ 4_5755i
- 4.5755i

number that is operating point

Summary of estimated specifications

1

7.1



operatingpoint =

-4.6381 + 4.5755i

estimated_settling_time =

0.8624

estimated_peak _time =

0.6866

estimated_percent_overshoot

4.3255

estimated_damping_ratio =

0.7070

estimated_natural_frequency

6.5151

ans =

T(s)

Transfer function:
4.75 s™2 + 62.22 s + 202.3

s"3 + 14.75 s”™2 + 93.22 s + 232.3

ans =

Press any key to continue and obtain the step

Solutions to Problems 329

response
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Uncompensated Root Locus with 0.707 Damping Ratio Line
1 5 T T T T T
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Step Responze for Uncompenasated System with 0,707 Damping Ratio
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025

Amplitude

nz

015

0.1

.03

|:| 1 1 1 1
0 0.5 1 1.5 2 25

Time (zec)




Solutions to Problems 331

PD Compenzated Root Lacus with 0,707 Damping Ratio LinePD Zerao at 6, and Reguired Win
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Step Responsze for Compensated Zystem with 0707 Damping Ratio
1 T T T T T

Amplitude

0 0z 04 0k ns 1 1.2
Time (zec)

The uncompensated system performance is summarized in Table 9.8 in the text. To improve settling

time by 4, the dominant poles need to be at -7.236 + j14.123. Summing the angles from the open-loop
poles to the design point yields -277.326°. Thus, the zero must contribute 277.326° - 180° = 97.326°.

Using the geometry below,

jo
j14.123
s-plane
97.236°
\D, >
-7.236 -z

14.123 . . . .
m = tan(180-97.326). Thus, z. = 5.42. Adding the zero and evaluating the gain at the design

point yields K = 256.819. Summarizing results:
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Tncompe nsated Compensated
Plant and E Eiz+5.45
COMpensator Az +0Ws+15) H=+0W=s+15)
Feedback 1 1
Dominant poles -1.809 +j3.531 -T.236 £]14.123
K 257841 256.519
C 0.456 0.456
W, 3.97 15.55
SRS 20 20
T. 221 055
Ty .82 0=z
E. 3.44 15.559
e == (ramp) 029 0.0539
Other poles -16.4 -5.528
Ze 0 Hone -5.42
SO ENTS pecond-ordex pecond-ordex
approx. OFK approx. OK bw
asanming polefzero
cancellation.
%0S
4 -In (g0
a. Cop = T_s =25; = %08 0.404. Thus, o, = 6.188 rad/s and the operating

n2+ln2(100)

point is - 2.5 + j5.67.
b. Summation of angles including the compensating zero is -150.06°. Therefore, the compensator

pole must contribute 150.06° - 180° = -29.949.

. 5.67
¢. Using the geometry shown below, pe-25 tan 29.94°. Thus, P, = 12.34.
C .
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Jw

ISET

s=plane

g

d. Adding the compensator pole and using -2.5 +j5.67 as the test point, K = 357.09.
e. Searching the real axis segments for K = 1049.41, we find higher-order poles at -15.15, and -1.186.
f. Pole at -15.15 is more than 5 times further from the imaginary axis than the dominant poles. Pole at

-1.186 may not cancel the zero at -1

Step Responze
07 = T T T T T T

+ System: Cloged Loog: riou
| 1o rtow

' Peak amplitude: 069

' overshact (%) 37 5

i £t time (sec): 0621

System: Clozed Loop: rtou
W2 rtou

Amplitude

Time (zec)
A simulation of the system shows a percent overshoot of 37.5% and a settling time of 2.12 seconds.

Thus, the specifications were not met because pole-zero cancellation was not achieved. A redesign is

required.
10.
%0S
4. "Goo) _ o
a. Cop = T, ~ 24; = %08 0.5. Thus, ®, =4.799 rad/s and the operating point is
2 +1n2 (F50)

2.4+i4.16.

b. Summation of angles including the compensating zero is -131.36°. Therefore, the compensator

4.16
pole must contribute 180° - 131.36° = -48.64°. Using the geometry shown below, pe-24 =



tan 48.64°. Thus, P = 6.06.

Solutions to Problems

Jju
id.16

s-plane

g

C. Adding the compensator pole and using -2.4 + j4.16 as the test point, K =29.117.

d. Searching the real axis segments for K =29.117, we find a higher-order pole at -1.263.

e. Pole at -1.263 is near the zero at -1. Simulate to ensure accuracy of results.

_29.117

Ka=7606

.8
Citn

v

-4 g8

1.2 1.6
Time (Seconds)

Lead Cormpensated

From the plot, Tg = 1.4 seconds; Tp = 0.68 seconds; %0OS = 35%.

335
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11.

10 Uncompensated Root Locus with 0.8 Damping Line
T T T T T T

Imag Axis
o
C
L

10 L L L L L L
-10 -8 6 -4 2 0 2
Real Axis

b. and c. Searching along the = 0.8 line (143.13°), find the operating point at
—2.682 +j2.012 with K = 35.66.

4
d. Since Loy = T. > the real part of the compensated dominant pole is -4. The imaginary part is
s

4 tan (180°-143.139) = 3. Using the uncompensated system's poles and zeros along with the

compensator zero at - 4.5, the summation of angles to the design point, -4 + j3 is —158.71°. Thus, the

contribution of the compensator pole must be 158.71° - 180° = -21.29°. Using the following

geometry, =tan 21.29°, or pc = 11.7.

C

i3

s—plane

Adding the compensator pole and using — 4 + j3 as the test point, K = 172.92.
e. Compensated: Searching the real axis segments for K = 172.92, we find higher-order poles at
14.19, and approximately at —5.26 £ j0.553. Since there is no pole/zero cancellation with the zeros at

-6 and —4.5, the system should be simulated to check the settling time.
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Step Response

04 B

0.35 B

03 B

0.25 |- ]

Amplitude

0.2 -

0.15 | B

01F B

0.05 B

Time (sec.)

0
The graph shows about 2% overshoot and a 0.8 second settling time compared to a desired 1.52%

overshoot and a settling time of 1 second.

12.
Program:
clf
numg=[1 6];
deng=poly([-2 -4 -7 -8]);
IG(S)I

G=tf(numg,deng);

Gzpk=zpk(G)

rlocus(G)

z=0.8;

pos=exp(-pi*z/sqrt(1-z"°2))*100;

sgrid(z,0)

title(["Uncompensated Root Locus with * , num2str(z), " Damping Ratio Line"])
[K,pl=rlocfind(G);
“"Closed-loop poles = *

P

i=input("Give pole number that is operating point ");
"Summary of estimated specifications”

operatingpoint=p(i)

gain=K

estimated_settling_time=4/abs(real (p(i)))
estimated_peak_time=pi/abs(imag(p(i)))
estimated_percent_overshoot=pos

estimated_damping_ratio=z
estimated_natural_frequency=sqrt(real (p(i))"2+imag(p(i))"2)
Kp=K*numg(max(size(numg)))/deng(max(size(deng)))

"T(s)™

T=feedback(K*G, 1)

"Press any key to continue and obtain the step response-
pause

step(T)

title(["Step Response for Uncompensated System with
" Damping Ratio"])

"Press any key to go to Lead compensation*®

pause

, hum2str(z),.-.
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"Compensated system”

b=4.5;

"Lead Zero at -4.5 *

done=1;

while done>0

a=input("Enter a Test Lead Compensator Pole, (s+a). a = ");
“Ge(s)*"

Ge=tf([1 b],.[1 aD)

GGc=G*CGc;

[numggc,denggc]=tfdata(GGc, "v");

"G(s)Gc(s)*"

GGczpk=zpk(GGc)

wn=4/((1)*z2);

rlocus(GGc);

sgrid(z,wn)

title(["Lead Compensated Root Locus with * , num2str(z),-.-.-

" Damping Ratio Line, Lead Pole at ", num2str(-a), ", and Required Wn"])
done=input(“Are you done? (y=0,n=1) ");

end

[K,p]l=rlocfind(GGc); %Allows input by selecting point on graphic
"Closed-loop poles = *

P

i=input(“Give pole number that is operating point ");
“Summary of estimated specifications”

operatingpoint=p(i)

gain=K

estimated_settling_time=4/abs(real (p(i1)))
estimated_peak_time=pi/abs(imag(p(i)))
estimated_percent_overshoot=pos

estimated_damping_ratio=z
estimated_natural_frequency=sqrt(real (p(i))"2+imag(p(i))"2)
Kp=dcgain(K*GGc)

IT(S)I

T=Feedback(K*GGc,1)

"Press any key to continue and obtain the step response-
pause

step(T)

title(["Step Response for Compensated System with
* Damping Ratio"])

, hum2str(z),.-.

Computer response:
ans =

G(s)
Zero/pole/gain:
(s+6)
(s+8) (st7) (st4) (st2)
Select a point in the graphics window

selected_point =

-2.7062 + 2.00531

ans =

Closed-loop poles =

p:

-9.3056
-6.3230



-2.6857 + 2.0000i
-2.6857 - 2.0000i

Give pole number that is operating point 3
ans =

Summary of estimated specifications

operatingpoint =

-2.6857 + 2.0000i

gain =

35.2956

estimated_settling_time =

1.4894

estimated_peak _time =

1.5708

estimated_percent_overshoot

1.5165

estimated_damping_ratio =

0.8000

estimated_natural_frequency

3.3486

ans =
T(s)

Transfer function:
35.3 s + 211.8

s™M + 21 s”3 + 154 s”2 + 491.3 s + 659.8

ans =

Press any key to continue and obtain the step response

ans =

Solutions to Problems 339



340 Chapter 9: Design Via Root Locus

Press any key to go to Lead compensation

ans =

Compensated system

ans =
Lead Zero at -4.5

Enter a Test Lead Compensator Pole, (s+a). a = 10
ans =

Ge(s)

Transfer function:
s + 4.5

G(s)Gc(s)

Zero/pole/gain:
(s+6) (s+4.5)

(s+10) (s+8) (s+7) (s+4) (s+2)

Are you done? (y=0,n=1) 1
Enter a Test Lead Compensator Pole, (s+a). a = 11.7

ans =
Ge(s)

Transfer function:
s + 4.5

G(s)Gc(s)

Zero/pole/gain:
(s+6) (s+4.5)

(s+11.7) (s+8) (s+7) (st4) (st+2)

Are you done? (y=0,n=1) O
Select a point in the graphics window

selected_point =

-3.9885 + 3.0882i
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ans =

Closed-loop poles =

p:

-14.2326
-3.9797 + 3.08601
-3.9797 - 3.0860i
-5.2540 + 0.50761
-5.2540 - 0.5076i

Give pole number that is operating point 2
ans =

Summary of estimated specifications

operatingpoint =

-3.9797 + 3.0860i

gain =

178.3530

estimated_settling_time =

1.0051

estimated_peak _time =

1.0180

estimated_percent_overshoot

1.5165

estimated_damping_ratio =

0.8000

estimated_natural_frequency

5.0360

ans =

()

Transfer function:
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178.4 s"2 + 1873 s + 4816

sN"S + 32.7 s+ 399.7 sN3 + 2436 sN2

+ 7656 s + 1.006e004

ans =

Press any key to continue and obtain the step

response
Uncompenszsated Roat Locus wwith 0.8 Damping Ratio Line
20 T T T T
FEE
15| el
10} e
Sr T

Imaginary Lxis
=

i U

Sk e
Aok f,f”’
A5k L i
Lo !
-0 1 1 1 1 1
-25 20 A5 A0 5 0 5

Real Axis



Amplitude
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Step Responsze for Uncompensated System with 0.5 Damping Ratio
035 T T T T

0.3

025

0.z

015

01

.03

] 1 1 1 1
0 (1] 1 1.5 2 235

Time (zec)

Lead Compensated Root Locus with 0.5 Damping Ratio Line, Lead Pale &t -10, and Reguired Win

T T T T T T T T T T T

10 F -

5 | .
(I3

F b @:n ____________________________ —
- RO
i e
= .
i aa

E .| _

Aok i

13 1 1 1 1 1 1 1 1 3

-12 -10 -a B -4 Se 0 2 4 E g
Feal Axis
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Lead Compensated Root Locus with 0.8 Damping Ratio Line, Lead Pole at -11.7, and Reqguired YWn

Imaginary &xis

s

-12 -10 - -G -4 -2 0 2 4 G =]
Real Axis

Step Response for Compensated System with 0.5 Damping Ratio
05 T T

0.43

0.4

0.35

0.3

0.25

Amplitude

0.z

013

01

.03

Titme [=zec)

13.
a. Searching along the 117.130 line (%0S = 20%; £ = 0.456), find the operating point at
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-6.39 +j12.47 with K = 9273. Searching along the real axis for K = 9273, we find a higher-order pole

(o, 639
b. For the settling time to decrease by a factor of 2, Re = -Lop =-6.39 x 2 = -12.78. The imaginary
part is Im =-12.78 tan 117.13° =24.94. Hence, the compensated closed-loop poles are

-12.78 +£j24.94. A settling time of 0.313 second would result.

C. Assume a compensator zero at -20. Using the uncompensated system's poles along with the
compensator zero, the summation of angles to the design point, -12.78 + j24.94 is —159.63°. Thus,

the contribution of the compensator pole must be 159.63°-180° = -20.37°. Using the following

t 24.94 tan 20.37° 79.95
geometry, — = 1an . , O Pec = . .
p, —12.78 ¢
Jjua
i24.94
s—plane
1]
20.37
s -
- -12.78
F::

Adding the compensator pole and using --12.78 + j24.94 as the test point, K = 74130.

d.

Step Response
Uncompensated & Lead-Compensated System

Amplitude

0.15 0.3 0.45 0.6 0.75

Time (sec.)
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14,

a. Searching along the 110.97° line (%0S = 30%; ¢= 0.358), find the operating point at
-2.065 + j5.388 with K =366.8. Searching along the real axis for K =366.8, we find a higher-order

Cow, 2.065
factor of 2, Re = -{a, = -2.065 x 2 = - 4.13. The imaginary part is —4.13 tan 110.97° = 10.77. Hence,

the compensated dominant poles are —4.13 £ j10.77. The compensator zero is at -7. Using the
uncompensated system's poles along with the compensator zero, the summation of angles to the

design point, —4.13 +j10.77 is —162.06°. Thus, the contribution of the compensator pole must be —

10.77
162.06° - 180° = -17.94°. Using the following geometry, —413 =tan 17.94°, or pc = 37.4.
p .

juw
i 10.77

s—plane

17.94°
-p 4.13

Adding the compensator pole and using —4.13 £ j10.77 as the test point, K = 5443,

b. Searching the real axis segments for K = 5443 yields higher-order poles at approximately —8.12
and —42.02. The pole at —42.02 can be neglected since it is more than five times further from the
imaginary axis than the dominant pair. The pole at —8.12 may not be canceling the zero at -7. Hence,
simulate to be sure the requirements are met.

c

Program:

"Uncompensated System G1(s)*
numgl=1;

dengl=poly([-15 (-3+2*J) (-3-2*j)D);
Gl=tf(numgl,dengl)

Glzpk=zpk(Gl)

K1=366-.8

"Ti(s)"

Tl=feedback(K1*G1,1);

T1lzpk=zpk(T1)

"Compensator Gc(s)"

numc=[1 7];

denc=[1 37.4];

Ge=tf(numc,denc)

"Compensated System G2(s) = G1(s)Gc(s)*
K2=5443

G2=G1*Gc;

G2zpk=zpk(G2)

"T2(s)"

T2=fFeedback(K2*G2,1);

T2zpk=zpk(T2)

step(T1,T2)

title(["Uncompensated and Lead Compensated Systems®])
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Computer response:
ans =

Uncompensated System G1(s)

Transfer function:

sN"3 + 21 s”2 + 103 s + 195

Zero/pole/gain:
1

(s+15) (™2 + 6s + 13)
K1 =

366.8000

ans =
T1(s)

Zero/pole/gain:
366.8

(s+16.87) (s™2 + 4.132s + 33.31)
ans =

Compensator Gc(s)

Transfer function:

s + 7

Compensated System G2(s) = G1(s)Gc(s)

K2 =
5443

Zero/pole/gain:

(s+7)

(s+37.4) (s+15) (s™2 + 6s + 13)

ans =

T2(8)

Zero/pole/gain:
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5443 (s+7)

(s+42.02) (s+8.118) (s™2 + 8.261s + 133.1)

Uncompensated and Lead Compensated Systems
1.4 T T T T T

0sk N

0.6 -

Amplitude

02r —

] I I 1 I I
1] 05 1 15 2 25 &)

Titme (5ec)

15.
4
a. Searching the 15% overshoot line (121.127°) for 180° yields -0.372 +j0.615. Hence, Ty = C_d =

4
0372 = 10.75 seconds.

4 4
b. For 7 seconds settling time, ogq =T, 7~ 0.571. wg=0.571 tan (180° - 121.127°) = 0.946.

Therefore, the design point is -0.571 + j0.946. Summing the angles of the uncompensated system's
poles as well as the compensator pole at -15 yields -213.493°. Therefore, the compensator zero must

contribute (213.4939 - 180°) = 33.493°. Using the geometry below,

jo
s-plane
/ 70.946
0
O 33.493 >
-7, -0.571

0.946
Ze-0571 tan (33.4939°) . Hence, z. = 2. The compensated open-loop transfer function is



16.

Solutions to Problems 349

K(s+2)

S I)(S2105+26)(5H15) Evaluating the gain for this function at the point, -0.571 + j0.946 yields K

=207.512.

C

Program:

numg= 207 .512*[1 2];
r=roots([1,10,26]);

deng=poly([0 ,-1, r(1),r(2),-15]);
"G(s)"

G=tf(numg,deng);

Gzpk=zpk(G)

T=Feedback(G,1);

step(T)

title(["Step Response for Design of Ts = 7, %0S = 15%])

Computer response:
ans =

G(s)

Zero/pole/gain:
207.512 (s+2)

s (s+15) (s+l1l) (s™2 + 10s + 26)

Step Responze for Design of Ts =7, %05 =15

Amplitude

n} 1 | 1 1 | 1 1 | 1

Time [zec)

4 4
a. From 20.5% overshoot evaluate § = 0.45. Also, since (@, = T = 3’ @, =2.963 . The
S

compensated dominant poles are located at -Cop + jor\ 1-C2 = - 1.3333 £ j2.6432. Assuming
the compensator zero at -0.02, the contribution of open-loop poles and the compensator zero to the

design point, - 1.3333 +j2.6432 is -175.78°. Hence, the compensator pole must contribute
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2.6432
175.780 - 180° = -4.22°. Using the following geometry, ——————= tan 4.22°, or p. = 37.16

P, —1.3333
Adding the pole to the system, K = 4401.52 at the design point..

Jjw
i2.6432
s=plans
4 22"
=

'F'D —-1.3333

b. Searching along the real axis segments of the root locus for K =4401.52, we find higher-order
poles at -0.0202, -13.46, and -37.02. There is pole/zero cancellation at -0.02. Also, the poles at ,
-13.46, and -37.02 are at least 5 times the design point’s real part. Thus, the second-order

approximation is valid.

C.
System: Clozed Loop: rtou
- L0 £t Step Response
: Peak amplitude: 1.21 ' ' '
Crvershoot (61 205
At time (2ec): 1.32
1.2 F E
! Svystem; Closed Loop: riou
| 2 rtou
o T e e e
I |
ok || | i
m 1 1
=
= I |
[} 1 1
Eooslb] 1 4
I |
o4k | I -
I |
nzH | I -
I |
0 | ] | | | |
0 = 10 15 20 25

Time [zec)
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From the plot, T = 2.81 seconds, and %OS = 20.8%. Thus, the requirements are met.

4 4
a. Cop = T_s =05 = 8. Since = 0.4, o, = 20. Therefore the compensated closed-loop poles are

located at - Cop + jo\ 1-C2 =-8 £]18.33.
b. Using the system's poles along with the compensator's pole at -15, the sum of angles to the test

point —8 + j18.33 is -293.4° . Therefore, the compensator's zero must contribute 293.4° - 180° =

18.33
113.4% . Using the following geometry, 8-—Zc = tan 66.6°, or z. = 0.0679.

ju
1833

z-plane

o ]
EE G 1134
-2

C. Adding the compensator zero and using —8 + j18.33 as the test point, K = 7297.

d. Making a second-order assumption, the predicted performance is as follows:

Uncompensated: Searching along the 133.58° line ({ = 0.4), find the uncompensated closed-loop

4 o e
pole at -5.43 +j12.45 with K = 3353. Hence, Tg = Con 0.74 seconds; %0S =¢ "1 x100=
n
25.38%; Kp = —————= 1.66. Checking the second-order assumption by searching the real axis

101x20
segments of the root locus for K = 3353, we find a higher-order pole at -29.13. Since this pole is
more than five times further from the imaginary axis than the dominant pair, the second order

assumption is reasonable.

Compensated: Using the compensated dominant pole location, - 8 +j18.33, T = a =0.5
n
o 7297x0.0679
seconds; %00S =¢ I X100 = 25.38%; Kpp = ———————— = 0.016. Checking the second-
101x20x15

order assumption by searching the real axis segments of the root locus for K = 7297, we find higher-
order poles at -2.086 and -36.91. The poles are not five times further from the imaginary axis nor do

they yield pole/zero cancellation. The second-order assumption is not valid.
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.80

s \

.56 /
.45
Ciotl l

.32 !

.24

0z /

o 2 4 N 8 1
Time [Seconds)
Uncornpensated

The uncompensated system exhibits a steady-state error of 0.38, a percent overshoot of 22.5%, and a

settling time of 0.78 seconds.

- N
. TN
| 1\

35
.20 \\
Coty oo o~
.z0 f ___"""“L\\
15 I H"'*-.
. .l, T
as f
i
o -] .4 6 .8 1

Time (Seconds)
Lead Cornpenzated

Since there is no pole/zero cancellation the closed-loop zero near the origin produces a large steady-
state error. The student should be asked to find a viable design solution to this problem by choosing
the compensator zero further from the origin. For example, placing the compensator zero at -20 yields

a compensator pole at -90.75 and a gain of 28730. This design yields a valid second-order

approximation.
18.
%0S
-In (g0) 4
a. Since %0S =1.5%, = - =0.8. Since Tg = =7 second,
oS o 3
th+ln2(/f00) Son

op, = 7.49 rad/s. Hence, the location of the closed-loop poles must be -6+j4.49. The summation of

angles from open-loop poles to -6+j4.49 is -226.3°. Therefore, the design point is not on the root

locus.
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b. A compensator whose angular contribution is 226.3°-180° = 46.3° is required. Assume a
compensator zero at -5 canceling the pole. Thus, the breakaway from the real axis will be at the

required -6 if the compensator pole is at -9 as shown below.

- s-plane

- — - _|j44e

Adding the compensator pole and zero to the system poles, the gain at the design point is found to be

+5
29.16. Summarizing the results: G(s) = ;_—9 with K =29.16.

Lead compensator design: Searching along the 120° line ( = 0.5), find the operating point at

4 4
-1.531 +j2.652 with K =354.5. Thus, Ty :a =T13531 26l seconds. For the settling time to
n .

4 . .
decrease by 0.5 second, Tg = 2.11 seconds, or Re = -Lo, = - 5171 =19 The imaginary part is

-1.9 tan 60° = 3.29. Hence, the compensated dominant poles are -1.9 + j3.29. The compensator zero

is at -5. Using the uncompensated system's poles along with the compensator zero, the summation of

angles to the design point, -1.9 +j3.29 is -166.09°. Thus, the contribution of the compensator pole

3.29
S..19 —tan 13.919, or pe =

must be 166.09° - 180° = -13.91°. Using the following geometry, e -

15.18.
jw
iz=2a

z-plane

15.91"

'F'c -1.9

Adding the compensator pole and using -1.9 £ j3.29 as the test point, K = 1417.

Computer simulations yield the following: Uncompensated: Tg = 3 seconds, %0S = 14.6%.
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20.

Compensated: Tg = 2.3 seconds, %0S = 15.3%.

Lag compensator design: The lead compensated open-loop transfer function is

1417(s+5)
GLc(s) = . The uncompensated
(s+2)(s+4)(s+6)(s+8)(s+15.18)

1
Kp =354.5/(2 x 4 x 6 x 8) = 0.923. Hence, the uncompensated steady-state error is 1+_Kp =0.52.

Since we want 30 times improvement, the lag-lead compensated system must have a steady-state
error of 0.52/30 = 0.017. The lead compensated Ky, = 1417*5/(2*4*6*8*15.18) = 1.215. Hence, the

. 1 .
lead-compensated error is TiK. = 0451 Thus, the lag compensator must improve the lead-
p

compensated error by 0.451/0.017 = 26.529 times. Thus 0.451/ ( ) =26.529, where Kpjic =

1
1+Kpllc
57.823 is the lead-lag compensated system's position constant. Thus, the improvement in Ky, from the

lead to the lag-lead compensated system is 57.823/1.215 = 47.59. Use a lag compensator, whose zero

+0.04759
is 47.59 times farther than its pole, or Glag = W . Thus, the lead-lag compensated open-
S+ L.
1417(s + 5)(s + 0.04759)

(s+2)(s +4)(s +6)(s + 8)(s +15.18)(s + 0.001)

loop transfer function is G c(s) =

Program:

numg=1;

deng=poly([-2 -4 -6 -8]);
"G(s)"

G=tf(numg,deng);
Gzpk=zpk(G)
rlocus(G,0:5:500)

z=0.5;

pos=exp(-pi*z/sqrt(1-z"2))*100;

sgrid(z,0)

title(["Uncompensated Root Locus with * , num2str(z), " Damping Ratio
Line"])

[K,p]l=rlocfind(G); %Allows input by selecting point on graphic
"Closed-loop poles = *

p

i=input(“Give pole number that is operating point ");
"Summary of estimated specifications for uncompensated system®
operatingpoint=p(i)

gain=K

estimated_settling_time=4/abs(real (p(i1)))
estimated_peak_time=pi/abs(imag(p(i)))
estimated_percent_overshoot=pos

estimated_damping_ratio=z
estimated_natural_frequency=sqrt(real (p(i))"2+imag(p(i))"2)
Kpo=dcgain(K*G)

T=Feedback(K*G,1);

"Press any key to continue and obtain the step response-
pause

step(T)

whitebg(*w")

title(["Step Response for Uncompensated System with
" Damping Ratio"],"color”, "black™)

"Press any key to go to Lead compensation”

, hum2str(z), - - -
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pause

"Compensated system®

b=5;

"Lead Zero at -b *

done=1;

while done>0

a=input(“"Enter a Test Lead Compensator Pole, (s+a). a = ")

numgglead=[1 b];

dengglead=conv([1 a],poly([-2 -4 -6 -8]));

"G(s)Glead(s)"

GGlead=tf(numgglead,dengglead);

GGleadzpk=zpk(GGlead)

wn=4/((estimated_settling_time-0.5)*z);

clf

rlocus(GGlead,0:10:2000)

sgrid(z,wn)

axis([-10 0 -5 5])

title(["Lead Compensated Root Locus with * , num2str(z),--.

" Damping Ratio Line, Lead Pole at ", num2str(-a), ", and Required Wn"])
done=input(“Are you done? (y=0,n=1) =);

end

[K,p]l=rlocfind(GGlead); %Allows Input by selecting point on graphic
"Closed-loop poles = *

p

i=input(°"Give pole number that is operating point ");
"Summary of estimated specifications for lead-compensated system®
operatingpoint=p(i)

gain=K

estimated_settling_time=4/abs(real (p(i)))
estimated_peak_time=pi/abs(imag(p(i)))
estimated_percent_overshoot=pos

estimated_damping_ratio=z
estimated_natural_frequency=sqrt(real (p(i))"2+imag(p(i))"2)
Kplead=dcgain(K*GGlead)

T=feedback(K*GGlead,1);

"Press any key to continue and obtain the step response-
pause

step(T)

whitebg(*w")

title(["Step Response for Lead Compensated System with " , num2str(z),.-..
" Damping Ratio"], “"color®, "black")

"Press any key to continue and design lag compensation®
pause

"Improvement in steady-state error with lead compensator is”
error_improvement=(1+Kplead)/ (1+Kpo)
additional_error_improvement=30/error_improvement
Kpnn=additional_error_improvement*(1+Kplead)-1

pc=0.001

zc=pc*(Kpnn/Kplead)

numggleadlag=conv(numgglead, [1 zc]);
denggleadlag=conv(dengglead,[1 pc]);

"G(s)Glead(s)Glag(s)™
GGleadGlag=tf(numggleadlag,denggleadlag);
GGleadGlagzpk=zpk(GGleadGlag)

rlocus(GGleadGlag,0:10:2000)

z=0.5;
pos=exp(-pi*z/sqrt(1-z72))*100;
sgrid(z,0)

title(["Lag-Lead Compensated Root Locus with * , num2str(z),

" Damping Ratio Line and Lag Pole at " ,num2str(-pc)])
[K,p]=rlocfind(GGleadGlag); %Allows input by selecting point on graphic
"Closed-loop poles = *

p

i=input(°"Give pole number that is operating point ");

"Summary of estimated specifications for lag-lead compensated system®
operatingpoint=p(i)
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gain=K

estimated_settling_time=4/abs(real (p(i1)))
estimated_peak_time=pi/abs(imag(p(i)))
estimated_percent_overshoot=pos

estimated_damping_ratio=z
estimated_natural_frequency=sqrt(real (p(i))"2+imag(p(i))"2)
Kpleadlag=dcgain(K*GGleadGlag)

T=feedback(K*GGleadGlag,1);

"Press any key to continue and obtain the step response-

pause

step(T)

whitebg(*w")

title(["Step Response for Lag-Lead Compensated System with *,
num2str(z), - - -

" Damping Ratio and Lag Pole at ",num2str(-pc)], “"color®,“black®)

Computer response:
ans =

G(s)

Zero/pole/gain:

(s+8) (st6) (s+4) (s+2)
Select a point in the graphics window
selected_point =

-1.5036 + 2.6553i

ans =

Closed-loop poles =

p:

-8.4807 + 2.66741i

-8.4807 - 2.6674i
-1.5193 + 2.66741
-1.5193 - 2.6674i

Give pole number that is operating point 3

ans =
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Summary of estimated specifications for uncompensated system

operatingpoint =

-1.5193 + 2.66741

gain =

360.8014

estimated_settling_time =

2.6328

estimated_peak_time =

1.1778

estimated_percent_overshoot =

16.3034

estimated_damping_ratio =

0.5000

estimated_natural_frequency =

3.0698

Kpo =

0.9396

ans
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Press any key to continue and obtain the step response

ans =

Press any key to go to Lead compensation

ans =

Compensated system

ans =
Lead Zero at -b
Enter a Test Lead Compensator Pole, (s+ta). a = 10
ans =
G(s)Glead(s)
Zero/pole/gain:
(s+5)

(s+10) (s+8) (s+6) (s+4) (s+2)

Are you done? (y=0,n=1) 1
Enter a Test Lead Compensator Pole, (s+a). a = 15

ans =

G(s)Glead(s)

Zero/pole/gain:
(s+5)

(s+15) (s+8) (s+6) (s+4) (s+2)

Are you done? (y=0,n=1) O
Select a point in the graphics window
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selected_point =

-1.9076 + 3.2453i

ans =

Closed-loop poles =

p:

-13.0497 + 1.9313i
-13.0497 - 1.9313i

-5.0654
-1.9176 + 3.2514i
-1.9176 - 3.2514i

Give pole number that is operating point 4

ans =

Summary of estimated specifications for lead-compensated system

operatingpoint =

-1.9176 + 3.2514i

gain =

1.3601e+003

estimated_settling_time =

2.0860

estimated_peak_time =

0.9662
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estimated_percent_overshoot =

16.3034

estimated_damping_ratio =

0.5000

estimated_natural_frequency =

3.7747

Kplead =

1.1806

ans =

Press any key to continue and obtain the step response

ans =

Press any key to continue and design lag compensation

ans =

Improvement in steady-state error with lead compensator is

error_improvement =

1.1243

additional_error_improvement =

26.6842
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Kpnn =

57.1876

pc =

0.0010

ZC

0.0484

ans =

G(s)Glead(s)Glag(s)

Zero/pole/gain:
(s+5) (s+0.04844)

(s+15) (s+t8) (s+6) (s+4) (s+2) (s+0.001)
Select a point in the graphics window

selected_point =

-1.8306 + 3.2919i

ans =

Closed-loop poles =

-13.0938 + 2.06501
-13.0938 - 2.0650i
-5.0623
-1.8617 + 3.3112i
-1.8617 - 3.3112i
-0.0277
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Give pole number that is operating point 4

ans =

Summary of estimated specifications for lag-lead compensated system

operatingpoint =

-1.8617 + 3.3112i

gain =

1.4428e+003

estimated_settling_time =

2.1486

estimated_peak_time =

0.9488

estimated_percent_overshoot =

16.3034

estimated_damping_ratio =

0.5000

estimated_natural_frequency =

3.7987

Kpleadlag =
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60.6673

ans =

Press any key to continue and obtain the step response

Step Responze for Uncompensated System with 0.5 Damping Fatio
I:l? T T T T T T T

Amplitude

Time (zec)
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Lead Compensated Root Locus with 0.5 Damping Ratio Line, Lead Pole at -10, and Reguired Wn
5 T T T T T T T T T

B W
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Lead Compensated Root Locus with 0.2 Damping Ratio Line, Lead Pole at -15, and Reguired Win
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Imaginary Axis
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Step Response for Lead Compensated System with 0.5 Damping Ratio

0.3

1.4
Time (zec)

2.3 3

Lag-Lead Compensated Root Locus with 0.2 Damping Ratio Line and Lag Pole at -0.001

-4

05 g

-13

-10

Feal Axis

5
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Step Response for Lag-Lead Compensated System with 0.5 Damping Ratio and Lag Pole st -0.001

11— [oy=pyemyp—— [oy=pep——— [Ey=pyyy—— [Ley=ppyy— ey == Y=r=r=r=r= 1 L

04 .

0sa .
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0.6 .
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03 .

02 .

n} | | | 1 | | | | |

0 20 40 50 g0 100 120 140 160 150 200
Time (zec)

21.
a. For the settling time to be 2.86 seconds with 4.32% overshoot, the real part of the compensated

4 4
dominant poles must be T. =286 — 1.4. Hence the compensated dominant poles are -1.4 = j1.4.
s .

Assume the compensator zero to be at -1 canceling the system pole at -1. The summation of angles to
the design point at -1.4 +j1.4 is -176.19°. Thus the contribution of the compensator pole is
14
176.19° - 180° = 3.819°. Using the geometry below, po-14 = tan 3.81°, or pc =22.42.
C - .
jw

il4

s-plane

Adding the compensator pole and using -1.4 + j1.4 as the test point, K = 88.68.

b. Uncompensated: Search the 135° line (4.32% overshoot) and find the uncompensated dominant

1.11 4 4

pole at-0.419+j0.419withK:l.ll.ThusKV:T 0.37. Hence, TS:QF =0419 =9.55
n .
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88.68
seconds and %0OS = 4.32%. Compensated: Ky = M Ax3 - 1.32 (Note: steady-state error
. . 4 4
improvement is greater than 2). Tg = a =1z = 2.86 seconds and %0S = 4.32%.
0 .

¢. Uncompensated: K = 1.11; Compensated: K = 88.68.

d. Uncompensated: Searching the real axis segments for K = 1.11 yields a higher-order pole at -3.16
which is more than five times the real part of the uncompensated dominant poles. Thus the second-
order approximation for the uncompensated system is valid.

Compensated: Searching the real axis segments for K = 88.68 yields a higher-order pole at -22.62
which is more than five times the real part of the compensated dominant poles' real part. Thus the
second order approximation is valid.

e.

Step Response
Uncompensated

09 4

08 4

0.7 4

0.6 - ]

Amplitude

04 4

03 4

0.2 -

01F 4

Time (sec.)
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Amplitude

Amplitude
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Ramp Response

Compensated
80 T T T T T T T

70 F E

60 | ]

50 | -

40 | -

Amplitude

20 -

10 ]

0 I I I I I I I
0 10 20 30 40 50 60 70 80

Time (sec.)

a. Searching the 30% overshoot line (£ = 0.358; 110.97°) for 180° yields -1.464 + j3.818 with a gain,
K =218.6.

T T
— = ——=0.823 second. Ky =

b. Tp= —=3975
©d 3818 5)an
c. Lead design: From the requirements, the percent overshoot is 15% and the peak time is 0.4115
-In(%/100)
second. Thus, { = L =0.517; &g =Tl =7.634= (on\/ 1-£2 . Hence, o, = 8.919. The
12+1n2(%/100) p

design point is located at -Cop, + jo\[ 1-C2 = -4.61 + j7.634. Assume a lead compensator zero at -5.
Summing the angles of the uncompensated system's poles as well as the compensator zero at -5 yields

—171.2°. Therefore, the compensator pole must contribute (171.2° - 180°) = -8.8°. Using the

geometry below,

s-plane

i7.634

8.89

Pe -4.61
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7.634

p, —4.61
K

S(s+11)(s+53.92)

= tan (8.8°) . Hence, pc = 53.92. The compensated open-loop transfer function is

. Evaluating the gain for this function at the point, -4.61 + j7.634 yields

K =4430.

218.6
Lag design: The uncompensated K = = 3.975. The required K is 30*3.975 = 119.25.

(5)(11)
4430

The lead compensated Ky = —————— = 7.469. Thus, we need an improvement over the lead

(11)(53.92)

compensated system of 119.25/7.469 = 15.97. Thus, use a lag compensator

S +0.01597 o 4430(s +0.01597)
Glag(s) = ——————— . The final open-loop function is .
$+0.001 s(s + 11)(s+53.92)(s + 0.001)

23.
a. Searching along the 10% overshoot line ({'= 0.591) the operating point is found to be

—1.85 +j2.53 with K=21.27. A third pole is at —10.29. Thus, the estimated performance before

21.27
compensation is: 10% overshoot, Tg = ——— = 2.16 seconds, and K = =0.266
1.85 (8)(10)
b. Lead design: Place compensator zero at —3. The desired operating point is found from the desired
o 4 4
specifications. (@, = —=—=4and @, =— =-———= 6.768. Thus,
T, ¢ 0.591

Im=ay1-¢> =6.768V1— 0.591° =5.46 . Hence the design point is —4 +j5.46. The angular

contribution of the system poles and compensator zero at the design point is —166.96°. Thus, the

compensator pole must contribute —180° + 166.96" = -13.04°. Using the geometry below,

jo
A

s-plane

i5.46

>

= tan (13.04°) . Hence, pc = 27.57. The compensated open-loop transfer function is

Pe

K(s+3)
(s> +4s +8)(s+10)(s+27.57)

Evaluating the gain for this function at the point

-4 +j5.46 yields K = 1092 with higher-order poles at —4.055 and —29.52.
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Lag design: For the lead-compensated system, K, = 1.485. Thus, we need an improvement of

. 4
10 =6.734 times. Hence, G,,,(8)= (5+0.06734) . Finally, the equivalent forward-path
1.485 (s+0.01)
1092(s+3)(s+0.06734)

transfer function is G, (S) = — :
(S +4s+8)(s+10)(s+27.57)(s+0.01)

Step Response

Lag-Lead Compensated
T T T T T

0.8 | 4
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0.6 | 4
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24,

a. Uncompensated: Search the 135° line (4.32% overshoot) for 180° and find the dominant pole at
-3 +j3 with K = 10.

Lag Compensated: Search the 1359 line (4.32% overshoot) for 180° and find the dominant pole at -
2.88 +j2.88 with K =9.95.

10
b. Uncompensated: Kp = x4 — 125

9.95x0.5
Lag compensated: K, = m =6.22

C. %0S = 4.32% both cases;

4 4 4
Uncompensated Tg = E =3 1.33 seconds; Compensated Tg = 788 = 1.39 seconds
d. Uncompensated: Exact second-order system; approximation OK
Compensated: Search real axis segments of the root locus and find a higher-order pole at -0.3. System

should be simulated to see if there is effective pole/zero cancellation with zero at - 0.5.
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The compensated system's response takes a while to approach the final value.
f. We will design a lead compensator to speed up the system by a factor of 5. The lead-compensated
dominant poles will thus be placed at —15 + j15. Assume a compensator zero at - 4 that cancels the

open-loop pole at - 4. Using the system's poles and the compensator's zero, the sum of angles to the

design point, -154j15 is 131.69°. Thus, the angular contribution of the compensator pole must be
131.69° - 180° = - 48.31°. Using the geometry below, p. = 28.36.

jw
i15

s-plane

4a.31"

- -15
I:::

g

] ) K(s+0.5)(s+4) .
Using the compensated open-loop transfer function, Ge(s) = (5+2)(s+4)(5+0.1)(5+28.36) and using

the design point —15 £+ j15, K = 404.1.The time response of the lag-lead compensated system is

shown below.

1.0
96
e

az i,-""'
a8

R=ES

clit)

a0
B
T2
BE

] L) =] 12 16
Timel([Seconds)
Lag-Lead Compenzated

25.

T
Since Tp = 1.047, the imaginary part of the compensated closed-loop poles will be 1047 = 3.

Im

m = 4. Hence, the design

I
Since R—Hel = tan (cos~1¢), the magnitude of the real part will be

o . s+0.1
point is — 4 + j3. Assume an PI controller, G¢(s) = 5 ot reduce the steady-state error to zero.
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Using the system's poles and the pole and zero of the ideal integral compensator, the summation of
angles to the design point is -225.7°. Hence, the ideal derivative compensator must contribute 225.7°-
180° = 45.7° . Using the geometry below, z; = 6.93.

juw

s-plane

iz
457"

(s+6.93)(s+0.1)

The PID controller is thus S

. Using all poles and zeros of the system and PID

controller, the gain at the design point is K = 3.08. Searching the real axis segment, a higher-order

pole is found at - 0.085. A simulation of the system shows the requirements are met.

26.
a. The desired operating point is found from the desired specifications. (@, = — =— =2 and
S
2 2
o, = Z = 04037 =4.954 . Thus, Im = @,+/1— 4/2 =4.954+/1-0.4037% = 4.5324 . Hence

the design point is —2 +j4.5324. Now, add a pole at the origin to increase system type and drive error
to zero for step inputs.

Now design a PD controller. The angular contribution to the design point of the system poles and
pole at the origin is 101.9°. Thus, the compensator zero must contribute 180° — 101.9° =78.1°. Using

the geometry below,

1
‘ s-plane

74 .5324

i PG

4.5324 0 . .
———— =tan(78.1") . Hence, z¢ = 2.955. The compensated open-loop transfer function with PD
Z,—
o K(s+2.955) ,
compensation is . Adding the compensator zero to the system and

S(s+4)(s+6)(s+10)
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evaluating the gain for this at the point —2 + j4.5324 yields K = 294.51 with a higher-order pole at
-2.66 and -13.34.

(s+0.01)

PI design: Use G, (S) = . Hence, the equivalent open-loop transfer function is

 K(s+2.955)(5+0.01)

== with K = 294.75.
$(S+4)(S+6)(s+10)

G.(s)

b.

Program (Step Response):
numg=[-2.995 -0.01];
deng=[0 0 -4 -6 -10];
K=294.75;
G=zpk(numg,deng,K)
T=Feedback(G,1);
step(T)

Computer response:
Zero/pole/gain:
294.75 (s+2.995) (s+0.01)

s™2 (s+4) (s+6) (s+10)

14 System: T Step Response

Peak amplitude; 1.2
Crvershoot (951 196
At time (zec) 0812
12 == ==

| System: T
Settling Time (zec) 1.77
0s ,

Amplitude

06

04

0z

] 0.5 1 1.4 2 25 3
Time (sec)

Program (Ramp Response):
numg=[-2.995 -0.01];
deng=[0 0 -4 -6 -10];
K=294.75;
G=zpk(numg,deng,K)
T=Feedback(G,1);
Ta=tf([1],[1 O1);
step(T*Ta)
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Computer response:
Zero/pole/gain:
294.75 (s+2.995) (s+0.01)

sn2 (st4) (s+6) (s+10)

Step Response
1000 T T T T T T T T T o]

S00 - =

o0 - =

500 =

2
£ 500t _
[~
5
EIS g
300 - -
200 - -
100 - -
D 1 1 1 1 1 1 1 1 1
u] 100 200 300 400 s00 B00 Foo ano 900 1000
Time (=ec)
27.
Program:
numg=[]
deng=[-4 -6 -10]
"G(s)"

G=zpk(numg,deng,1)
pos=input("Type desired percent overshoot ");
z=-log(pos/100)/sqrt(pi~2+[log(pos/100)]"2);
Ts=input("Type desired settling time ");
zci=input(...
"Type desired position of integral controller zero (absolute value) *);
wn=4/(Ts*z);
desired_pole=(-z*wn)+(wn*sqrt(1-z"2)*i)
angle_at_desired_pole=(180/pi)*angle(evalfr(G,desired_pole))
PD_angle=180-angle_at_desired_pole;
zcpd=((imag(desired_pole)/tan(PD_angle*pi/180))-real (desired_pole));
"PD Compensator-”
numcpd=[1 zcpd];
dencpd=[0 1];
"Gepd(s)”
Gepd=tf(numcpd,dencpd)
Gepi=zpk([-zci],[0].1)
Ge=G*Gcpd*Gepi
rlocus(Ge)
sgrid(z,0)
title(["PID Compensated Root Locus with * ,.._.

num2str(pos), "% Damping Ratio Line"])
[K,p]=rlocfind(Ge);
"Closed-loop poles = *

p
f=input("Give pole number that is operating point ");

"Summary of estimated specifications for selected point”
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"on PID compensated root locus”

operatingpoint=p(f)
gain=K
estimated_settling_time=4/abs(real (p(f)))

estimated_peak_time=pi/abs(imag(p(f)))
estimated_percent_overshoot=pos
estimated_damping_ratio=z

estimated_natural_frequency=sqrt(real (p(f))"2+imag(p(F))"2)

T=Feedback(K*Ge,1);

step(T)

title(["Step Response for PID Compensated System with = ,_..
num2str(pos), "% Damping Ratio Line"])

pause

one_over_s=tf(1,[1 0]);

Tr=T*one_over_s;

t=0:0.01:10;

step(one_over_s,Tr)

title("Ramp Response for PID Compensated System®)

Computer response:

numg =
[l
deng =
0 -4 -6 -10
ans =
G(s)
Zero/pole/gain:
1

s (st4) (s+6) (s+10)

Type desired percent overshoot 25

Type desired settling time 2

Type desired position of integral controller zero (absolute value) 0.01
desired_pole =

-2.0000 + 4.5324i

angle_at_desired_pole =

101.8963

ans =

PD Compensator

ans =
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Gepd(s)

Transfer function:
s + 2.955

Zero/pole/gain:
(s+0.01)

Zero/pole/gain:
(s+2.955) (s+0.01)

sN2 (s+4) (s+6) (s+10)
Select a point in the graphics window
selected_point =

-1.9931 + 4.5383i

ans =

Closed-loop poles =

p:

-13.3485

-1.9920 + 4.5377i

-1.9920 - 4.5377i

-2.6575

-0.0100
Give pole number that is operating point 2
ans =

Summary of estimated specifications for selected point

ans =

on PID compensated root locus

operatingpoint =

-1.9920 + 4.5377i

gain =

295.6542

estimated_settling_time =

2.0081

estimated_peak_time =



0.6923

estimated_percent_overshoot =

25

estimated_damping_ratio =

0.4037

estimated_natural_frequency =

4.9557

Solutions to Problems 379

PID Compensated Roat Locus with 25% Damping Ratio Line

20 T T T

15 F

.44

Imaginary Axis
o

0.4004
L

&

-

=30 =24 =20 -15

-10 -4
Real Axis

(=1 | 58000000 aonann B o onoooo
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28.

29.

Step Response for PID Compensated Syatem with 25% Damping Ratio Line

1 4 T T T T T
1.2 L _______ i
System: T
Peak amplitude: 1.19

| System: T
| | Settling Time (sec): 1.76

Amplitude

| 1 1 | 1 1
1 14 2 25 i)

Time (=ec)

Ramp Response for PID Compensated System
1DDD T T T T T T T T T

a00 - B

700 - B

600 - B

a00 - 4

Amplitude

400 - -

300 - 4

200 4

100 4

0
1} 100 200 300 400 =00 &00 a0 200 a00 1000
Time (zec)

Open-loop poles are at -2, - 0.134, and -1.87. An open-loop zero is at -3. Searching the 121.13° line
(£ =10.517), find the closed-loop dominant poles at -0.747 + j1.237 with K = 1.58. Searching the real
axis segments locates a higher-order pole at -2.51. Since the open-loop zero is a zero of H(s), it is not

a closed-loop zero. Thus, there are no closed-loop zeros.
a. The damping ratio for 15% overshoot is 0.517. The desired operating point is found from the

—_

S
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Im=aw,y1- 4’2 =2.578V1— 0.517> = 2.207. Hence the design point is —1.333 +j2.207. The

angular contribution of the system poles and compensator zero at the design point is 100.8°. Thus, the

compensator zero must contribute 180° — 100.8° = 79.2°. Using the geometry below,

Jjo
s-plane
3¢ 79.29
o 1333 -
C
2.207 o
m = tan (79.2°) . Hence, z¢ = 1.754. The compensated open-loop transfer function with PD
z. - 1.
o K(s+1.754) , ‘ . : :
compensation is . Evaluating the gain for this function at the point
S(S+2)(s+4)(s+6)

—1.333 +j2.207 yields K = 47.28 with higher-order poles at —1.617 and —7.718. Following

1
Figure 9.49(c) in the text, ? =1.754 . Therefore, K, = 0.5701. Also, using the notation of
f

Figure 9.49(c), K K, = 47.28, from which K, = 82.93.

b.

Program:

K1=82.93;

numg=K1;

deng=poly([0 -2 -4 -6]);
IG(S) -

G=tf(numg,deng);
Gzpk=zpk(G)
Kf=0.5701
numh=Kf*[1 1.754];
denh=1

"H(s)"
H=tf(numh,denh);
Hzpk=zpk(H)

IT(S) -
T=Feedback(G,H);
T=minreal (T)
step(T)
title("Step Response for Feedback Compensated System®)

Computer response:
ans =

G(s)

Zero/pole/gain:
82.93

s (st6) (s+4) (s+2)
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KFf =
0.5701
denh =
1
ans =
H(s)

Zero/pole/gain:
0.5701 (s+1.754)

ans =

(s

Transfer function:
82.93

s™M + 12 s”"3 + 44 s”2 + 95.28 s + 82.93

Step Responsze for Feedback Compensated Syatem
1 4 T 1 1 1 1 1

121 .

Amplitude

0 1 1 1 1 1 1
1] 0.3 1 1.3 2 23 3 33

Time [zec)

30.
a. od = Loy =4/Tg=4/1 = 4. 5% overshoot -> £ = 0.69. Since o, =4, ®, =5.8.

g = o\ 1-¢2 =4.195. Thus, the design point is —1 + j4.195. The sum of angles from the minor-

loop's open-loop poles to the design point is -263.634°. Thus, the minor-loop's open-loop zero must
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4.195
contribute 83.6349° to yield 180° at the design point. Hence, = tan 83.6349, or z. = a = 4.468

ze -4
from the geometry below.
jo
4.195
s-plane
83.634°
S » o
“Zo -4
Adding the zero and calculating the gain at the design point yields K = 38.33. Therefore, the minor-
38.33(s+4.468)

loop open-loop transfer function is K1 G(s)H(s) = S(s+4)(519) - The equivalent minor-loop

. K1G(s) 38.33
closed-loop transfer function is Gpy|(s) = 7K G(5)H(S) 341352174 3351171258

. A simulation
of the step response of the minor loop is shown below.

Computer response:

Minor-loop Closed-Loop Response
0.25 - .

0.2 T

0.15 -

Amplitude

0.05 -

0 1 1
0 05 1 1.5
Time (secs)

38.33K
$ +13s” +74.33s+171.258°

Drawing the root locus using Ge(s) and searching along the 10% overshoot line ({ = 0.591) for 180°

b. The major-loop open-loop transfer function is G ,(s) =

yields the point -3.349 + j4.572 with a gain 38.33K =31.131, or K= 0.812.
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c

Program:

numg=31.131;

deng=[1 13 74.33 171.258];

IG(S) -

G=tf(numg,deng)

T=Feedback(G,1);

step(T)

title("Major-loop Closed-Loop Response™)

Computer response:
G(s)

Transfer function:
31.13

s"3 + 13 s™2 + 74.33 s + 171.3

hajar-loop Closed-Loop Response
n1a T T

016

014

01z

N

Amplitude

0.0s

.08

.04

0oz

Time (zec)

31.131(s+0.1)
s(s3+13s2+74.33s+171.258) °

d. Adding the PI compensator, Ge(s) =

Program:

numge=31.131*[1 0.1];
denge=[1 13 74.33 171.258 0];
"Ge(s)"

Ge=tf(numge,denge)
T=Ffeedback(Ge,1);

t=0:0.1:10;

step(T,t)

title("Major-loop Closed-Loop Response with Pl Compensator*®)
pause

step(T)
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title("Major-loop Closed-Loop Response with Pl Compensator™)

Computer response:
ans =

Ge(s)

Transfer function:
31.13 s + 3.113

s™M + 13 s”"3 + 74.33 s™2 + 171.3 s

Major-loop Closed-Loop Response with Pl Compensator

035 T T T

03F

02 r

Amplitude

o1k

Major-loop Closed-Loop Response with Pl Compensatar

Tirme [=ec)

10

1 T T

Amplitude

o1

130

200

Time [sec)

250

300

350

400
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31.

32.

33.

o
. Ry RaC 440,01
a. Pl controller: Using Table 9.10, R—IT =3 RoC =100. Let C =25 pF. Therefore,

Ry =4 MQ. For unity gain, R| =4 MQ. Compensate elsewhere in the loop for the compensator

negative sign.
1
b. PD controller: Using Table 9.10, R2C(s+m) =s+2. Hence, R{C=0.5.Let C=1 pF.

Therefore, R1 = 500 KQ. For unity gain, RoC = 1, or Ry = 1 MQ. Compensate elsewhere in the loop

for the compensator negative sign.

1
S+
R,C s+0.1
a. Lag compensator: See Table 9.11. 1 = . Thus, RpC =10, and
S+ s+0.01
(R, +R,)C
(R] +Ry)C = 100. Letting C = 10 u F, we find Ry = 1 MQ. Also R{C = 100 - RyC = 90, which
, , . R, +R,
yields Ry =9 MQ. The loop gain also must be multiplied by ——= .
2
L
¥ RiC s+2
b. Lead compensator: See Table 9.11. 1 1 “5 - Thus, R;C =0.5, and
STRICTR,C

1 1 .
m +@ =5. Letting C =1 pF, Ry =333 KQ, and R1 =500 KQ.

c. Lag-lead compensation: See Table 9.11.

o1
RGP R (s+0.1)(s+1)

1 1 1 1 =2
2 s=+10.01s + 0.1
¥ +(R1C1 +RzCzJrRzCl)SJrR1RzC1Cz

. Thus, R1C1 =1, and

1 1 1 1 . B
R2Cy = 10. Also, RC; TR, TRYC =1+0.1 ROy - 10.01, or RpCy =0.112. Letting C1 =

10 pF, we find R| = 10 MQ, Ry = 1.12 MQ, and C3 = 8.9 uF.

1
y—
: . st0.1 €y Ricy)
a. Lag compensator: See Table 9.10 and Figure 9.58. s0.01 ~C) -1 - Therefore,

(s+—R2 C2)

R1Cy =10; RpCy =100. Letting C; = Cp =20 puF, we find Ry =500 KQ and Ry =5 MQ.

Compensate elsewhere in the loop for the compensator negative sign.
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(e
. s2 _C1 U RICy
b. Lead compensator: See Table 9.10 and Figure 9.58. = -G 1 . Therefore,

(S+R2C2 )

R1Cy=0.5 and RpCy =0.2. Letting C; = Cy =20 pF, we find Ry =25 KQ and Ry = 10 MQ.
Compensate elsewhere in the loop for the compensator negative sign.

¢. Lag-lead compensator: See Table 9.10 and Figure 9.58. For lag portion, use (a). For lead:

1
L
s ¢ SRy
st10 ~ Cy

. Therefore, R{Cy =1 and RpCy = 0.1. Letting C; = C = 10 uF, we find

(s+R2 c, )

R1 =100 KQ and Ry = 10 KQ. The following circuit can be used to implement the design.

201 10
—— ?EIF
a0 )F iy 101 it
v, I l/‘\S\M_i— — 0 K& A
] _'I:‘I » B
. w | i
Lag compensatar Lead compensator

SOLUTIONS TO DESIGN PROBLEMS

34.
K¢
O R
" Ea(s) 1 KiKp
(D + )
Ea 5 4 1 1
< _ < @ _ . _ T o =\2 = . _ — \2 — .
Ky = > 60000 1 =0.005;Jeq =5 (10 x4) =0.05; Deg =1 (10 )>=0.01;
Xgo X 21
27
K¢ T 0.5 Om(s) 2
R, :Ea =73 =0.1. Therefore, E,(5) :s(s+0.21) .

b. The block diagram of the system is shown below.
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Rz) + + 2 1 Cis)
4’®*_’ =000 s{z+0.21) ) ’

Forming an equivalent unity feedback system,

Riz) Ei=) 1000 Cis)
3{3+D.21+D.2Kt}

1000
s2 +(0.21 + 0.2Ky)s + 1000

Now, T(s) = . Thus, o, =4/1000 ; 2Cop, = 0.21 + 0.2Ky. Since £ = 0.5,

K= 157.06.

1000 o
s2+021s+1000 * ™

¢. Uncompensated: K¢ = 0; T(s) = =31.62rad/s; L=3.32x 10-3;

%0S = *"11¢ X100 = 98.96%; Ts = Q — 38.09 seconds;
n

1000

Tp = =9.93 x 102 second; Ky =557 =4761.9.

() 1'C2

1000 .
$2 +31.62s + 1000 °

Compensated: K¢ = 157.06; T(s) = op =31.62 rad/s; {=0.5;

- J_ 7 4 T
%0S =¢ “"1"¢ x100= 16.3%; Ts=7—— =0.253 second; Tp =——== = 0.115 second;
CO*)H wn'\' - 2

1000
Ky =372 =31.63.
35.
25
a. T(s):m ; Therefore, o, =5; 2Lon =1; £ =0.1;
%0S = e "1 x100 =73%; Ts—— = 8 seconds.

Gon
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25K,
s” +(1+25K,)s + 25K,

b. From Figure P9.6(b), T(s) = . Thus,

4
®p =1 [25K ; 2Cop = 1 + 25Ky. For 25% overshoot, £ = 0.404. For Tg=0.2 = @ , Cop = 20.

20
Therefore 1 + 25K¢=2Cw, = 40, or Kf=1.56. Also, o, = E =49.5.

2 2
® 49.5
Hence K| = _21; =55 = 98.01.

25 1
¢. Uncompensated: G(s) = St Therefore, Ky = 25, and e(x0) = K =0.04
vV

25K, 25 x 98.01

Compensated: G(S) = —————————; Therefore, Ky =75z - 1 - =61.26, and
( ) S(S+l+25Kf) Vo 1425 x 1.56

1
e(0) =g = 0.0163.

36.
a. The transfer functions of the subsystems are as follows:

5t 1 S|
Pot: Gp(s) = E =5 Amplifier: Gy(s) = 5120 Motor and load: Since the time to rise to 63% of
the final value is 0.5 second, the pole is at -2. Thus, the motor transfer function is of the form, Gp,(s)

K K 100 .
= m . But, from the problem statement, 2 =70 -orkK= 20. The block diagram of the system

is shown below.

Motaor

&

Pot Armp load
R3[| + K 20 Cfs)
2 5420 Fl osis+2) ¥

1 ,

> "

FPot

Block diagrarn

tak,
3(s+2)(s+20)

Riz1 + Cls)

Equivalent systern
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Using the equivalent system, search along the 117.126° line (20% overshoot) and find the dominant
second-order pole at - 0.89 +j1.74 with K = 10K = 77.4. Hence, K| = 7.74.

77.4 1
=3x20 — 1.935. Therefore, e(x) = K_v =0.517.

b. Ky

%OS)

-In(
100
C. %08 =20%; = o5 0.456; g =J0.892 + 1.742 = 1.95 rad/s;
72 + In? (fw)

4 T
Tg= Con 4.49 seconds; T = wn\/l-_Cz = 1.81 seconds.

d. The block diagram of the minor loop is shown below.

+ 20 Cis)
| osla+2)

20
The transfer function of the minor loop is Gy (s) = m . Hence, the block diagram of the

equivalent system is

10FK
R(z) + 1 Cls)
' 1 s{s+203(s+a) i
%0S
-In (Fg0)
where a = 2 + 20Ky. The design point is now found. Since %O0S =20%, = %0S
0
72 +1n2 (F50)
4
0.456. Also, since Tg=7"—" =2 seconds, w, = 4.386 rad/s. Hence, the design point is —2 +j3.9.

Con
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Using just the open-loop poles at the origin and at -20, the summation of angles to the design point is

-129.37°. The pole at -a must then be contributing 129.37° - 180° = -50.63°. Using the geometry
below, a=5.2, or K= 0.16.

jw
iz

s-plane

Adding the pole at -5.2 and using the design point, we find 10K =407.23, or K| = 40.723.

Summarizing the compensated transient characteristics: = 0.456; o = 4.386; %O0S = 20%; Ty =

4 i 407.23
—— =2seconds; T,=—"7— =0.81 seconds; K, = =3.92.
C(Dn p o h_gz Vo 20x5.2

37.
Block diagram
. . Ki 207 volts
Preamplifier/Power amplifier: (5+40) 5 Pots: W =2.
Torque-speed curve:
TA(N-m)
75 50v
25 \
» o (rad/sec)
50 150
rev 1 min rad _ fsec: rev 1 min rad _ o 4

where 1432.35 min X 60 sec X 2n oV 150 rad/sec; 477.45 min X 60 sec X 21 oV 50 rad/sec.

.. 50 . . _
The slope of the line is - 100 =- 0.5. Thus, its equation is y = -0.5x + b. Substituting one of the

Kt Tstall 100 e
points, find b = 100. Thus Tgtal = 100, and wno load = 200.§- =~ =55 = 2
a

g 50 % b_Conoload

50
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Om(s) Ki/(Ral) 0.02

1 K
s(st5(D R, )

Gears: 0.1

Drawing block diagram:

Oc(®) * K, 0.02 oL
L ) —_— [ >
(s+40) s(s+0.505) 0.1
2 |-
05)  + oL(s)
K, o 0.004 -
s(s+0.505)(s + 40)

b. Compensator design - Lead

10% overshoot and Tg = 1 sec yield a design point of - 4 + j5.458. Sum of angles of uncompensated
system poles to this point is -257.4919. If we place the lead compensator zero over the
uncompensated system pole at -0.505, the angle at the design point is -134.858°. Thus, the lead

compensator pole must contribute 134.8580 - 180° = -45.142°. Using the geometry below

5.458

p_c 4 - tan(45.1429), or pc = 9.431.

i5.458

45.142°

Using the uncompensated poles and the lead compensator, the gain at the design point is

0.004K 1 = 1897.125.
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Compensator design - Lag

1897.125 2l
With lead compensation, Ky = m =5.0295.029. Since we want K, = 1000, p—éi = 31—%%% =

198.85. Use Plag = 0.001. Hence zja5 = 0.1988. The lag compensated

G (g)  —1897.125(s+0.1988)
o(8) = 5(5+40)(s+9.431)(5+0.001) -

¢. Compensator schematic

1 1
lag: Ro.C ~ 0.1988. Let C =100 pF. Then Ry = 50.3 kQ. Now, W =0.001.
: . Ry
Thus, R =9.95 MQ. Buffer gain = reciprocal of lag compensator's R+ R, - Hence buffer
Ri+Ry
gain = Ry =198.8.
1 1 1
lead: R,C ~ 0.505. Let C =10 pF. Then Ry = 198 kQ. Now, R.C + RoC 9.431.
Thus, Ry = 11.2 k[1QQ.
198.8 k Q 198k Q
9.95 MQ | ]
1C
1A
10U F
e.(t)
i gD
T 100 LE 112 kQ

d.

Program:

numg= 1897.125*[1 0.1988];

deng=poly([0 -40 -9.431 -.001]);

IG(S) -

G=tf(numg,deng);

Gzpk=zpk(G)

rlocus(G)

pos=10

z=-log(pos/100)/sqrt(pi~2+[log(pos/100)]"2)

sgrid(z,0)

title(["Root Locus with * , num2str(pos), " Percent Overshoot Line"])
[K,p]=rlocfind(G) %Allows input by selecting point on graphic
pause

T=Ffeedback(K*G,1);

step(T)

title(["Step Response for Design of " , num2str(pos), " Percent"])
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Computer response:
ans =

G(s)

Zero/pole/gain:
1897.125 (s+0.1988)

s (s+40) (s+9.431) (s+0.001)
pos =

10

0.5912
Select a point in the graphics window
selected_point =

-3.3649 + 4.8447i

0.9090

p:

-41.3037
-3.9602 + 4.9225i
-3.9602 - 4.9225i
-0.2080



Imaginary &xis

Amplitude

40
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Foot Locus with 10 Percent Owvershoot Line

055 '
a0 ; -
20 - s i —
10} I .
0 ot oo oo -
A0k L ! i
bk - ’ . -
=30 K i . -
0597 ‘
_40 | | | 1~ | | |
=70 -G0 -50 =40 -30 =20 -10 0 10
Real Axis
Step Responze for Design of 10 Percent
1 4 T T T T T T T T T
121 —
1 1 1 1 1 1 1 1
2 3 4 5 E 7 g 9 10

Time (sec)
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38.
Consider only the minor loop. Searching along the 143.13° line ({ = 0.8), locate the minor-loop

dominant poles at -3.36 £ j2.52 with K¢= 8.53. Searching the real axis segments for K¢ = 8.53 locates
a higher-order pole at - 0.28. Using the minor-loop poles as the open-loop poles for the entire system,
search along the 1200 line ({ = 0.5) and find the dominant second-order poles at -1.39 +j2.41 with K

=27.79. Searching the real axis segment locates a higher-order pole at - 4.2.

39.
Consider only the minor loop. Searching along the 143.13° line ({ = 0.8), locate the minor-loop

dominant poles at -7.74 £ j5.8 with K¢= 36.71. Searching the real axis segments for K= 36.71
locates a higher-order pole at - 0.535. Using the minor-loop poles at -7.74 + j5.8 and - 0.535 as the
open-loop poles (the open-loop zero at the origin is not a closed-loop zero) for the entire system,
search along the 1359 line ( = 0.707; 4.32% overshoot) and find the dominant second-order poles at
-4.38 +j4 .38 with K = 227.91. Searching the real axis segment locates a higher-order pole at -7.26.
Uncompensated system performance: Setting K= 0 and searching along the 135° line (4.32%
overshoot) yields -2.39 + j2.39 as the point on the root locus with K = 78.05. Searching the real axis
segments of the root locus for K = 78.05 locates a higher-order pole at -11.2. The following table

40.

compares the predicted uncompensated characteristics with the predicted compensated

characteristics.

Uncompensated
78.05
GS) = (st T)(s5)(s10)

Dominant poles: -2.39 +j2.39
£=0.707

%0S = e "¢ %100 = 4.32%

on =\/2.39242.392 = 3.38 rad/s

4
Tg= Con 1.67 seconds

I
Tp=—"T— = 1.31 seconds

®On 1‘€2

78.05

1x5x10 =1.56

Kp =

Higher-order pole: -11.22

Second-order approximation OK

Compensated
22791
G) = 3116524101 715450
Dominant poles: - 4.38 + j4 .38

£=0.707

%0S =e "' x100=4.32%
on =\/4.382+4.382 = 6.19 rad/s

4
Tg= Con 0.91 second

(I
Tp=—"T— = 0.72 second

®On 1‘€2

22791

Kp="535— =456

Higher-order pole: -7.26
Higher-order pole not 5x further from
imaginary axis than dominant poles.

Simulate to be sure of the performance.

In Problem 46, Chapter 8 , the dominant poles, - 40 + j57.25, yielded Tg = 0.1 second and 11.14%

overshoot. The unity feedback system consisted of a gain adjusted forward transfer function of
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20000K
G(s) = S(s+100)(s+500)(s+800) ° where K = 102,300. To reduce the settling time by a factor of 2 to

0.05 seconds and keep the percent overshoot the same, we double the coordinates of the dominant

poles to —80 + j114.5. Assume a lead compensator with a zero at -100 that cancels the plant's pole at
-100. The summation of angles of the remaining plant poles to the design point is 149.23°. Thus, the

angular contribution of the compensator pole must be 149.23° - 180° = 30.77°. Using the

114.5
geometry below, Po-80 tan 30.77°, or pe = 272.3.

jw
il14 5

s-plane

Adding this pole to the poles at the origin, -500, and -800 yields K =9.92 x 109 at the design point,
-80 £j114.5. Any higher-order poles will have a real part greater than 5 times that of the dominant
pair. Thus, the second-order approximation is OK.

0.35K . .

(%0S = 5%), find the dominant poles at - 0.187 + j0.196 with gain, 0.35K = 2.88 x 10-2. Hence, the

4 4 T L
estimated values are: %0S =5%; Tg=7" =77c5 = 21.39 seconds; T, = = =
’ Co, 0.187 P II—QZ 0.196
n

16.03 seconds; Kp =0.575.

PD compensated: Design for 8 seconds peak time and 5% overshoot.
%08

-In (o0 m
6= %08, 0.69. Since Tp, :ﬁ = 8 seconds and o\ 1-¢2 = 0.393,
72+ In2 (Fgp) o\ 1-G

op = 0.5426. Hence, Cop, = 0.374. Thus, the design point is - 0.374 +j0.393. The summation of

angles from the system's poles to the design point is -295.34°. Thus, the angular contribution of the

controller zero must be 295.34°-180° = 115.34°. Using the geometry below,
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jua
s-plane
i0393
Nm.m”
L% L
-0374 I,

0.393 . . .
m = tan (180° - 115.349), from which z; = 0.19. Adding this zero to the system's poles and

using the design point, - 0.374 +j0.393, the gain, 0.35K = 0.205.
s+0.01
s

PID compensated: Assume the integral controller, G.(s) = . The total open-loop transfer

.  035K(s+0.19)(s+0.01)
function is GpID(S)H(S) = 5(530.4)(s+0.5)(s+0.163)(s+1.537) -

Check: The PID compensated system yields a very slow rise time due to the lag zero at 0.01. The rise
time can be sped up by moving the zero further from the imaginary axis with resultant changes in the

transient response. The plots below show the step response with the PI zero at - 0.24.

-

Cotl

a 12 24 26 43
Timz (Sec)

The response compares favorably with a two-pole system step response that yields 5% overshoot and

a peak time of 8 seconds as shown below.
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. I/
o
-
[ 25 ] 5 ]'|
s
o
- H
= H
LU

Time (Sec)

a. PD compensator design: Pushing the gain, 10, to the right past the summing junction, the system
10°
(s> —4551)(s+286)

This system is unstable at any gain. For 1% overshoot and Tg = 0.1, the design point is —40 + j27.29.

can be represented as an equivalent unity feedback system with G (s) =

The summation of angles from the poles of Ge(s) to this point is -216.903°. Therefore, the

compensator zero must contribute 216.903° - 180° = 36.903°. Using the following geometry:

' j27.29

27.29 . . . .
20-40 ~ tan (36.903). Thus, z. = 76.34. Adding this zero to the poles of Gg(s), the gain at the design

point is 109K = 23377. The PD compensated response is shown below.
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Step Response for zero at -76.34 and 1% overshoot
4 T T T T T T

——_— ]

35 .

N
o
T

1

Amplitude
N
T
1

0 ] ] ] ] ] ]
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
Time (secs)

b. PI compensator design: To reduce the steady-state error to zero, we add a PI controller of the

+1 .
form ST . The PID compensated step response is shown below.

PID Compensated Step Response for zero at -76.34 and 1% overshoot

4 T T T T T T T T T

3.5 1

N
ol
L)
1

Amplitude
N
1

15 1

0.5f 4

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time (secs)
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We can see the 1% overshoot at about 0.1 second as in the PD compensated system above. But the

system now corrects to zero error.

43.
a. Root locus sketch yields;

25 T T T T T

20

15F

10

Imag Axis
o

10

-15

25 1 1 1 1 1
-50 -40 -30 -20 -10 0
Real Axis

Root locus sketch near imaginary axis yields;

Close-Up Root Locus to Determine Stability
0.25 T T T T T T

0.2 —

£

X

X
X

Xxx

0.1F

0.05 X —

Imag Axis
o
T
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
L

x XX

-0.25 1 1 1 1 1 1 1
-0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25

Real Axis
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Searching imaginary axis for 180° yields: j0.083 at a gain of 0.072K = 0.0528 and j0.188 at a gain of
0.072K = 0.081. Also, the gain at the origin is 0.0517. Thus, the system is stable for 0.0517 < 0.072K
<0.0528; 0.072K > 0.081. Equivalently, for 0.7181 <K < 0.7333; 0.072K > 1.125.

b. See (a)

. Uncompensated system: Searching the 20% overshoot line, we find the operating point at

-8.987 +j17.4542 =19.71£117.126° at 0.072K = 16.94 for the uncompensated system. Simulating

the response at this gain yields,

Step Response for Uncompensated System
14 T T T T T T T T T

Amplitude

1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Time (secs)

0,

For 20% overshoot and Tg = 0.05 s, a design point of —80 + j156.159 is required. The sum of angles

to the design point is -123.897°. To meet the requirements at the design point, a zero would have to

contribute +303.897°, which is too high for a single zero. Let us first add the pole at the origin to

drive the steady-state error to zero to reduce the angle required from the zero. Summing angles with

this pole at the origin yields -241.023. Thus a zero contributing 61.023° is required. Using the

156.159
geometry below with ZC——SO =tan (61.023), z. = 166.478.

j156.159

The gain at the design point is 0.072K = 181.55.
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Step Response for Ccompensated System
1.4 T T T T T T

1.2} 1

0.8} 1

Armplituce]

06} 1

04} 1

0.2 4

0 1 1 1 1 1 1
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07

Time (secs)

The settling time requirement has been met, but the percent overshoot has not. Repeating the design

for 1% overshoot and a Ty = 0.05 s yields a design point of —80 + j54.575. The compensator zero is
found to be at -47.855 at a gain 0.072K = 180.107.

Step Response for Redesigned System
1.4 T T T T T T T T T

12 b

Amplitude

0.6 | 4

04} -

0.2 4

0 1 1 1 1 1 1 1 1 1
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Time (secs)



404 Chapter 9: Design Via Root Locus

44,

%08
-In (Tg0)

%05
STIE

4
Con :T—S =2.667; (= =0.591. Thus, @, =4.512 rad/s.

72 + In2

Im=w,y1- CZ =4.512491—-0.591° = 3.64 . Thus, and the operating point is -2.667 + j3.64.

Summation of angles, assuming the compensating zero is at —5 (to cancel the open-loop pole at -5, is

—170.889. Therefore, the compensator pole must contribute 180° — 170.88° = -9.12°. Using the

geometry shown below,

Ju
i3.64
s-plane
9120
L
- I:'l3 -2.667
3.64 . . .
m = tan 9.12°. Thus, P, = 25.34. Adding the compensator pole and using -2.667 + j3.64 as
pc - M

the test point, 50K = 2504, or K = 50.08. Thus the compensated open-loop transfer function is
2504(s +5)
G e(s) = 2
s(s+5)(s” + 10s + 50)(s + 25.34)

pole at —5 is cancelled by the closed-loop zero at -5. The pole at —4.898 is not far enough away from

. Higher-order pole are at —25.12, -5, and-4.898. The

the dominant second-order pair. Thus, the system should be simulated to determine if the response

meets the requirements.

Program:

syms s

numg=2504;
deng=expand(s*(s"2+10*s+50)*(s+25.34));
deng=sym2poly(deng);

G=tf(numg,deng);

Gzpk=zpk(G)

T=Feedback(G,1);

step(T)

Computer response:
Zero/pole/gain:
2504

s (s+25.34) (s™2 + 10s + 50)
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Step Response

Amplitude

1 1 1 | 1
o} oz 0.4 g 0. 1 1.2 14 16 18
Time (zec)

45.
a. From Chapter 8,

0.6488K (s+53.85)

Ge(s) =
(s*+8.119s + 376.3) (s> + 15.47s + 9283)

Cascading the notch filter,

0.6488K (s+53.85)(s> + 16s + 9200)

Get(s) =
(s + 8.119s + 376.3) (s* + 15.47s + 9283)(s+60)*

Arbitrarily design for %0S = 30% (£ = 0.358) and T = 0.3 s. This places desired poles at

—13.33 £j34.79. At the design point, the sum of the angles without the PD controller is 107.19°.
Thus,
34.79

——— —tan72.81
z,—13.33
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i34.79

-13.33

From which, z. =24.09. Putting this into the forward path,

0.6488K (s+53.85)(s% + 165 + 9200)(s+24.09)

Gu(s) =
(52 +8.119s +376.3) (s"2 + 15.47s + 9283)(S+6O)2

Using root locus, the gain 0.6488K = 1637, or K = 2523.

b. Add a PI controller
(s+0.1)
GPI (3) ==

Thus,

0.6488K (5+53.85)(s> + 165 + 9200)(s+24.09)(s+0.1)

Guls) =
s (s*+ 8.119s + 376.3) ("2 + 15.47s + 9283)(s+60)*

Using root locus, the gain 0.6488K = 1740, or K = 2682.

C.

Program:

syms s
numg=1637*(s+53.85)*(s"2+16*s+9200)*(s+24.09)*(s+0.1);
deng=s*(s"2+15.47*s+9283)*(s"2+8.119*s+376.3)*(s+60)"2;
numg=sym2poly(numg) ;

deng=sym2poly(deng);

G=tf(numg,deng);

Gzpk=zpk(G)

T=Feedback(G,1);

step(T,0:0.01:1)

title(["With PD, Notch, and PI"])

pause

step(T)

title([*With PD, Notch, and PI"])

Computer response:
Zero/pole/gain:
1637 (s+53.85) (s+24.09) (s+0.1) (s™2 + 16s + 9200)

s (s+60)"2 (s™2 + 8.119s + 376.3) (s™2 + 15.47s + 9283)
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With PD, Match, and Pl

IR | 0z 0.3 0.4 05 0.5 oy 05 (IR]
Time (zec)
Witk PO, Motch, sand I
T T T T T T
| | | | | | 1 |
10 20 30 40 a0 &1 7o ao a0

Time (zec)
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Frequency Response
Techniques

SOLUTION TO CASE STUDY CHALLENGE

Antenna Control: Stability Design and Transient Performance

First find the forward transfer function, G(s).

Pot:
1
K= 10 _ 3.18
T
Preamp:
K
Power amp:
100
G1(8) = §(5+100)

Motor and load:

1 1 Kt
J=0.05+5(5)>=025;D=001+3(3)>=0.13; 7,

1
'Ra 5 Kol
Therefore,
K
G . Om(s) B RaJ 08
m®)=E ) T 1 KKp  s(+132) -
s(st5(D +—Ra ))
Gears:
50 1
K2=2%50 =3
Therefore,
50.88K

G(s) = KiKG1(s)Gm(S)K2 = 5577 32)(s100)

Plotting the Bode plots for K =1,
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40 -9

H"n
"l".
18 Py - 120 :
_2|:| .
iy g -10 \"“-.
m 0 e W -120 T
= _an = E 1"‘!-.\
_ iy
110 Ul 2T N
'
140 ~24d \"‘-.,
'ﬁ.‘
-170 =270
1 1 10 100 1000 p 1 10 100 1000
11 w

a. Phase is 180° at ® = 11.5 rad/s. At this frequency the gain is - 48.41 dB, or K =263.36. Therefore,
for stability, 0 <K <263.36.
b. If K = 3, the magnitude curve will be 9.54 dB higher and go through zero dB at ® = 0.94 rad/s. At

this frequency, the phase response is -125.99°. Thus, the phase margin is 180° - 125.99° = 54.01°.
Using Eq. (10.73), £ = 0.528. Eq. (4.38) yields %0S = 14.18%.
C.

Program:

numga=50.88;

denga=poly ([0 -1.32 -100]);
“Ga(s)-

Ga=tf(numga,denga);
Gazpk=zpk(Ga)

l(a)l

bode(Ga)

title("Bode Plot at Gain of 50.88%)
pause
[Gm,Pm,Wcp,Wecg]=margin(Ga);
"Gain for Stability”

Gm

pause

l(b)l

numghb=50.88*3;

dengb=denga;

"Gb(s)"

Gb=tf(numgb,dengb) ;
Gbzpk=zpk(Gb)

bode(Gb)

title("Bode Plot at Gain of 3*50.88")
[Gm,Pm,Wcp,Wecg]=margin(Gb);
"Phase Margin*

Pm

for z=0:.01:1
Pme=atan(2*z/(sqrt(-2*z"2+sqrt(1+4*z"4))))*(180/pi);
if Pm-Pme<=0;

break

end

end

z
percent=exp(-z*pi/sqrt(1-z72))*100

Computer response:
ans =

Ga(s)
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Zero/pole/gain:
50.88

s (s+100) (s+1.32)
ans =
@
ans =
Gain for Stability
Gm =
262.8585
ans =
(b
ans =
Gh(s)

Zero/pole/gain:
152.64

s (s+100) (s+1.32)
ans =
Phase Margin

Pm =

53.9644

0.5300
percent =

14.0366
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Frequency (radisec)

b. Steady-state error requirements can be

]

c. Settles ambiguities when sketching root

s magnitude and phase angle is measured

Bode Plot &t Gain of 50,558

Bode Plot &t Gain of 3*50.58

Freguency (radisec)

-
a-a-

[

CiEeTe

-180 -
225 -
270 ke-

(Bap) azey 4

(ap) apnyubiey

00 |-
50 |--
-200

-0

38 |-
180 |-
228 |-
270 Les

(an) aprjubiegy (Bap) aseud

in the steady-state. The ratio of the output magnitude divided by the input magnitude is the magnitude
response at the applied frequency. The difference between the output phase angle and the input phase angle

1. a. Transfer functions can be modeled easily from physical data;
considered easily along with the design for transient response;

locus; (d) Valuable tool for analysis and design of nonlinear systems.
2. A sinusoidal input is applied to a system. The sinusoidal output'

is

ANSWERS TO REVIEW QUESTIONS
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the phase response at the applied frequency. If the magnitude and phase response are plotted over a range of
different frequencies, the result would be the frequency response for the system.

3. Separate magnitude and phase curves; polar plot

4. If the transfer function of the system is G(s), let s=jm. The resulting complex number's magnitude is the
magnitude response, while the resulting complex number's angle is the phase response.

5. Bode plots are asymptotic approximations to the frequency response displayed as separate magnitude and
phase plots, where the magnitude and frequency are plotted in dB.

6. Negative 6 dB/octave which is the same as 20 dB/decade

7. Negative 24 dB/octave or 80 dB/decade

8. Negative 12 dB/octave or 40 dB/decade

9. Zero degrees until 0.2; a negative slope of 459/decade from a frequency of 0.2 until 20; a constant -90°
phase from a frequency of 20 until o0

10. Second-order systems require a correction near the natural frequency due to the peaking of the curve for
different values of damping ratio. Without the correction the accuracy is in question.

11. Each pole yields a maximum difference of 3.01 dB at the break frequency. Thus for a pole of
multiplicity three, the difference would be 3x3.01 or 9.03 dB at the break frequency, - 4.

12. Z=P - N, where Z = # of closed-loop poles in the right-half plane, P = # of open-loop poles in the right-
half plane, and N = # of counter-clockwise encirclements of -1 made by the mapping.

13. Whether a system is stable or not since the Nyquist criterion tells us how many rhp the system has

14. A Nyquist diagram, typically, is a mapping, through a function, of a semicircle that encloses the right
half plane.

15. Part of the Nyquist diagram is a polar frequency response plot since the mapping includes the positive
jo axis.

16. The contour must bypass them with a small semicircle.

17. We need only map the positive imaginary axis and then determine that the gain is less than unity when

the phase angle is 180°.

18. We need only map the positive imaginary axis and then determine that the gain is greater than unity
when the phase angle is 180°.

19. The amount of additional open-loop gain, expressed in dB and measured at 1800 of phase shift, required
to make a closed-loop system unstable.

20. The phase margin is the amount of additional open-loop phase shift, @y, required at unity gain to make
the closed-loop system unstable.

21. Transient response can be obtained from (1) the closed-loop frequency response peak, (2) phase margin
22. a. Find T(jo)=G(jo)/[1+G(jo)H(jo)] and plot in polar form or separate magnitude and phase plots. b.
Superimpose G(jo)H(jo) over the M and N circles and plot. €. Superimpose G(jo)H(jo) over the Nichols
chart and plot.
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23. For Type zero: Kp = low frequency gain; For Type 1: K, = frequency value at the intersection of the
initial slope with the frequency axis; For Type 2: K, = square root of the frequency value at the intersection

of the initial slope with the frequency axis.
24. No change at all

25. A straight line of negative slope, ®T, where T is the time delay

26. When the magnitude response is flat and the phase response is flat at 0°.

SOLUTIONS TO PROBLEMS

1.
a. 1
_ 1 ] =
Gl _5[5+2][5+4];Guw] —Ei-:.;:-2+;iI:E!w—-:¢:-3:I
M (e2] = 1 _ 8- cod
for PR e (Bl &[] = —[:rr+ arct&n[_aw]]
A Fe(sedf
" (24400121 22)
_ [+ 5 +40)-j + BE e
Gl = [+ E) [s+ 4] . &) = ol + 20002 + B4
=j{¢ﬁ+4n}2+¢ﬁ{aﬂ+22}2 i _[e? + 2] e
M () e+ 20e? + B ;%[w BrEe e + 40
C.
(s+ 3] (s+ 5] - Seole + 13)-i (e + 25e0? + 120)
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Log Magnitude

Log Magnitude

Frequency Response Methods
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b.
150°
180°
210°
c.
90°
120° 60°
150° 30°
180° 00
210° 330°
240° X 300°
270°
4,
a.
10 0
, -45
U] 20 dE vdec
-10 i ’_E‘w -an _..._q;-ﬂrﬁ deqg/dec
I ':E-' h"'\
-20 - 2 -135 -
-40 dB/dec Ju -90 deq/dec
~=0 | L T
-40 A [-&0 dBdec -225 s
=0 L LI o 45 degidae

w : o
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b.
10 0 43 deg Sdec
S0 deg .-"-:Ie-:: .
0 - N I
20 dEB/d i
- - = 45 My, | -45 degidec
-10 ™-40 dE /dec | iz ]
S -20 & TH
_zq ~20 dB Ades U2 -0 [,
-4 ™ gl
+43 deg/dec
= -135 W1
: 1 10 100 1 1 10 100
1] ol
c.
30
T T -90 ]
20 -20 dB/dec -100 — / |
N v
10 ¢ o -110 [-45deg/dec +45 deg/dec  ~
om %]
0 -40 dB/dec £ 120
[a
10 -20 dB/dec
-40 dB/dec -130
-20 mEEE
-20 dB/dec N -140
-30 — -150
r -, W 100 1 N 10 100
a. System 1 |
m
w=0- 1
Juw -
il GH-plane
(=0
X A b \ 3 ¥ Re
-6 -3
=10

w=0+
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Ee

b. System 2
Jw s-plane
- "
L4
_4 _1
C. System 3
Jw Im
s-plane 4 GH-plane
==
W=—00 4
¢ e
WIER -5
W=+
d. _
Iw s-plane Irn GH-plane
j2
5 )
-5 -3
__12

m=g-
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0.5 T T T T T
JER >
0.4 - Tt~ .
- 7 - N S N
03 s N .
// \\
02F /] : -
| I,
H Y
0.1+ ! R -
1] L - <
i ' -
[ -
E
0.1+ -
0.2 e
03 -
04 -
05 . . . . .
-0.1 0 0.1 0.2 03 0.4 0.5
Real Axis
0
—
-50 | TT— 3
3 \‘\
£ N—
©
© 100} e
\\
-150
101 100 10t 102
Frequency (rad/sec)
0 —
.--\
> 90 F N 1
[0} N
o N\
2 N
& N\
8 N
ﬁ -180F \\\ -
\\\—
270 F 3
101 100 101 102
Frequency (rad/sec)
Program:
numg=[1 5];

deng=conv([1 6 100],[1 4 25]);
G=tf(numg,deng);

IG(S)I

Gzpk=zpk(G)

nyquist(G)
axis([-3e-3,4e-3,-5e-3,5e-3])
w=0:0.1:100;
[re,im]=nyquist(G,w);

for 1=1:1:length(w)

0.6
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M(i)=abs(re(i)+j*im(i));
A()=atan2(im(i),re(i))*(180/pi);
if 180-abs(A(i))<=1;
re(i);

i

i);

K=1/abs(re(i));
fprintf("\nw = %g" ,w(i))
fprintf(", Re %g",re(i))
fprintf(", Im %g",im(i))
fprintf(", M = %g~,M(i))
fprintf(", Angle = %g",A(i))
fprintf(", K = %g",K)
Gm=20*10g10(1/M(i1));
fprintf(", Gm = %g*",Gm)
break

end

end

Computer response:
ans =

G(s)

Zero/pole/gain:
(s+5)

(s™2 + 4s + 25) (s"2 + 6s + 100)

w = 10.1, Re -0.00213722, Im = 2.07242e-005, M = 0.00213732, Angle =

467.898, Gm = 53.4026

179.444, K

ans =

G(s)
Zero/pole/gain:

(s"2 + 4s + 25) (s"2 + 6s + 100)

-0.00213722, Im = 2.07242e-005, M = 0.00213732, Angle =

w = 10.1, Re =
= 467.898, Gm = 53.4026

179.444, K



420 Chapter 10: Frequency Response Methods

10.

w10 Riyouist Diggram
5 T T T T T T

Imaginary Axis

5 1 1 1 1 1 1
-3 -2 -1 ] 1 2 3 4

Real &xis w0

a. Since the real-axis crossing is at -0.3086, P = 0, N = 0. Therefore Z = P - N = 0. System is stable.

Derivation of real-axis crossing:

50
S(s+3)(s+6)

50[—9a)2— ja)(ls—wz)]

Gio)= - 81a)4+(18a)—a)3)

s=jo

Thus, the imaginary part =0 at @ = \/ﬁ . Substituting this frequency into G( J@), the real part is
evaluated to be -0.3086.

b. P=0, N =-2. Therefore Z =P - N = 2. System is unstable.

€. P=0,N=0. Therefore Z =P - N = (. System is stable

d. P=0, N =-2. Therefore Z =P - N = 2. System is unstable.

System 1: For K =1,



Imaginary Lxis

o0z

0013

oo

0.00s

-0.003

-0

-0ms

-0.02

Myguist Diagram
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System: Open Loop L
Gain Margin (dBY 536

i At freqquency (radfzec): 663 7
Clozed Loop Stable? Yes
| 1 1 1 1
1] 5] 10 15 20
Real Axis w1n”

The Nyquist diagram intersects the real axis at -0.0021. Thus K can be increased to 478.63 before

there are encirclements of -1. There are no poles encircles by the contour. Thus P =0. Hence, Z=P -
N,Z=0+0if K <478.63; Z=0—(-2) if K > 478.63. Therefore stability if 0 < K < 478.63.
System 2: For K =1,

Imaginary Lxis

0.g

06

0.4

0z

-0.4

0.6

-0

Mycuist Disgram

System: Open Loop L

Gain Margin (dB). 2.85

At frequency (radizec) 1.56
Cloged Loop Stable? Yes

H
!
=Y I

Real Axis

oz 04

The Nyquist diagram intersects the real axis at -0.720. Thus K can be increased to 1.39 before there

are encirclements of -1. There are no poles encircles by the contour. Thus P = 0. Hence, Z=P - N, Z
=0+0ifK <1.39; Z=0—(-2) if K> 1.39. Therefore stability if 0 < K < 1.39.
System 3: For K =1,
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s—plane

jw

C-0C

1 2

' )

X

-2 -1

Stable if 0<K<I.

11.

Note: All results for this problem are based upon a non-asymptotic frequency response.

1 yields the following Bode plot,

System 1: Plotting Bode plots for K

1

Open-Loop Bode Plat for System 1: K
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6.63 rad/s. Magnitude response is -53.6 dB at this frequency.

For K = 1, phase response is 180° at ®

For K = 1000, magnitude curve is raised by 60 dB yielding + 6.4 dB at 6.63 rad/s. Thus, the gain

margin is
- 6.4 dB.
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Phase margin: Raising the magnitude curve by 60 dB yields 0 dB at 9.07 rad/s, where the phase curve

20.39.

is 200.3°. Hence, the phase margin is 180°-200.3°

K

=100:

6.63 rad/s. Magnitude response is -53.6 dB at this frequency.

For K =100, magnitude curve is raised by 40 dB yielding — 13.6 dB at 6.63 rad/s. Thus, the gain

For K = 1, phase response is 180° at ®

margin is 13.6 dB.

Phase margin: Raising the magnitude curve by 40 dB yields 0 dB at 2.54 rad/s, where the phase curve

is 107.3°. Hence, the phase margin is 180°-107.3° = 72.7°.

K=0.1:

6.63 rad/s. Magnitude response is -53.6 dB at this frequency.

at ®

For K = 1, phase response is 180°

For K

0.1, magnitude curve is lowered by 20 dB yielding — 73.6 dB at 6.63 rad/s. Thus, the gain

margin is 73.6 dB..

System 2: Plotting Bode plots for K = 1 yields

Open-Loop Bode Plot for System 2 K =1
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K=

For K = 1, phase response is 180° at ® = 1.56 rad/s. Magnitude response is -2.85 dB at this frequency.

For K = 1000, magnitude curve is raised by 60 dB yielding + 57.15 dB at 1.56 rad/s. Thus, the gain
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margin is

—57.15 dB.

Phase margin: Raising the magnitude curve by 54 dB yields 0 dB at 500 rad/s, where the phase curve
is -91.03°. Hence, the phase margin is 180°-91.03° = 88.97°.

K =100:

For K = 1, phase response is 180° at ® = 1.56 rad/s. Magnitude response is -2.85 dB at this frequency.
For K =100, magnitude curve is raised by 40 dB yielding + 37.15 dB at 1.56 rad/s. Thus, the gain
margin is

—-37.15dB.

Phase margin: Raising the magnitude curve by 40 dB yields 0 dB at 99.8 rad/s, where the phase curve
is -84.39. Hence, the phase margin is 180°-84.39 = 95.7°,

K=0.1:

For K = 1, phase response is 180° at ® = 1.56 rad/s. Magnitude response is -2.85 dB at this frequency.
For K = 0.1, magnitude curve is lowered by 20 dB yielding — 22.85 dB at 1.56 rad/s. Thus, the gain
margin is

—22.85dB.

Phase margin: Lowering the magnitude curve by 20 dB yields 0 dB at 0.162 rad/s, where the phase
curve is -99.8°. Hence, the phase margin is 180°-99.86° = 80.2°.

System 3: Plotting Bode plots for K = 1 yields
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Open-Loop Bode Plot for System 3 Ko=1
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For K = 1, phase response is 180° at ® = 1.41 rad/s. Magnitude response is 0 dB at this frequency.

For K = 1000, magnitude curve is raised by 60 dB yielding 60 dB at 1.41 rad/s. Thus, the gain

60 dB.
Phase margin: Raising the magnitude curve by 60 dB yields no frequency where the magnitude curve

is 0 dB. Hence

margin is

the phase margin is infinite.

>

K =100:

1.41 rad/s. Magnitude response is 0 dB at this frequency.

For K = 1, phase response is 180° at ®

For K = 100, magnitude curve is raised by 40 dB yielding 40 dB at 1.41 rad/s. Thus, the gain margin

is - 40 dB.

Phase margin: Raising the magnitude curve by 40 dB yields no frequency where the magnitude curve

is 0 dB. Hence,

the phase margin is infinite.

K=0.1:

For K = 1, phase response is 180° at ® = 1.41 rad/s. Magnitude response is 0 dB at this frequency.

For K

0.1, magnitude curve is lowered by 20 dB yielding -20 dB at 1.41 rad/s. Thus, the gain

margin is 20 dB.

Phase margin: Lowering the magnitude curve by 20 dB yields no frequency where the magnitude

curve is 0 dB. Hence, the phase margin is infinite.
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12.
Program:

numg=1;

deng=poly(J0 -3 -12]);

- G (S) -

G=tf(numg,deng)
w=0.01:0.1:100;

%Enter K *
K=input("Type gain, K ");

bode (K*G,w)

pause

[M,P]=bode(K*G,w);

%Calculate Gain Margin Fookedekek

for i=1:1:length(P);

if P(i)<=-180;

fprintf("\nGain K = %g",K)

fprintf(", Frequency(180 deg) = %g",w(i))
fprintf (", Magnitude = %g" ,M(i))
fprintf(", Magnitude (dB) = %g-,20*loglo(M(i)))
fprintf (", Phase = %g",P(i))
Gm=20*10g10(1/M(i));

fprintf(", Gain Margin (dB) = %g",Gm)
break

end

end

%Calculate Phase Margin*****xiiktiix
for i=1:1:length(M);

i M(i)<=1;

fprintf("\nGain K = %g",K)

fprintf(", Frequency (0 dB) = %g",w(i))
fprintf (", Magnitude = %g",M(1))
fprintf (", Magnitude (dB) = %g",20*loglo(M(i)))
fprintf(", Phase = %g",P(i))
Pm=180+P(i);;

fprintf(", Phase Margin = %g-",Pm)

break

end

end

"Alternate program using MATLAB margin function:*

clear

clf

%Bode Plot and Find Points
%Enter G(s) FAFAAAAK
numg=1;

deng=poly([0 -3 -12]);

IG(S)I

G=tf(numg,deng)

w=0.01:0.1:100;

BENter K Fdsdstoksbkdokdsdsdhdkdstorx
K=input("Type gain, K ");

bode (K*G,w)
[Gm,Pm,Wcp,Wecg]=margin(K*G)
"Gm(dB) "

20*1og10(Gm)

Computer response:



Solutions to Problems 427

ans

G(s)

Transfer function

sN"3 + 15 s™2 + 36 s

Type gain, K 40
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Alternate program using MATLAB margin function

ans

G(s)

Transfer function

s"3 + 15 s™2 + 36 s

Type gain, K 40

Gm =
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13.5000

Pm =

65.8119

Wep =

Weg

1.0453

ans

Gm(dB)

ans

22.6067

Bode Diagram
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13.

10000;
poly([-5 -18 -30])
tf(numg,deng)

1view

Program:
numg
deng

G

Lt



Imaginary Axis

Computer response:
ans =
10.4N

Transfer function:
10000

s™3 + 53 872 + 780 s + 2700
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Mryouist Diagram
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(1
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((’)n2
o+ 20,2202
on? [ - 222
Taking the square root and selecting the positive term,

o= wn\/

2
a. Using Eq. (10.55), ogw = 10.06 rad/s.

(O]

10
Solving for ®? using the quadratic formula and simplifying yields>

Squaring Eq. (10.51) and setting it equal to
b. Using Eq. (10.56), ogw = 1.613 rad/s.

Simplifying,

14.
15.
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. . 4 T Tp cn . o Tp
c. First find €. Since Tg=7"— and Tp=—"FT— =———= . Solving for { with =
Con Pron1-2 ' Ts af1-22 Ts

0.5 yields £ = 0.537. Using either Eq. (10.55) or (10.56) yields ogw = 2.29 rad/s.
d. Using = 03,0, T, = 1.762° —0.417¢” +1.039¢ + 1=1.3217 . Hence,

13217 1.3217
T 4

r

o = 0.3304 rad/s. Using Eq. (10.54) yields ogw = 0.4803 rad/s.

16.

v=1

(b)

» Re

(@) ~V=4 /25
-2 o

-3 v=3 -

4 © 3 -2 1 1 2



432 Chapter 10: Frequency Response Methods

11 Jﬂ 1|:”:| I J
a s "".‘ _ 0 _____,J/
5 ° A —
2 =z N =
—
-1 i W 140
-
_i "l\.. I:L_EED '____#_.—
_ — — ]
_ —200
Ng 1.6 ., 2.4 & 1.6, 2.4
b.
10
0 =
[ ——
g ; 30 "=l-..,
6 l"'n. £ [
g U —gQ
o / | |
= =2 7 N | S-120
o s ™ - 150
- — -120
—4 -210
0 1.2 2.4 2.6 4.8 0 1.2 2.4 26 4.8
il ik}
C.
10 ':'I,h
7 =20
4 """-.ﬁ —-40 1“‘\-,.
1 N ‘e —B0 i
- o & -0 \
W@ =3 N 2 —100
= s 3
vk W & —1z0
—i4 [ T 140
-17 "= - 160
-20 -130
3 g 15 21 3 g 15 21
il il




Solutions to Problems 433

17.
Magnitude {db) @) (c)
o5 v=1
M=t 1 v=0.8 M=1.0
et T—— Arc i
20 [ | it s
M=1.2 J
. >\\‘\ | 2 0P
I 11U
c J 7] 2 4, {(b)
o 2 -40
0 :ggef' - A o M= Ma7
B
c " MRS
- e 10 = -60
e . e e S
-10 7 7f6 ¥ N 5 < )
2801 446 %o °_2 226 -poc” P10 0160 | -14 -1 -10p p 80

=280 -260 -240 -220 -Z200 -180 -160 -140 -120 -100 -30
Phase {degrees)
18.

a. The polar plot is approximately tangent to M = 5. Using Figure 10.40, the student would estimate
72% overshoot. However, notice that the polar plot intersects the negative real axis at a magnitude
greater than unity. Hence, the system is actually unstable and the estimated percent overshoot is not
correct.

b. The polar plot is approximately tangent to M = 3. Using Figure 10.40, we estimate 58% overshoot.
c. The polar plot is approximately tangent to M = 2.5. Using Figure 10.40, we estimate 52% overshoot.

19.
Raise each curve in Problem 17 by (a) 9.54 dB, (b) 7.96 dB, and (c) 3.52 dB, respectively.



434 Chapter 10: Frequency Response Methods

Magnitude {db)
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20.

Phase {degrees)

Systems (a) and (b) are both unstable since the open-loop magnitude is greater than unity when the

open-loop phase is 180°. System (c) is tangent to approximately M = 3. Using Figure 10.40, we

estimate 58% overshoot.

Program:

%Enter G(s) ialiaialalaialel
numg=[1 5];

deng=[1 4 25 0];

"G(s)"

G=tf(numg,deng)

%Enter K
K=input("Type gain, K ");

“T(s)"

T=feedback(K*G,1)

bode(T)

title("Closed-loop Frequency Response®)
[M,P,w]=bode(T);

[Mp 1]=max(M);

M

P
MpdB=20*10g10(Mp)
wp=w(i)
for i=1:1:length(M);
if M(i)<=0.707;
fprintf("Bandwidth = %g" ,w(i))
break
end
end
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Computer response:
ans =
G(s)

Transfer function:

s"3 + 4 s™"2 + 25 s

Type gain, K 40

ans =

T(s)

Transfer function:
40 s + 200

s"3 + 4 s"2 + 65 s + 200

Mp =
6.9745

MpdB =
16.8702

wp =
7.8822

Bandwidth = 11.4655



436 Chapter 10: Frequency Response Methods

Clozed-loop Frequency Response
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21.

%Make a Bode plot.

=[7 35];
deng=[1 4 10 0]
tf(numg,deng)
bode(G)

title("Open-Loop Frequency Response®)

Program:
numg
G

%Add a title to the Bode plot.

d margins and margin

in
%Ffrequencies.

%F

in(G);
Phase marg

[Gm,Pm,Wcp,Wcg]=marg

0 dB freq. (r/s)

%Display label.
%Display margin data.

in(deg.)
Wep]

in(dB)
"180 deg. freq. (r/s)"

[20*10g10(Gm),Pm,Wcg

margins

In margin

iview

"Ga
Lt

Computer response:
Transfer function

7 s + 35
s"3 + 4 s™2 + 10 s

ans

0 dB freq. (r/s)

in(deg.);

Phase marg

in(dB);

In margin

Ga

ans

180 deg. freq. (r/s)



Crpen-Loop Gain (dB)

22.

margins =

15.1403  31.0397 3.2252 7.0715

Michols Chart

Solutions to Problems 437

[ . B R Delay Margin (sec): 0168 i :.:
L: i ," ; If' : = - i U AL frequency (radisec 3230 01
0PI _ CSystem G L closed Loop Stable? Yes |2 oo
o ' Gain Margin (dB): 131 | ! . ; : Lo
a0 . f P At frequency (radisecy 707 || i | E ' E Yo
Il TR ! Closed Loop Stable? Yes i E : ' ' oo
: : ;' I Il T | i I i : i |I o |I : ::
g0 ¢ i ! : 1 I 1 & ' . 1 il
] e e I e T [ e e s
SR ! ! : ! : ! l A
SOp L : i .: :. ! : A
gobii it ! Loy Loy 3 R L
-360 -315 =270 -225 -180 -135 -80 -45 0
Open-Loop Phasze (deg)
Program:

*hdhkkhhhdhkx

%Enter G(s)
numg=7*[1 5];

deng=[1 4 10 0];
"Open-Loop System*
IG(S)I
G=tf(numg,deng)

clf

w=.10:1:10;
nichols(G,w)

ngrid

title("Nichols Plot*)
[M,P]=nichols(G,w);
for i=1:1:length(M);
if M(i)<=0.45;
BW=w(i);

break

end

end

pause

MpdB=input("Enter Mp in dB from Nichols Plot

Mp=10~(MpdB/20) ;

S

)

z2=roots([4,-4,(1/Mp"2)]) ;%Since Mp=1/sqrt(4z"2(1-z"2))

z1=sqrt(z2);
z=min(zl);
Pos=exp(-z*pi/(sqrt(1-z"2)));
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Ts=(4/(BW*z2))*sqrt((1-z"2)+sqrt(4*z"N4-4*z"2+2));
Tp=(pi/(BW*sqrt(1-z"2)))*sqrt((1-z"2)+sqrt(4*z"4-4*z"2+2));
"Closed-Loop System®

“T(s)"

T=Feedback(G,1)

bode(T)

title("Closed-Loop Frequency Resposne Plots®)
fprintf("\nDamping Ratio = %g~,z)

fprintf(", Percent Overshoot = %g",Pos*100)
fprintf(", Bandwidth = %g*",BW)

fprintf(", Mp (dB) = %g*,MpdB)

fprintf(", Mp = %g",Mp)

fprintf(", Settling Time = %g",Ts)

fprintf(", Peak Time = %g*",Tp)

pause

step(T)

title("Closed-Loop Step Response®)

Computer response:
ans =

Open-Loop System
ans =
G(s)
Transfer function:
7 s + 35
$"3 + 4 572 + 10 s
Enter Mp in dB from Nichols Plot 6
ans =
Closed-Loop System
ans =

T(s)

Transfer function:
7 s + 35

sN"3 + 4 s™2 + 17 s + 35
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Damping Ratio = 0.259481, Percent Overshoot = 42.9946, Bandwidth = 5.1, Mp

0.957852

Micholz Plot
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24,

Solutions to Problems 441

System 1: Using non-asymptotic frequency response plots, the zero dB crossing is at 9.7 rad/s at a
phase of —163.2°. Therefore the phase margin is 180° — 163.2° = 16.8°. |G(jw)| is down 7 dB at 14.75
rad/s. Therefore the bandwidth is 14.75 rad/s. Using Eq. (10.73), £ = 0.15. Using Eq. (4.38), %O0S =
62.09%. Eq. (10.55) yields Tg =2.76 s, and Eq. (10.56) yields Tp = 0.329 s.

System 2: Using non-asymptotic frequency response plots, the zero dB crossing is at 6.44 rad/s at a
phase of -150.73°. Therefore the phase margin is 180° - 150.73° =29.27°. |G(jo)| is down 7 dB at
10.1 rad/s. Therefore the bandwidth is 10.1 rad/s. Using Eq. (10.73), £ = 0.262. Using Eq. (4.38),
%08 =42.62%. Eq. (10.55) yields Tg =2.23 s, and Eq. (10.56) yields T, = 0.476 s.

a.
50
\\\~
o _\_\_
© \\
£ 0 =
©
U] \
\\
\\
\\\.
590+ 10° 10" 102
Frequency (rad/sec)

60

-90
4 N\
=]
@120 \
8 \
0-150F \

\\
-180F
10" 10° 10" 10%

Frequency (rad/sec)

b. Zero dB frequency = 7.8023; Looking at the phase diagram at this frequency, the phase margin is
8.777 degrees. Using Eq. (10.73) or Figure 10.48, { = 0.08. Thus, %0S = 77.7.

C.

Step Response for K = 40

16

1

MU A A
[

08

Amplitude

0.6

0.4

0.2

0 2 2 2 2 2
0 1 2 3 4 5 6 7 8 9 10
Time (secs)
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25.
From the Bode plots: Gain margin = 14.96 dB; phase margin = 49.57%; 0 dB frequency = 2.152 rad/s;
180° frequency = 6.325 rad/s; bandwidth(@-7 dB point) = 3.8 rad/s. From Eq. (10.73) £ = 0.48; from
Eq. (4.38) %0S = 17.93; from Eq. (10.55) T, = 2.84 s; from Eq. (10.56) T, =1.22s.

26.

Program:
G=zpk([-2],[0 -1 -4],100)
%G=zpk([-3 -5],[0 -2 -4 -6],50)
G=tf(G)
bode(G)
title("System 17)
%title("System 27)
pause
%Find Phase Margin
[Gm,Pm,Wcg,Wecp]=margin(G);
w=1:.01:20;
[M,P,w]=bode(G,w);
%Find Bandwidth
for k=1:1:length(M);
it 20*loglo(M(k))+7<=0;
“Mag"
20*loglo(M(k))
“BW"

wBW=w(k)
break
end
end
%Find Damping Ratio,Percent Overshoot, Settling Time, and Peak Time
for z= 0:.01:10
Pt=atan(2*z/(sqrt(-2*z"2+sqrt(1+4*z"4))))*(180/pi);
if (Pm-Pt)<=0
Z,
Po=exp(-z*pi/sqrt(1-z"2));
Ts=(4/ (WBW*2))*sqrt((1-2*z"2)+sqrt(4*z"N4-4*z"2+2));
Tp=(pi/(WBW*sqrt(1-z"2)))*sqrt((1-2*z"2)+sqrt(4*z"4-4*z"2+2));
fprintf("Bandwidth = %g *,wBW)
fprintf("Phase Margin = %g",Pm)
fprintf(", Damping Ratio = %g",z)
fprintf(", Percent Overshoot = %g",Po*100)
fprintf(",Settling Time = %g",Ts)
fprintf (", Peak Time = %g",Tp)
break
end
end
T=Feedback(G,1);
step(T)
title("Step Response System 17)
%title("Step Response System 2%)

Computer response:
Zero/pole/gain:
100 (s+2)

s (st+1l) (st+4)

Transfer function:
100 s + 200

s"3 +5s™2 +4s

ans =
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Mag

ans

-7.0007

ans

BW

wBW =

14.7500

Percent

io = 0.15,
= 0.329382

Rat

ing
Peak Time

2.76425,

16.6617, Damp

4.75 Phase Margin =
ing Time

h =1
t = 62.0871,Settl

Bandwidt
Overshoo

System 1
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Step Response System 1
1 8 T T T T T T

16

121

Amplitude

06

nz2r

n} | | | | | |

1] 05 1 1.5 2 25 3
Time (zec)

Zero/pole/gain:
50 (s+3) (s+5)

s (st2) (s+4) (s+6)
Transfer function:

50 s™2 + 400 s + 750
sM + 12 sN3 + 44 sN2 + 48 s
ans =
Mag
ans =

-7.0026

ans =
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BW

wBW =

10.1100

Percent Overshoot

Ratio = 0.27,

ing

29.2756, Damp

imn =

10.11 Phase Marg

Bandwidth

Peak Time =

2.1583,

ime =

T

ing

41.439,Settl

0.475337

System 2
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27.

28.

Step Response System 2
1 5 T T T T T

Amplitude

] 1 1 1
0 0.2 1 1.2 2 2.3 3

Time (zec)

The phase margin of the given system is 20°. Using Eq. (10.73), £ = 0.176. Eq. (4.38) yields 57%
overshoot. The system is Type 1 since the initial slope is - 20 dB/dec. Continuing the initial slope

down to the 0 dB line yields Ky = 4. Thus, steady-state error for a unit step input is zero; steady state

error for a unit ramp input is K— = (.25; steady-state error for a parabolic input is infinite.

v

The magnitude response is the same for all time delays and crosses zero dB at 0.5 rad/s. The

following is a plot of the magnitude and phase responses for the given time delays:
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=0

Bode Diagram. Delay

Delay Margin (sec): 0.245

Phasze Margin (deg). 93.3

20
K] S

10

10

Freguency (radfzec)

System is stable

=0, Oy = 93.39

For T

=01.

Bode Diagram. Delay

(ap) apnyuiey
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R g g
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= = ~ow T
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table

1S S

=0.1, dp; = 55.19; System

For T
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Magnitude (dB)

Phaze (deq)

in
=1

-100

-1a0
1080

720

Magnitude (dB)

Phase (deg)

Bode Diagram.

Delay =02

Gain Margin (dB): 1.09
At frequency (radfzec) 7.55
Closed Loop Stable? Yes

System: Ge

Phiaze Margin (deg): 17
Delay Margin (zec) 0.0445
At frequency (radfzec): §EE
Clozed Loop Stable? Yes

1080

-4
b
=

)
@
=

-360

Frequency (radizec)

System is stable.

Bode Diagram. Delay = 0.5

System: Ge

Gain Margin (dB): -3.09

At frequency (radisec): 412
Clozed Loop Stakble? Mo

[ p——

E Phase Margin (deg):. -97 .4
L._1 Delay Margin (zec) 0589

At frequency (radfsec). 6.66
Clozed Loop Stakble? Mo

10!
Freguency (radfzec)

For T = 0.5, @) =-97°; System is unstable.
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Bode Diagram. Delay =1
20 T T TTTTIT T T T TTTTTT T T T TTTTITT T T T TTTTT

System: Ge
Gain Margin (dB): -4.54
-20 f- At frequency (radizec): 2.45
Clozed Loop Stable? Mo

ok

Magnitude (dB)

______

_________

1050

-1
)
=]

System: Ge | |
=== Phase Margin (deg) 722 -1
' . Drelay Margin (s=c) 0189 .

At frequency (radisec) BEE !

i Clozed Loop Stable? b

w
@
=1

______

Fhasze (deg)

o

-360 k=ooookoodo bk

Freguency (radfzec)

For T =1, Oy = 72.29; System is unstable because the gain margin is -4.84 dB.

b.

For T = 0, the phase response reaches 180° at infinite frequency. Therefore the gain margin is infinite.
The system is stable.

For T = 0.1, the phase response is -180° at 11.4 rad/s. The magnitude response is -5.48 dB at 11.4
rad/s. Therefore, the gain margin is 5.48 dB. The system is stable.

For T = 0.2, the phase response is -180° at 7.55 rad/s. The magnitude response is -1.09 dB at 7.55
rad/s. Therefore, the gain margin is 1.09 dB and the system is stable.

For T = .5, the phase response is -180° at 4.12 rad/s. The magnitude response is +3.09 dB at 4.12
rad/s. Therefore, the gain margin is — 3.09 dB and the system is unstable.

For T = 1, the phase response is -180° at 2.45 rad/s. The magnitude response is +4.84 dB at 2.45
rad/s. Therefore, the gain margin is -4.84 dB and the system is unstable.

C

T=0:T=0.1:T=02

d.
T=0.5,-3.09dB; T = 1, - 4.84 dB;

The Bode plots for K = 1 and 0.5 second delay is:
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0
—
—
~—_
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S \
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3 ~—

O 100} o

\5\.
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\\\
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8 720 \
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-1080 e
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10* 10° 10 10°

Frequency (rad/sec)

The phase is -180° at 2.12 rad/s. At this frequency, the gain is -34.76 dB. Thus the gain can be raised
by 34.76 dB = 54.71. Hence for stability, 0<K<54.71.

30.
The Bode plots for K =40 and a delay of 0.5 second is shown below.

50
—~——

o Of
o
£
3

-50F

1095+ 10° 10! 10?

Frequency (rad/sec)
0
\\\\

-360F S~
j=2)
[}
o \
o -720f
@ N
E \\‘\
-1080 | 2
-1440 E

10™ 10° 10! 10°

Frequency (rad/sec)

The magnitude curve crosses zero dB at a frequency of 1.0447 rad/s. At this frequency, the phase plot
shows a phase margin of 35.74 degrees. Using Eq. (10.73) or Figure 10.48, £ = 0.33. Thus, %0S =
33.3.

31.
Program:
BENter G(g)****rdirtdiitiirk
numgl=1;
dengl=poly ([0 -3 -12]);
"G1(s)"
Gl=tf(numgl,dengl)
[numg2,deng2]=pade(0.5,5);
"G2(s) (delay)*"




G2=tf(numg2,deng2)
"G(s)=G1(s)G2(s)"
G=G1*G2

%Ente r K nnnnnnnnn

K=input("Type gain, K ");
T=Feedback(K*G,1);
step(T)

title(["Step Response for K

Computer response:
ans =
G1(s)

Transfer function:

sN"3 + 15 s”™"2 + 36 s
ans =

G2(s) (delay)

Transfer function:

*k Kk

", num2str(K)])

Solutions to Problems 451

-s”"5 + 60 s™4 - 1680 s™3 + 2.688e004 s™2 - 2.419e005 s + 9.677e005

sN5 + 60 s™M + 1680 s™3 + 2.688e004 s™2 + 2.419e005 s + 9.677e005

ans =
G(s)=G1(s)G2(s)

Transfer function:

-s”"5 + 60 s™4 - 1680 s™3 + 2.688e004 s™2 - 2.419e005 s + 9.677e005

sN8 + 75 sN7 + 2616 s™6 + 5.424e004 s™N5 + 7.056e005 s™4 + 5.564e006 s/3

+ 2.322e007 s™2 + 3.484e007 s
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Type gain, K 40

32.

Amplitude

Step Responze for Ko =40

1.6 T T

Time (zec)

Bode Diagrams

Original Problem showing 1/s estimate

/]
/

-100 | ~— 1

120f AN .

Phase (deg); Magnitude (dB)

T
/.
Il

-140

/

-160 .

-180
102 101 10° 10! 102

Frequency (rad/sec)
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Solutions to Problems

Original-1/s Magnitude

Magnitude (dB)
P
o
T
1

10 10° 10t 102
Frequency (rad/s)

Original-1/s

20} \\\ 4

40 F ~

/4
/

Phase (deg)
11

-80 - —~— .

-100
10? 10° 10t 102
Frequency (rad/s)

Original-1/s(s+5.3) Magnitude

60

2w0F N

20

-20
10 10° 10! 10°
Frequency (rad/s)

Original-1/s(s+5.3)
6 /,.‘--\ .
4 // \\ -
2k \.h__‘ J

\\\
2F ~ g
2 ~_

N s
-4

101 10° 10* 102
Frequency (rad/s)

. _ . 112
Estimated K = 41 dB = 112. Therefore, final estimate is G(§) = ————.
S(s+5.3)
Program:
%Generate total system Bode plots - numgO,deng0 - MO,PO
clf

numgO0=12*poly([-1 -20]);
dengO=conv([1 7],[1 4 100]);
GO=tf(numg0,deng0);
w=0.1:0.1:100;

453
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[MO,PO]=bode(GO,w);
MO=MO(:,:);
PO=PO(:,:);
[20*10g10(M0O),PO,w];
bode(GO,w)

pause

%Subtract (s+1) [numgl,dengl] and generate Bode plot-M2,P2
numgl=[1 1];

dengl=1;
Gl=tf(numgl,dengl);
[M1,P1]=bode(G1,w);
M1=M1(:,:);
P1=P1(:,:);
M2=20*10g10(M0)-20*1og10(M1);
P2=P0-P1;

clf

subplot(2,1,1)

semi logx(w,M2)

grid

subplot(2,1,2)

semi logx(w,P2)

grid

pause
%Subtractl0™2/(s"2+2*0.3*10s+10"2) [numg2,deng2] and generate Bode plot-
M4, P4

numg2=100;

deng2=[1 2*0.3*10 10"2];
G2=tf(numg2,deng?);
[M3,P3]=bode(G2,w);
M3=M3(:,:);
P3=P3(:,:);
M4=M2-20*10g10(M3);
P4=P2-P3;

clf

subplot(2,1,1)

semi logx(w,M4)

grid

subplot(2,1,2)

semi logx(w,P4)

grid

pause
%Subtract(8.5/23)(s+23)/(s+8.5) [numg3,deng3] and generate Bode plot-M6,P6
numg3=(8.5/23)*[1 23];
deng3=[1 8.5];
G3=tf(numg3,deng3);
[M5,P5]=bode(G3,w);
M5=M5(:,:);
P5=P5(:,:);
M6=M4-20*10g10(M5);
P6=P4-P5;

clf

subplot(211)

semi logx(w,M6)

grid

subplot(212)

semi logx(w,P6)

grid
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Phase deg
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Computer responses and analysis:

TN
- NS

Frequency (rad/sec)

102

-150 =

-200
10-1

100 101
Frequency (rad/sec)

Original data showing estimate of a component, (s+1)

102

100 101

102

-100i-

-150

-200

N

10-1

100 101

Original data minus (s+1) showing estimate of (102/(s2+2*0.3*10s+102))

102
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“To-1 100 101 102

20 e

\_~ |

10-1 100 101 102

Original data minus (s+1)(102/(s2+2*0.3*10s+102)) showing estimate of (8.5/23)(s+23)/(s+8.5)

P
5| _ d -
0 T _

=S
Sl el ]
\\/ _
oo 100 101 102

100 . 85s+23
s +6s+100 23 s+8.5

Original data minus final estimate of G(s) = (s +1)*
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100 8.5 s+23
Thus the final estimate is G(5) = (s +1)*— w22 8

* K. Since the original plot starts
s +6s+100 23 s+8.5

from -10 dB, 20 log K =-10, or K =0.32.
34,

Open-Loop Frequency Response

Phase (deg); Magnitude (dB)

L
10 1072 10° 102 10°

Frequency (rad/sec)

From the Bode plot: Gain margin = 29 52 dB; phase margin = 157.5% 0 dB frequency = 1.63 rad/s;
180° frequency = 49.8 rad/s.
b. System is stable since it has 180° of phase with a magnitude less than 0 dB.
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35.

Open-Loop Frequency Response

Phase (deg); Magnitude (dB)

-200 .

-250 | —

-350 |

10° 10" 10? 10° 10*

Frequency (rad/sec)

From the Bode plot: Gain margin = 17.1 dB; phase margin = 57.22°; 0 dB frequency = 45.29 rad/s;
180° frequency = 169.03 rad/s; bandwidth(@-7 dB open-loop) = 85.32 rad/s.

b. From Eq. (10.73) £ = 0.58; from Eq. (4.38) %0S = 10.68; from Eq. (10.55) T, = 0.0949 s; from
Eq. (10.56) T, = 0.0531 s.

C.

Step Response

T T
1| _—
0.8} -
[}
g 0.6 -
=
£
<
04t -
0.2t -
0 . .
0 0.05 0.1

Time (sec.)
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36.
26 "'*-..\ 0
2z = "
=20 T
18 —'|ﬂ = M
B 14 i 40 Y
10 v & -6 P
: N i
- Tm =100
1 o, 100 1000 1 10 100 1000
Resonance at 70 rad/s.
37.
10 .
G(s) = —s(s+2)(s+10) . Plotting the Bode plots,
-90
40 -
21 P B
22 y - IED
13 T~ T 150 \‘
o 3 . = R
= i 120
-14 g -
—-23 [ <] i N‘u.
= 5 -z10
-41
—50 =240
1 10 1 10
.01 o 01 m
The gain is zero dB at 0.486 rad/s and the phase angle is -106.44. Thus, the phase margin is 180° -
106.44° =73.56° . Using Eq. (10.73), £ =0.9. Using Eq. (4.38), %0S = 0.15%.
38.
G()—L Plotting the Bode plot
)7 (s+4)(s2+0.95+9) " Orng Hie BOCe PIOTS,
10 0
-1 A -0 “Jﬁn.‘
-12 3 —60
-23 Wl = -0
—34 ~ B 120
—43 ~, & —150
56 Y 2 =120
-57 - o
210
=78 R
_2g ‘ﬁ'l‘ -240
—-100 =270
A 1 " 10 100 1 10 100

The phase response is 180° at ® = 3.55 rad/s, where the gain is -1.17 dB. Thus, the gain margin is

1.17 dB. Unity gain is at ® = 2.094 rad/s, where the phase is - 49.85° and at ® = 3.452 rad/s, where
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the phase is -173.99°. Hence the phase margin is measured at © = 3.452 rad/s and is 180°- 173.99° =

6.01°. Using Eq. (10.73), ¢ = 0.0525. Eq. (4.38) yields %0S = 84.78%.

39.
a.
40
o 20F
=]
£
5 4
of i
-20
102 10™ 10° 10!
Frequency (rad/sec)
180
o .
g 90 _— /|
&
£ | L
—_
-90k

102 10™ 10° 10!
Frequency (rad/sec)

The frequencies that will be reduced occur at the peaks of the magnitude plot. The frequencies at the
peaks are 4.14 rad/s and 0.754 rad/s.

b. Consider a system with a disturbance, Rq at the output of a system:

R,(s)

RGs) + C(s)
> »  Gs) ——W

s) 1
R,(s 1+G(s)

The transfer function relating C(s) to Ry(s) is . Therefore,

C(s) = II\I *NRd = DG *NRd
14— Dgpy Dg+Ng Dy
G
Thus, if the poles of G(s) match the poles of Rq (DG = DRrg) there will be cancellation and the
dynamics of the disturbance will be reduced. Thus, if the dynamics of Ry is oscillation, add poles in

cascade with G(s) that have the same dynamics. Since the poles yield large gain at these bending

frequencies a zero is placed near the poles so that the filter will have minimal effect on the transient
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0.6488K (s+53.85)(s> + 16s + 9200)
+8.119s + 376.3) (s"2 + 15.47s + 9283)(s+60)*

0.6488K (s+53.85)

(s*+8.119s + 376.3) (s"2 + 15.47s + 9283)

G

Ge(s)

response (similar to placing a zero near a pole for a lag compensator). This arrangement of poles and
Get(s)

zeros is called a dipole. Also note that a high gain at the bending frequency yields negative feedback
sure that the system's response to an input, other than the disturbance, is not adversely affected by the

for the output to subtract from Ry. Care should be exercised through analysis and simulation to be

additional poles.

a. From Chapter 8,
Cascading the notch filter,
Plotting the Bode plot,

40.

=1
From: i1

(&

-200
PR 1) g

{ap) apnuubiepy (iap) aseyd

N/A; 180°

o0; 0 dB frequency

Freguency (rad/sec)
96.74 dB; phase margin

30.44 rad/s.
b. K =96.74 dB = 68732

C. In Chapter 6 K = 188444. The difference is due to the notch filter.

From the Bode plot: Gain margin

frequency



ELEVEN

Design via
Frequency Response

SOLUTIONS TO CASE STUDIES CHALLENGES

Antenna Control: Gain Design
a. The required phase margin for 25% overshoot (¢ = 0.404), found from Eq. (10.73), is 43.490.

From the solution to the Case Study Challenge problem of Chapter 10, G(s) = % .

Using the Bode plots for K = 1 from the solution to the Case Study Challenge problem of
Chapter 10, we find the required phase margin at o = 1.35 rad/s, where the magnitude response
is -14 dB. Hence, K = 5.01 (14 dB).

b.

Program:

%lnput system

numg=50.88;

deng=poly([0 -1.32 -100]);

G=tf(numg,deng);

%Percent Overshoot to Damping Ratio to Phase Margin
Po=input("Type %0S *);
z=(-1og(Po/100))/(sqrt(pi~2+log(Po/100)"2));
Pm=atan(2*z/(sqrt(-2*z"2+sqrt(1+4*z"4))))*(180/pi);
fprintf("\nPercent Overshoot = %g-,Po)

fprintf(", Damping Ratio = %g-,z)

fprintf(", Phase Margin = %g",Pm)

%Get Bode data

bode(G)

pause

w=0.01:0.05:1000;%Step size can be increased if memory low.
[M,P]=bode(G,w);

M=M(:,:);
P=P(:,:);
Ph=-180+Pm;

for i=1:1:length(P);
if P(1)-Ph<=0;

K=1/M;
fprintf(", Frequency = %g",w(i))
fprintf(", Phase = %g",P(1))
fprintf(", Magnitude = %g-",M)
fprintf(", Magnitude (dB) = %g*,20*1ogl0(M))
fprintf(", K = %g*,K)
break

end

end

T=Feedback(K*G,1);

step(T)
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0.403713, Phase Marg

ing Ratio
-136.634, Magnitude = 0.197379, Magnitude (dB)
Bode Diagram

25, Damp

1.36, Phase
5.06641

K

Computer response:
Type %0S 25
Percent Overshoot
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Antenna Control: Cascade Compensation Design

a. From the solution to the previous Case Study Challenge in this chapter, G(s) = % .

For Ky, = 20, K =51.89. Hence, the gain compensated system is

(o) - 264016
(8) = §(s+1.32)(s+100)

Using Eqg. (10.73), 15% overshoot (i.e. { = 0.517) requires a phase margin of 53.18°. Using the Bode
plots for K = 1 from the solution to the Case Study Challenge problem of Chapter 10, we find the
required phase margin at o = 0.97 rad/s where the phase is -126.82°.

To speed up the system, we choose the compensated phase margin frequency to be 4.6 * 0.97 = 4.46
rad/s. Choose the lag compensator break a decade below this frequency, or o = 0.446 rad/s.

At the phase margin frequency, the phase angle is -166.0679, or a phase margin of 13.939. Using 5°

. 1
leeway, we need to add 53.18° - 13.930 + 50 = 44.250, From Figure 11.8, 3 =0.15, or y = E =

6.667. Using Eq. (11.15), the lag portion of the compensator is

_ (s+0.446)  s+0.446

GLag () =""0.446. ~5+0.0669 -
5+6.667)

Using Egs. (11.9) and (11.15), T = —1 =0.579. From Eq. (11.15), the lead portion of the
wnwa@

compensator is

5+1.727
Glead () = 531151

The final forward path transfer function is

_ 2640.16(s+0.446)(s+1.727)
G(S)GLag (S)GLead(S) = 5(571.32)(s+100)(5+0.0669)(s+11.51)

b.
Program:

K=51.89;

numg=50.88*K;

deng=poly([0 -1.32 -100]);

G=tf(numg,deng);

Po=15;
z=(-1og(Po/100))/(sqrt(pi~2+log(Po/100)"2));
%Determine required phase margin****xxxix
Pmreg=atan(2*z/ (sqrt(-2*z"2+sqrt(1+4*z"4))))*(180/pi)
phreq=Pmreqg-(180)%required phase
w=0.1:0.01:10;

[M,P]=bode(G,w);

for i=1:1:length(P);%search for phase angle
it P(i)-phreq<=0;

ph=P(i)

w(i)

break

end

end

wpm=4_.6*w(i)
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[M,P]=bode(G,wpm);%Find phase at wpm
Pmreqc=Pmreq-(180+P)+5%Find contribution required from compensator+5
beta=(1-sin(Pmreqc*pi/180))/(1+sin(Pmreqc*pi/180))
%Design lag compensator******xx*
zclag=wpm/10;

pclag=zclag*beta;

Kclag=beta;

%Design lead compensator*****xx*ix
zclead=wpm*sqrt(beta);

pclead=zclead/beta;

Kclead=1/beta;

%Create compensated forward path********xx
numgclag=Kclag*[1 zclag];

dengclag=[1 pclag];

"Gelag(s)-

Geclag=tf(numgclag,dengclag);
Geclagzpk=zpk(Gclag)

numgclead=Kclead*[1 zclead];

dengclead=[1 pclead];

"Gclead(s)*

Geclead=tf(numgclead,dengclead);
Gecleadzpk=zpk(Gclead)

Ge=Gclag*Gelead;
"Ge(s)=G(s)*Gclag(s)*Gclead(s)"

Ge=Gc*G;

Gezpk=zpk(Ge)

%Test lag-lead compensator***x**ixkikkiirx
T=feedback(Ge,1);

bode(Ge)

title("Lag-lead Compensated®)
[Gm,Pm,wcp,wcg]=margin(Ge);

"Compensated System Results*
fprintf("\nResulting Phase Margin = %g",Pm)
fprintf(", Resulting Phase Margin Frequency = %g",wcg)
pause

step(T)

title("Lag-lead Compensated®)

Computer response:
Pmreq =

53.1718
phreq =
-126.8282
ph =
-126.8660

ans
0.9700
wpm =
4.4620
Pmreqc =
442468
beta =
0.1780

ans =



Frequency

imn

Resulting Phase Marg

07944)

Lag-lead Compenzated

32) (s+0
57.6157

imn

58) (s+1

1632 (s+1.883) (s+0.4462)

Phase Marg

L N T N T

Fel=kFHHF==F=FFFHHF==F = FFH

.07944)

ing

(s+10.58)
2640

(s+0

(AR Spryube

Ge(s)=G(s)*Gclag(s)*Gclead(s)
s (s+100) (s+10

Gelag(s)

Zero/pole/gain

0.17803 (s+0.4462)

ans

Geclead(s)

Zero/pole/gain
.617 (s+1.883)

ans

Zero/pole/gain

ans

Compensated System Results

Result

2.68618»
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Lag-lead Compenszated
1.4 T T T T T

121 .

0g -

Amplitude

06 -

04 .

02r .

Time [zec)

Answers to Review Questions

1. Steady-state error requirements can be designed simultaneously with transient response requirements.
2. Via the phase margin
3. The lag compensator is a low pass filter. Thus, while the low frequency gain is increased, the high-

frequency gain at 180 O is decreased to make the system stable.

4. The lag network affects the phase angle at low frequencies, but not at high frequencies. For the
compensated system, the phase plot is about the same as that of the uncompensated system around and
above the phase margin frequency yielding the same transient response.

5. To compensate for the slight negative angle that the lag compensator has near the phase margin
frequency

6. Compensated system has higher low-frequency gain than the uncompensated system designed to yield
the same transient response; compensated and uncompensated system have the same phase margin
frequency; the compensated system has lower gain around the phase margin frequency; the compensated
and uncompensated system's have approximately the same phase values around the phase margin
frequency.

7. The lead network is a high pass filter. It raises the gain at high frequencies. The phase margin frequency

is increased.
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8. Not only is the magnitude curve increased at higher frequencies, but so is the phase curve. Thus the

1800 point moves up in frequency with the increase in gain.

9. To correct for the negative phase angle of the uncompensated system

10. When designing the lag portion of a lag-lead compensator, we do not worry about the transient design.

The transient response will be considered when designing the lead portion of a lag-lead compensator.

SOLUTIONS TO PROBLEMS

14.39 rad/s where the magnitude is —74.29 dB.

1639) increase will yield a 10 dB gain margin.

1; angle is 180° at ®
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5.196 rad/s where the magnitude is —50.21 dB.

102.4) increase will yield a 10 dB gain margin.

1; angle is 180° at

Therefore a 40.21 dB (or K

b. Plot Bode plots for K
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Part (h)
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c. Plot Bode plots for K
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a. For a 409 phase margin, the phase must be -140° when the magnitude plot is zero dB. The phase is

8.097 rad/s. At this frequency, the magnitude curve is —65.02 dB. Thus a 65.02 dB

-140°0 at o

1782) will yield a 400 phase margin.

increase (K

when the magnitude plot is zero dB. The phase is

2.201 rad/s. At this frequency, the magnitude curve is — 37.60 dB. Thus a 37.60 dB

1400

b. For a 400 phase margin, the phase must be -

-1400 at o

75.86) will yield a 400 phase margin.

increase (K
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c. For a 400 phase margin, the phase must be -140° when the magnitude plot is zero dB. The phase is
-140° at o = 2.653 rad/s. At this frequency, the magnitude curve is — 38.78 dB. Thus a 38.78 dB

increase (K = 86.9) will yield a 40° phase margin.

> 20% overshoot => £ = 0.456 => ¢ = 48.15°.
a. Looking at the phase diagram, where ¢p = 48.15° (i.e. ¢ = -131.85°), the phase margin frequency =
3.105 rad/s. At this frequency, the magnitude curve is -48.3 dB. Thus the magnitude curve has to be
raised by 48.3 dB (K = 260).
b. Looking at the phase diagram, where ¢p = 48.15° (i.e. ¢ = -131.85°), the phase margin frequency =
6.462 rad/s. At this frequency, the magnitude curve is — 63.04 dB. Thus the magnitude curve has to be
raised by 63.04 dB (K = 1419).
c. Looking at the phase diagram, where ¢p = 48.15° (i.e. ¢ = -131.85°), the phase margin frequency =
6.939 rad/s. At this frequency, the magnitude curve is — 64.42 dB. Thus the magnitude curve has to be
raised by 64.42 dB (K = 1663).

4.

a. Bode plots for K = 1:

Bode Diagrams

From: Ui1)

Phase (deq); Magnitude (dB)

Ta Y1

-2a0

Fregquency (radfsec)

Using Egs. (4.39) and (10.73) a percent overshoot = 15 is equivalent to a £ = 0.517 and ¢p = 53.17°.

The phase-margin frequency = 2.2 rad/s where the phase is 53.17° - 180° = -126.83°. The magnitude
=-8.966 dB, or 0.0.3562. Hence K = 1/ 0.3562 = 2.807.

b.

Program:

G=zpk([-20 -25],[0 -5 -8 -14],1)
K=2.807

T=feedback(K*G,1);
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step(T)

Computer response:
Zero/pole/gain:
(s+20) (s+25)

s (s+5) (s+8) (s+14)
K =

2.8070

Step Response
1.4 T T T T

Amplitude

1.5 2 25 3 353

Time (zec)

For Ky, = 50, K = 350. Plot the Bode plots for this gain.
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Uncompensated
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0.517. Using Eq. (10.73), dm

15%, ¢ =

Also, since %0S

design for a phase margin of 63.17°. The phase margin frequency is where the phase angle is

3.54 rad/s. At this frequency, the magnitude is 22 dB. Start the

63.17 - 1800 = -116.839, or OYM

magnitude of the compensator at - 22 dB and draw it to 1 decade below wgm.

30
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S
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Then begin +20 dB/dec until zero dB is reached. Read the break frequencies as 0.028 rad/s and 0.354

rad/s from the Bode plot and form a lag transfer function that has unity dc gain:
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Bode Diagrams
Fromm: L1

1473. Plotting the Bode for this value of K:

a. For Ky, = 1000, K
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53.17.

0.517 and ¢m

s+0.121
s+ 0.0001604

Freguency (rad/sec)

0.001326

Glag(s)

11D;

0.001326*[1 0.121];

1473*poly([-10
poly([0 -3 -6 -9]);
denc=[1 0.0001604];

tf(numc,denc);

G*Gc;
feedback(Ge,1);

step(T)

tf(numg,deng);

frequency, the magnitude = 57.55 dB = 754.2. Hence the lag compensator K = 1/754.2 = 0.001326.

Using an extra 1009, the phase margin is 63.17°. The phase-margin frequency = 1.21 rad/s. At this
Following Steps 3 and 4 of the lag compensator design procedure in Section 11.3,

Using Egs. (4.39) and (10.73) a percent overshoot = 15 is equivalent to a {

%lnput system
Computer response:

b.
Program:
numg
deng

G=

numc

Gc

Ge

T=
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Step Response
1.4 T T T T

Amplitude

0 1 1 1
] 2 10 13 20 23

Time [zec)

Uncompensated system:

Searching along the 121.1° line (15% overshoot), find the dominant pole at -2.15 + j3.56 with K =
. . 97.7

97.7. Therefore, the uncompensated static error constant is Kyg = —— = 1.396. On the frequency
70

response curves, plotted for K = 97.7, unity gain occurs at o = 1.64 rad/s with a phase angle of -719.

Therefore the uncompensated phase margin is 180° - 719 = 1099,

Compensated system:

1 1
The old steady-state error, €, () = = =0.4174. For a 5 times improvement

14K, 1,977
70

=0.0835, yielding, K, =10.98 = % Thus

1

in steady-state error, €, (0) =
1+K,,
K =768.6. Plotting the Bode plots at this gain,
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Uncompenssated
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Adding 59, the desired phase margin for 15% overshoot is 58.179, or a phase angle of -121.839. This

3.505 rad/s. At this frequency the magnitude plot is +12 dB. Start the

phase angle occurs at ®

magnitude of the compensator at - 12 dB and draw it to 1 decade below wgppm.
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Then, begin +20 dB/dec until zero dB is reached. Read the break frequencies as 0.08797 rad/s and

0.3505 rad/s from the Bode plot and form a lag transfer function that has unity dc gain,

G,(s) = 09515 10:3505
s+0.08797
The compensated forward path is

(s +0.3505) 192.91(s +0.3505)

G(s) = 0.251* 768.6 - .
(s+2)(s+5)(s+7)(5+0.08797)  (s+2)(s+5)(s+7)(s +0.08797)

8.
K(4) . o
For K, =100 =-————, K= 2400. Plotting the Bode plot for this gain,
(2)(6)(8)
Uncompensated system
40
—
30 i Sy
20
=
810
] 0
-10
-20
0.1 1 10 100
Frequency (rad/s)
0 T
% 50
3 N
S N
g -100 ™ Sy
> {
1%}
£-150 . -
-200
0.1 1 10 100

Frequency (rad/s)

We will design the system for a phase margin 10° larger than the specification. Thus ¢, = 55°. The
phase margin frequency is where the phase angle is ~180° + 55° = -125°. From the Bode plot this
frequency is ®, = 11 rad/s. At this frequency the magnitude is 23.37 dB. Start the magnitude of the

lag compensator at —23.37 dB and draw it to 1 decade below W, = 11, or 1.1 rad/s. Then begin a

+20 dB/dec climb until 0 dB is reached. Read the break frequencies as 0.0746 rad/s and 1.1 rad/s

from the Bode plot as shown below.
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Lag compensator

-5 \\\\

AN

N

yAVA

0.01 0.1 1 10
Frequency (rad/s)

Phase (degrees)

0.01 0.1 1 10
Frequency (rad/s)

(s+1.1)

(s+0.0746)
compensated forward-path transfer function is thus the product of the plant and the compensator, or

~ 162.8(s+4)(s+1.1)
(s +2)(s +6)(s +8)(s+0.0746)

Ensuring unity dc gain, the transfer function of the lag is G, (s)=0.06782

G, (5)

From Example 11.1, K = 58251 yields 9.48% overshoot or a phase margin of 59.19°. Also,

58251
G(S) = 5(s+36)(s+100)

Allowing for a 10° contribution from the PI controller, we want a phase margin of 69.199, or a phase
angle of -1800 + 69.199 = -110.819. This phase angle occurs at o = 9.8 rad/s where the magnitude is
4 dB. Thus, the PI controller should contribute - 4 dB at = 9.8 rad/s. Selecting a break frequency a

decade below the phase margin frequency,

s+0.98

GC(S) = S

This function has a high-frequency gain of zero dB. Since we want a high-frequency gain of
-4 dB (a gain of 0.631),
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0.98
S

S+
Ge(s) = 0.631

The compensated forward path is

36756.38(s+0.98)
s(s+36)(s+100)

s(s+36)(s+100)

58251*0.631(s+0.98)

G(s)

10.

=1:

Bode plots for K

Bode Diagrams
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0.517 and ¢opm =

Using Egs. (4.39) and (10.73) a percent overshoot = 15 is equivalent to a

0.3478. Hence K =

53.179. The phase-margin frequency = 1.66 rad/s. The magnitude = -9.174 dB

1/0.3478 = 2.876.

2.876.

Bode plots for K
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Bode Diagrams
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-116.83°,

Adding 10° to the phase margin yields 63.17. Thus, the required phase is —180° + 63.17°

1.473. Hence, the lag

which occurs at a frequency of 1.21 rad/s. The magnitude = 3.366 dB

1/ 1.473 = =0.6787. Selecting the break a decade below the phase-margin

compensator K

frequency,

0.121
S

S+
Ge(s) = 0.6787

C.

%lnput system

Program:

~

!

o

A

[ g )

o

o 1 —

— N
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el | ' in o an
s rO A A
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o Cld O 0]
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X ed TN~ n
ON rOMFMQ X
N >ONO E o
00 = E O S:r @
OS5 'rHCc oo
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Computer response:

Step Response
1.4 T T T T

Amplitude

] 1 | | |

1 5 10 15 20 25
Time [zec)

11.

Program:

%P1 Compensator Design via Frequency Response
%lnput system

G=zpk([1,[-5 -10],1);

G=tf(G);

%Percent Overshoot to Damping Ratio to Phase Margin
Po=input("Type %0S *);
z=(-1og(Po/100))/(sqrt(pi~2+log(Po/100)"2));
Pm=atan(2*z/(sqrt(-2*z"2+sqrt(1+4*z"4))))*(180/pi)+10;
fprintf("\nPercent Overshoot = %g-,Po)
fprintf (", Damping Ratio = %g",z)

fprintf(", Phase Margin = %g",Pm)

%Get Bode data

bode(G)

title("Uncompensated™)

pause

%Find frequency at desired phase margin and the gain at this frequency
w=logspace(-1,2,10000);

%w=.1:0.1:100;

[M,P,w]=bode(G,w);

Ph=-180+Pm

for i=1:1:length(P);

if P(i)-Ph<=0

Mag=M(i)

wf=w(i);

fprintf(", Frequency = %g-,wf)

fprintf(", Phase = %g",P(i))

fprintf(", Magnitude = %g*,Mag)

fprintf(", Magnitude (dB) = %g-,20*loglOo(Mag))
break

end

end
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%Design Pl compensator

%Break frequency is a decade below phase margin frequency
wh=wf/10;

%Magnitude is reciprocal of magnitude of G at the phase margin frequency
%so net magnitude is 0 dB at the phase margin frequency
Kc=1/Mag

"P1 Compensator-”

Gpi=tf(Kc*[1 wh],[1 0])

bode(Gpi)

title(["P1 compensator®])

pause

"G(s)Gpi(s)*

Ge=series(G,Gpi);

Ge=zpk(Ge)

bode(Ge)

title("Pl Compensated®)

[Gm,Pm,Wcp,Wcg]=margin(Ge);

"Gain margin(dB); Phase margin(deg.); 0 dB freq. (r/s):;"
"180 deg. freq. (r/s)-"

margins=[20*1og10(Gm),Pm,Wcg,Wcp]

pause

T=Feedback(Ge,1);

step(T)

title("Pl Compensated®)

Computer response:
Type %0S 25

Percent Overshoot = 25, Damping Ratio = 0.403713, Phase Margin = 53.463
Ph =

-126.5370

Mag =
0.0037
, Frequency = 14.5518, Phase = -126.54, Magnitude = 0.00368082, Magnitude
(dB) = -48.6811
Kc =

271.6786

ans =

Pl Compensator

Transfer function:
271.7 s + 395.3

G(s)Gpi(s)

Zero/pole/gain:
271.6786 (s+1.455)

s (s+10) (st+b)
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ans

0 dB freq- (r/s)

in(deg.);

Phase marg

in(dB);

In margin

Ga

ans

180 deg. freq. (r/s)

margins

Inf

14.5975

47.6277

Inf

Uncompensated

e
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10

10
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10
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Pl compensator

(gp) spryufe jy (Bap) aseyqd

Freqguency (radfzec)
Pl Compensated

laadoJdaLl D

B e Y

T--1

40
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Pl Compensated

1.4

121

LI R e B e T g gy

0g
f

spriydury

04 r

n.z

1.2 2.3

Time [zec)

0.3

12.

3600. Plot the Bode diagrams.

4 orK=

Bode Diagram

a0
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2.83 rad/s. with a phase angle of 152.19, which yields an

The magnitude curve crosses zero dB at ®
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uncompensated phase margin of 27.99. Thus, we need an additional 12.1° plus an additional amount
to compensate for the fact that the phase margin frequency will increase. Assume a lead network with

a phase contribution of 22.1°. Using Egs. (11.11), and (11.12),

The value of beta is: 0.453
The |G(jwmax)| for the compensator is: 1.485
orin db: 3.44

The magnitude curve has a gain of -3.44 dB at o = 3.625 rad/s. Therefore, choose this frequency as
the new phase margin frequency. Using Egs. (11.9) and (11.6), the compensator transfer function has
the following specifications:

T 0.41
zero -2.44
pole -5.38
gain 2.21

The compensated forward path is

3600*2.21(s + 2.44) ~ 7956(s + 2.44)

()= s(s+3)(5+15)(s+20)(s+5.38)  s(s+3)(s+15)(s+ 20)(s +5.38)

A Bode plot of G(s) shows a phase margin of 37.8°. Thus, a redesign is necessary to meet the exact
requirement. This redesign can be done by adding a larger correction factor to the phase required

from the lead compensator, See Control Solutions for the redesign.

a. Gain-compensated time response:

Gain-Compensated System

08

Amplitude

06

045

02

2.5
Time (secs)
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Bode plots for K = 1000 (Kv = 10):

50 T T T T T T ]

Gain dB

100 R : : i A 888 ac
1071 10° 10 10
Frequency (rad/sec)

Gain-Compensated System
0 . « s e 4o T . T« e s s s d

Phase deg

-270

10" 10° 10' 10?
Frequency (rad/sec)

The specifications for the gain compensated system are: K = 1000, percent overshoot = 10, ¢ =
0.591155, peak time = 0.5 s, current phase margin = 22.5362°.

To meet the requirements: required phase margin (Eq. 10.73) = 58.59319, required phase margin with
correction factor of 200 = 78.5931, required bandwidth (Eq. 10.56) = 9.03591, required phase
contribution from compensator = 78.59310 - 22.5362° = 56.0569°, compensator beta (Eq. 11.11) =
0.0931398, new phase margin frequency (Eg. 11.12) = 11.51.

Now design the compensator: Compensator gain Kc = 1/f = 10.7366, compensator zero (Eq. 11.12)

=-3.51272, compensator pole = z./B =-37.7144.

Lead-compensated Bode plots:
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50

Gain dB
/

50 F AN

10" 10° 10* 102 10°
Frequency (rad/sec)

Lead-Compensated System

)
S
/
/

Phase deg

H
g
/

N

~

=)
[
|
|
|
|
1

10° 10! 10? 10°
Frequency (rad/sec)

=
o
[

Lead-compensated phase margin = 50.2352.

b.

Program:

numg=1000;
deng=poly([0 -5 -20]);
G=tf(numg,deng);
numc=[1 3.51272]
denc=[1 37.7144]
Ge=tf(numc,denc)
Ge=6*10.7366*GcC;
T=fFeedback(Ge,1);
step(T)

Computer response:

Step Rezponse
1 4 T T T T T

Amplitude

1
1] 0z 04 0 ns 1 12
Time (zec)
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14,
Uncompensated system: Searching the ¢ = 0.456 line (20% overshoot), find the dominant poles

4

Q =-6.544 +j12.771 with a gain of 178.21. Hence, Tg = a =0.611 second,
n

*
= % =7.425 . The Bode plot for the uncompensated system is:
P 2*6*10

Uncompensated
T T T TTTTTT T T T TTTTT

20

..........
____________________

oo L

........................

Magnitude (dB1

40 e oo db b
| oMimt

Fred: Inf
Stable loop E !

-G

=

a0

e

S

Phaze (deq)

........................

L
=
i

.............

Phi: 558 deg [
Freg 113 racdizec '
g Lz o

0 —— el
10" 10° 10’ 100 10
Frequency (radfzec)

'
-
o0
]

The uncompensated system has a phase margin of 55.8% and a phase margin frequency of 11.3 rad/s.

Compensated system: For a threefold improvement in Kp, Kpp = 22.28. Therefore, K = 3*178.21 =

534.63. For a twofold reduction in settling time, the new dominant poles are Q, =2Q =-13.09 +

j25.54. The gain adjusted system is

G.(s) = 534.63(s +5)
(s+2)(s+6)(s+10)

Plotting the Bode diagrams for the gain compensated system,
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0.473
1.45
3.25
26.9 rad/s. Therefore, choose this frequency as

0.456 (i.e. 20% overshoot), the required

10
Frequency (radizec)

21.9 rad/s. Thus, the gain compensated phase margin is

1800 — 147.80 = 32.20, Using Eq. (10.73) with ¢

3.25dB at ®
the new phase margin frequency. Using Egs. (11.9) and (11.6), the compensator transfer function has

10
-147.8%at
The |G(jwmax)| for the compensator is:
orin db:

The value of beta is:

10
48.159. We add 15.959 plus a correction factor of 59 to the phase margin of the gain

compensated system for a total additional phase of 20.95°. Using Egs. (11.11), and (11.12),

At unity gain the phase is
The magnitude curve has a gain of
the following specifications:

D\
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15.

16.

T 0.054
zero -18.51
pole -39.1
gain 2.11

The compensated forward path is

 534.63*2.11(s+5)(s+18.51)  1128.1(s+5)(s+18.51)
T (s+2)(s+6)(s+10)(s+39.1)  (5+2)(s+6)(s+10)(s+39.1)

G(s)

A simulation of the system shows percent overshoot = 23.2%, settling time = 0.263, phase margin =
48.4°, phase margin frequency = 26.7 r/s.

144000
s(s +36)(s +100)’

overshoot), Eq. (10.56) yields a required bandwidth of 46.59 rad/s. Using Eqg. (10.73), the required

If G(s) = Ky =40. Also, for a 0.1 second peak time, and £ = 0.456 (20%

phase margin is 48.159. Let us assume that we raise the phase margin frequency to 39 rad/s. The
phase angle of the uncompensated system at this frequency is -158.69. To obtain the required phase

margin, the compensator must contribute 26.759 more at 39 rad/s. Assume the following form for the

1 . .
compensator: Gg(s) = K'KD(s+K—D ). The angle contributed by the compensator is

¢ = tan'L = 26.759. Letting » = 39 rad/s, Kp = 0.0129. Hence, the compensator is

1/K,
Gc(s) = 0.0129 (s+77.37). The compensated forward path is

144000 * 0.0129(s + 77.37) _ 1857.6(s + 77.37)
s(s + 36)(s +100) ~ 5(s +36)(s +100)

G(s) =

The closed-loop bandwidth is approximately 50 rad/s, which meets the requirements.
The lag compensated forward path is

(s+0.058)
s(s2+25+5)(s+3)(s+0.0015)

G(s) = 7.759

a. Bode plots and specifications for gain compensated system are the same as Problem 13. Required
phase margin and required bandwidth is the same as Problem 13. Select a phase margin frequency 7
rad/s higher than the bandwidth = 9 + 7 = 16 rad/s. The phase angle at the new phase-margin
frequency is -201.6°. The phase contribution required from the compensator is —180° + 201.6° +
58.59° = 80.2° at the phase-margin frequency. Using the geometry below:



 \

phase-margin

frequency=j16
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0
80.2
& >
-Z
c
16 1
tan (80.2) = 7 Therefore, z; = 2.76. Thus, G¢ (s) = 576 (s +2.76) .
The PD compensated Bode plots:
50
\_\\
% \s\\\‘§
'g; of \\\\ |
\\\
\\\\
00t 10° 10? 102
Frequency (rad/sec)
PD Compensated
60 F -
8 -90F H \~\\\ .
(]
8 -120f \ .
o \
4150 F \\\\\ -
-180 1
10? 10° 10! 102

Frequency (rad/sec)

Compensated phase margin is 62.9429,

b

Program:

numg=1000;

deng=poly([0 -5 -20]);
G=tf(numg,deng);
numc=(1/2.76)*[1 2.76];
denc=1;
Ge=tf(numc,denc);
Ge=G*Gc;
T=feedback(CGe,1);
step(T)

title("PD Compensated®)
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17.

Computer response:

PD Compensated

Amplitude

Time (sec)

Program:
%Lead Compensator Design via Frequency Response
%lnput system
K=input("Type K to meet steady-state error °);
numg=K*[1 1];
deng=poly([0 -2 -6]);
"Open-loop system®
"G(s)"
G=tf(numg,deng)
%Generate uncompensated step response
T=Feedback(G,1);
step(T)
title("Gain Compensated®)

%Input transient response specifications
Po=input("Type %0S *);
%Ts=input(“Type settling time ");
Tp=input("Type peak time ");

%Determine required bandwidth
z=(-log(Po/100))/(sqrt(pi~2+log(Po/100)"2));
%wn=4/(z*Ts);
wn=pi/(Tp*sqrt(1-z"2));
wBW=wn*sqrt((1-2*z"2)+sqrt(4*z"4-4*z"2+2));

%Make a Bode plot and get Bode data
%Get Bode data
bode(G)
title("Gain Compensated®)

w=0.01:0.1:100;
[M,P]=bode(numg,deng,w);

%Find current phase margin
[Gm,Pm,wcp,wcg]=margin(M,P,w);

%Calculate required phase margin
z=(-1og(P0o/100))/(sqrt(pi~2+log(Po/100)"2));

Pmreq=atan(2*z/ (sqrt(-2*z"2+sqrt(1+4*z"4))))*(180/pi);

1.5
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%Add a correction factor of 10 degrees
Pmreqc=Pmreq+10;

%Calculate phase required from compensator
Pc=Pmreqc-Pm;

%Design lead compensator
%Find compensator beta and peak compensator magnitude
beta=(1-sin(Pc*pi/180))/(1+sin(Pc*pi/180));
magpc=1/sqrt(beta);
%Find frequency at which uncompensated system has a magnitude of 1/magpc
%This frequency will be the new phase margin frequency
for i=1:1:length(M);
if M(1)-(1/magpc)<=0;
wmax=w(i);
break
end
end
%Calculate the lead compensator®s break frequencies
zc=wmax*sqrt(beta);
pc=zc/beta;
Kc=1/beta;
numc=[1 zc];
denc=[1 pc];
"Ge(s)"
Ge=tf(numc,denc)

%Display data

fprintf("\nK = %g",K)
fprintf(" Percent Overshoot = %g",Po)
fprintf(", Damping Ratio = %g-,z)
%Fprintf(*, Settling Time = %g~",Ts)
fprintf(", Peak Time = %g",Tp)
fprintf(", Current Phase Margin = %g",Pm)
fprintf(", Required Phase Margin = %g*,Pmreq)
fprintf(", Required Phase Margin with Correction Factor = %g-",Pmreqc)
fprintf (", Required Bandwidth = %g*,wBW)
fprintf(", Required Phase Contribution from Compensator
fprintf (", Compensator Beta = %g-",beta)
fprintf(", New phase margin frequency = %g-",wmax)
fprintf(" Compensator gain, Kc = %g",Kc)
fprintf(" Compensator zero,= %g",-zc)
fprintf(" Compensator pole,= %g",-pc)
"G(s)Ge(s)"
Ge=G*Kc*Gc
pause

%g " ,Pc)

%Generate compensated Bode plots
%Make a Bode plot and get Bode data
%Get Bode data
bode(Ge)
title("Lead Compensated®)

w=0.01:0.1:1000;
[M,P]=bode(Ge,w);
%Find compensated phase margin
[Gm,Pm,wcp,wcg]=margin(M,P,w);
fprintf("\nCompensated Phase Margin,= %g",Pm)
pause

%Generate step response
T=feedback(Ge,1);
step(T)
title("Lead Compensated®)

Computer response:
Type K to meet steady-state error 360

ans =

493
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Open-loop system
ans =

G(s)

Transfer function:
360 s + 360

s"3 + 8 s™2 + 12 s

Type %0S 10
Type peak time 0.1

ans =
Ge(s)

Transfer function:
s + 11.71

S + 77.44

K = 360 Percent Overshoot = 10, Damping Ratio = 0.591155, Peak Time = 0.1,
Current Phase Margin = 21.0851, Required Phase Margin = 58.5931, Required
Phase Margin with Correction Factor = 68.5931, Required Bandwidth =
45.1795, Required Phase Contribution from Compensator = 47.508, Compensator
Beta = 0.151164, New phase margin frequency = 30.11 Compensator gain, Kc =
6.61532 Compensator zero,= -11.7067 Compensator pole,= -77.4437

ans =

G(s)Gc(s)

Transfer function:
2382 s™2 + 3.026e004 s + 2.788e004

s™M + 85.44 s”3 + 631.5 s™2 + 929.3 s

Compensated Phase Margin,= 60.676»
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Lead Compensated
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18.

Solutions to Problems

Program:

%PD Compensator Design via Frequency Response
%lnput system

%Uncompensated system

K=input("Type K to meet steady-state error ");

numg=K*[1 1];

deng=poly([0 -2 -6]);

G=tf(numg,deng);

T=Feedback(G,1);

step(T)

title("Gain Compensated®)

"Open-loop system®

IG(S) -

Gzpk=zpk(G)

%Input transient response specifications
Po=input("Type %0S *);
%Ts=input(“Type settling time ");
Tp=input("Type peak time ")

%Determine required bandwidth
z=(-l1og(Po/100))/(sqrt(pi~2+1og(Po/100)"2));
%wn=4/(z*Ts);
wn=pi/(Tp*sqrt(1-z"2));
wBW=wn*sqrt((1-2*z"2)+sqrt(4*z"4-4*z"2+2));

%Make a Bode plot and get Bode data
%Get Bode data
bode(G)
title("Gain Compensated®)
w=0.01:0.1:100;
[M,P]=bode(G,w);

%Find current phase margin
[Gm,Pm,wcp,wcg]=margin(M,P,w);

%Calculate required phase margin
z=(-1og(Po/100))/(sqrt(pi~2+1og(Po/100)"2));
Pmregq=atan(2*z/(sqrt(-2*z"2+sqrt(1+4*z~4))))*(180/pi)+20;

%Determine a phase margin frequency
wpm=wBW+7;
%Find phase angle at new phase margin frequency and

%calculate phase required from the compensator
for i=1:1:length(w);
it w(i)-wpm>=0;
wpm=w(i);
Pwpm=P (i) ;
break
end
end

%Design PD compensator
Pc=Pmreq-(180+Pwpm) ;
zc=wpm/tan(Pc*pi/180);
Kec=1/zc;
numc=Kc*[1 zc];
denc=1;
"Ge(s)-
Ge=tf(numc,denc);
Gezpk=zpk(Gc)

%Display data

fprintf("\nK = %g-",K)
fprintf(" Percent Overshoot = %g",Po)
fprintf(", Damping Ratio = %g",z)
%Ffprintf(", Settling Time = %g~",Ts)
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fprintf (", Peak Time = %g",Tp)

fprintf(", Current Phase Margin = %g",Pm)

fprintf(", Required Phase Margin = %g*,Pmreq)

fprintf(", Required Bandwidth = %g*,wBW)

fprintf (", New phase margin frequency = %g",wpm)

fprintf(", Phase angle at new phase margin frequency = %g-",Pwpm)
fprintf(", Required Phase Contribution from Compensator = %g",Pc)
fprintf(" Compensator gain, Kc = %g",Kc)

fprintf(" Compensator zero,= %g",-zcC)

pause
%Generate compensated Bode plots
%Make a Bode plot and get Bode data
%Get Bode data
"G(s)Ge(s)"
Ge=G*Gc;
Gezpk=zpk(Ge)
bode(Ge)
title("PD Compensated®)
w=0.01:0.1:100;
[M,P]=bode(Ge,w);
%Find compensated phase margin
[Gm,Pm,wcp,wcg]=margin(M,P,w);
fprintf("\nCompensated Phase Margin,= %g~,Pm)
pause
%Generate step response
T=feedback(Ge,1);
step(T)
title("PD Compensated”)

Computer response:
Type K to meet steady-state error 360

ans =

Open-loop system

ans =

G(s)

Zero/pole/gain:
360 (s+1)

s (s+6) (st+2)

Type %0S 10
Type peak time 0.1

ans =
Ge(s)

Zero/pole/gain:
0.05544 (s+18.04)

K = 360 Percent Overshoot = 10, Damping Ratio = 0.591155, Peak Time = 0.1,
Current Phase Margin = 21.0851, Required Phase Margin = 78.5931, Required
Bandwidth = 45.1795, New phase margin frequency = 52.21, Phase angle at new

phase margin frequency = -172.348, Required Phase Contribution from
Compensator = 70.9409 Compensator gain, Kc = 0.0554397 Compensator zero,=
-18.0376

ans =
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19.9583 (s+18.04) (s+1)

G(s)Gc(s)
Zero/pole/gain

s (st6) (s+2)

69.546

in,
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19.
K =10714 for Ky = 1000. £ = 0.517 for 15% overshoot using Eq. (4.39). Using Eq. (4.42),

op = 77.37. Using Eq. (10.54) the required bandwidth, gy = 96.91. Using Eq. (10.73) with 5°
additional, ®, =58.179. Choose the new phase-margin frequency wpm= 0.8 wgw= 77.53. Plotting

the Bode plots for K = 10714,
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Solutions to Problems 501

80

40 ~ :

Gain dB

20 N 1

0
10 10° 101t 102
Frequency (rad/sec)

Gain compensated

-90 o 1

-120 ~—_ 1

-150 T

-180 .

Phase deg
/

10" 10° 10! 102
Frequency (rad/sec)

At the new phase-margin frequency, the phase angle is -170.52. Thus, the contribution required from
the lead is 58.17 - (180 -170.52) = 48.69°. Using Eq. (11.11), B = 0.142.
Lag compensator design: Zclag= ®pm/10 = 77.53/10 = 7.753. Pclag = Zclag*p = 1.102. Kclag =

s+7.753
pdag/ Zc|ag =0.1421. ThUS, G|ag(5) =0.1421 s+1.102 -

Lead compensator design: Using Egs. (11.6), (11.9), and (11.12) zjgad = L/T = wpm*\/[__% =29.22.

5+29.22
Plead = Zlead /B = 205.74. Kjead = Plead /Zlead = 7-04. Thus, Glead(s) = 7.04 ;55577 -

Program:
%Lag-Lead Compensator Design via Frequency Response
%lnput system

K=input("Type K to meet steady-state error *);

numg=K*[1 71;

deng=poly([0 -5 -15]);

G=tf(numg,deng);

IG(S) -

Gzpk=zpk(G)

%Input transient response specifications
Po=input("Type %0S *);
Ts=input("Type settling time ");
%Tp=input(“Type peak time ");
T=feedback(G,1);
step(T)
title("Gain Compensated®)
pause

%Determine required bandwidth
z=(-1og(Po/100))/(sqrt(pi~2+log(Po/100)"2));
wn=4/(z*Ts);

Ywn=pi/(Tp*sqrt(1-z"2));
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wBW=wn*sqrt((1-2*z"2)+sqrt(4*z"4-4*z"2+2));
%wBW=(4/ (Ts*z))*sqrt((1-2*z"2)+sqrt(4*z"4-4*z"2+2));
UwBW=(pi/(Tp*sqrt(1-z"2)))*sqrt((1-2*z"2)+sqrt(4*z"4-4*z"2+2));

%Determine required phase margin
Pmreq=atan(2*z/ (sqrt(-2*z"2+sqrt(1+4*z"4))))*(180/pi)+5;

%Choose new phase margin frequency
wpm=0.8*wBW;

%Determine additional phase lead required at the
%new phase margin frequency from the lead compensator
[M,P]=bode(G,wpm);
Pmreqc=Pmreq-(180+P);
beta=(1-sin(Pmreqc*pi/180))/(1+sin(Pmreqc*pi/180));
%Display data
fprintf("\nPercent Overshoot = %g",Po)
fprintf(", Settling Time = %g",Ts)
%Fprintf(", Peak Time = %g~,Tp)
fprintf(", Damping Ratio = %g-,z)
fprintf(", Required Phase Margin = %g",Pmreq)
fprintf(", Required Bandwidth = %g",wBW)
fprintf(", New Phase Margin Frequency = %g",wpm)
fprintf(", Required Phase from Lead Compensator = %g*,Pmreqc)
fprintf (", Beta = %g",beta)
bode(nhumg,deng)
title("Gain compensated®)
pause
%Design lag compensator
zclag=wpm/10;
pclag=zclag*beta;
Kclag=beta;
"Lag compensator*®
"Gclag*
Gelag=tf(Kclag*[1 zclag],.[1 pclag]):;
Geclagzpk=zpk(Gclag)
%Design lead compensator
zclead=wpm*sqrt(beta);
pclead=zclead/beta;
Kclead=1/beta;
"Lead compensator*®
"Gclead”
Geclead=tf(Kclead*[1 zclead],[1 pclead]);
Gecleadzpk=zpk(Gclead)
%Create compensated forward path
"Geclag(s)Geclead(s)G(s)"
Ge=G*Gclag*Gclead;
Gezpk=zpk(Ge)
%Test lag-lead compensator
T=Feedback(Ge,1);
bode(Ge)
title("Lag-lead Compensated®)
[M,P,w]=bode(Ge);
[Gm,Pm,wcp,wcg]=margin(M,P,w);
"Compensated System Results*
fprintf("\nResulting Phase Margin = %g~",Pm)
fprintf (", Resulting Phase Margin Frequency = %g",wcg)
pause
step(T)
title("Lag-lead Compensated®)

Computer response:
Type K to meet steady-state error 10714.29

ans =

G(s)
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Zero/pole/gain:
10714.29 (s+7)

s (s+15) (st+5)

Type %0S 15
Type settling time 0.1

Percent Overshoot = 15, Settling Time = 0.1, Damping Ratio = 0.516931,
Required Phase Margin = 58.1718, Required Bandwidth = 96.9143, New Phase
Margin Frequency = 77.5314, Required Phase from Lead Compensator = 48.6912,
Beta = 0.142098

ans =

Lag compensator

ans =
Geclag

Zero/pole/gain:
0.1421 (s+7.753)

(s+1.102)

ans =

Lead compensator

ans =

Geclead

Zero/pole/gain:
7.0374 (5+29.23)

(s+205.7)
ans =
Gelag(s)Gelead(s)G(s)

Zero/pole/gain:
10714.29 (s+29.23) (s+7.753) (st7)

s (s+205.7) (s+15) (s+5) (s+1.102)

ans =

Compensated System Results

Resulting Phase Margin = 53.3994, Resulting Phase Margin Frequency =
55.5874
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Lag-lead Compensated
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Percent overshoot exceeds requirements. Redesign if required.

21.

0.456 (i.e. 20% overshoot) is 2.3297

The required bandwidth for a peak time of 2 seconds and ¢

=1,

rad/s. Plotting the Bode diagrams for K
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48.159, or a phase angle of -1800 + 48.159 = -131.85°. This angle occurs

For 20% overshoot, ®p

the magnitude curve will intersect zero dB at 1.12 rad/s. Thus, the following

13.1,

at 1.12 rad/s. If K

13.1
s(s+2)(s+5)

function yields 20% overshoot: G(S)

48.150 + 50 = 53,159, or a phase

PI controller design: Allowing for a 59 margin, we want @y,

0.97 rad/s where the magnitude curve is

angle of -1800 + 53,159 = -126.859. This angle occurs at ®

1.5321 dB. The controller should contribute - 1.5321 dB so that the magnitude curve passes through 0

dB at ®

0.97 rad/s. Choosing the break frequency one decade below the phase margin frequency of

-1.5321 dB at high frequencies, the ideal

and adjusting the controller's gain to yield

0.97 rad/s

integral controller is

S

1.198(s +0.097
Gy (s) = ( )

and the PI compensated forward path is

15.694(s+0.097)
s°(s+2)(s+5)

G(s)G (S) =

(s) =
Plotting the Bode diagram for the Pl compensated system yields,

Gy
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1.28 rad/s. The phase at this frequency is — 141.49. Thus, we have a

This function is zero dB at ®

phase margin of 38.69.

PID controller design: Let us increase the phase margin frequency to 4 rad/s. At this frequency the

193.489. To obtain the required phase margin of 48.159 the phase curve must be raised an

phase is

1
K|;)(s+KD ). The

=K

additional 61.63°. Assume the following form for the compensator : G¢pp(s)

0.463.

4rad/s, Kp =

61.630. Letting o =

—tap-1-O®
=tan KD

angle contributed by the compensator is ¢¢

0.463K' (s+2.16). The final PID compensated forward path is

Hence, the compensator is Gepp ()

2.266K (s +0.097)(s + 2.16)

s’(s+2)(s+5)

*0.463K (s +2.16)

(s+2)(s+5)

SZ

15.694(s +0.097)

=G PI (S)GCPD (S) =

PID ()

G

1 the magnitude of this function at 4 rad/s is -20.92 dB. Thus, K' must be adjusted to

Letting K'

11.12 (20.92 dB).

K'=

bring the magnitude to zero dB. Hence
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Thus,

s*(s+2)(s+5)

25.2(s+0.097)(s+2.16)
The PID compensated Bode plot follows:
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The PID compensated time response is shown below:
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Solutions to Problems

Syatem: Closed Loop: rtou
2 rtou Step Response

1.4 Peak amplitude: 1.22 J J J
Orvershoot (%1 21.5
At time (=2ec) 0713

Amplitude

4 G g 10
Time (=zec)

Program:

%lnput system

numgl=1;

dengl=poly([0 -3 -6]);
Gl=tf(numgl,dengl);
[numg2,deng2]=pade(0.5,5);
G2=tf(numg2,deng2);

"G(s)=G1(s)G2(s)"

G=G1*G2;

Gzpk=zpk(G)

Tu=feedback(G,1);

step(Tu)

title("K = 17)

%Percent Overshoot to Damping Ratio to Phase Margin
Po=input("Type %0S *);
z=(-1og(P0o/100))/(sqrt(pi~2+log(Po/100)"2));
Pm=atan(2*z/(sqrt(-2*z"2+sqrt(1+4*z"4))))*(180/pi);
fprintf("\nPercent Overshoot = %g",Po)
fprintf(", Damping Ratio = %g~,z)
fprintf(", Phase Margin = %g-",Pm)

%Get Bode data

bode(G)

title("’K = 17)

pause

w=0.1:0.01:100;

[M,P]=bode(G,w);

Ph=-180+Pm;

for i=1:1:length(P);

if P(i)-Ph<=0;

M=M(i);

K=1/M;

12
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fprintf(", Frequency = %g",w(i))
fprintf(", Phase = %g",P(i))
fprintf(", Magnitude = %g",M)
fprintf(", Magnitude (dB) = %g*,20*1ogl10(M))
fprintf(", K = %g",K)

break

end

end

T=Feedback(K*G,1);

step(T)

title("Gain Compensated®)

Computer response:
ans =

G(s)=6G1(s)G2(s)

Zero/pole/gain:
- (s-14.59) (s™2 - 26.82s + 228.4) (s™2 - 18.6s + 290.5)

s (s+t14.59) (s+6) (s+3) (™2 + 26.82s + 228.4) (s"2 + 18.6s + 290.5)
Type %0S 20

Percent Overshoot = 20, Damping Ratio = 0.45595, Phase Margin = 48_.1477,
Frequency = 0.74, Phase = -132.087, Magnitude = 0.0723422, Magnitude (dB)
= -22.8122, K = 13.8232»

k=1
Fratm: (17
1 2 T T T T

Amplitude
Ta: %)

a2 1 1 1 1
0 20 40 B0 g0 100

Tirne (sec.)
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SOLUTIONS TO DESIGN PROBLEMS

23.

=1

a. Plot the Bode plot for K

Uncompensated

From: U1

B L L I T

Lo -l L_l_ L dlddlbLooLlo_Ll_1_L1Ja4

]

1
1
1
1
1

[=]

=]

o

-100

200 f--- -

1 ] S B B e S TR E Y

[qNENTS

igp) apnpubely '(fiap] aseyd

Frequency (rad/sec)

58.59°.

0.591 and ¢ =

Using Eqgs. (4.39) and (10.73) a percent overshoot = 10 is equivalent to a ¢

-121.41° The

The phase-margin frequency = 1.933 rad/s where the phase is 58.59° — 180°

magnitude = 38.37 dB, or 82.85. Hence K

1/ 82.85 = 0.01207.

0.01207).

b. Plot the gain-compensated Bode plot (K

Zain compensated

Fraom: Ui1)

T - -1 -T-I-
T " r- - - aT T T T T
R il e e e e

L o e ey

T--r-f--Aa--t--r-
T T aT T T T T o
=-=Fr
L__L
1 1
t--r
1

e e e I A e
[

|
1
1
L L
-
-r
-r
-r
-
1
-+
1 1 1 1 1
B R P =y Byt
[ 1 1 1 1 1
1 1 1 1 1
B i T I A S
1 1 1 1 1 1 1 1
I 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 -
1 1 1 I I 1 1 I 1 =
[ = [ [ =2 =2 = = = =2 -
[} [} = w [=m] [ [ = =2
! ' ' T —_ ] o] =
[ h i |
CEIA oL

{ap) apnyubiey (Hap) aseyq

Frequency (rad/sec)
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The bandwidth, mgw, is the frequency at which the magnitude is —7dB. From the compensated plots,

this frequency is 3.9
C.

Amplitude

10K
OO = TEr)ers)

rad/s. Eq. (10.55), T, = 2.01 s. Using Eq. (10.57), T, =1.16 s.

Step Response
1l |

0.9 1

08} g

0.7 1

0.6 1

05 1

0.4} 1

03| 1

0.2} g

0.1 1

0 L L L L L
0 0.5 1 15 2 25

Time (sec.)

For Ky, =5, K = 2.5. Plot the Bode diagrams for this value of gain.

&0

a0
"‘\..,H
40

20 Ty

20 g

o A 1 10
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25.

-a0 -——
P
™
\\
-1z0 .
N
P

— \'\
'
2 N
£ -150
z
=
g b,
2 —130
& N

-210 \.\

B
N
\'\
-240
o1 R 1 10

w

The uncompensated system has unity gain at m = 2.04 rad/s. The phase is - 176.08° at this frequency
yielding a phase margin of 3.920. We want a 60° phase margin plus, after trial and error, a correction
factor of 200, or a total of 80°. Thus, the lead compensator must contribute 80° - 3.920 = 76.08°.
Using Egs. (11.11), and (11.12),

The value of beta is: 0.01490254
The |G(jwmax)| for the compensator is: 8.1916207
orin db: 18.2673967

The magnitude curve has a gain of - 18.27 dB at » = 5.27 rad/s. Therefore, choose this frequency as
the new phase margin frequency. Using Egs. (11.9) and (11.6), the compensator transfer function has

the following specifications:

T 1.55438723
zZero -0.6433403
pole -43.169841
gain 67.1026497

The compensated forward path is

_ 25%67.0(s+0.64)  _ _ 1677.5(s+0.64)
G(S) = S(s+1)(s+5)(5+43.17) — s(5+1)(5+5)(5+43.17)

10 2 .
G(s) = S(52+25+5)(5+3) Therefore, Kyg = 3 - We want Kyp = 30Ky = 20. Increasing K by 30
times yields
300
() = 5(s2+25+5)(s+3)

Plotting the Bode diagrams,
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92

70 ]

59 -

48 "“h“‘“

s Pl

26

dE
Y

—

0o R

=]

I
[}
[}

1
o
o

-100 =

-140

-1g0 \

-zz0 N
N

—260

Phase {deqress)

=300

0o o A i 10
w

For 11% overshoot, the phase margin should be 57.48°. Adding a correction, we will use a 65° phase

margin, or a phase angle of 1159, which occurs at o = 0.58 rad/s. The magnitude curve is 30.93 dB.
Thus the high-frequency asymptote of the lag compensator is - 30.93 dB. Drawing the lag-
compensator curve as shown on the magnitude curve, the break frequencies are found and the
compensator's transfer function is evaluated as
+0.058
Ge(s) = 25.86 X 103 1 goiE

. — 4.514e-06K
a. The equivalent forward transfer function is Gg(s) = m .

Ky =200 = % or K =1926500. Using Eq. (4.39), ¢ = 0.456. Using Eq. (10.55), ogw =

1.16. Using Eq. (10.73) with 150 additional, the required phase margin, breq = 63.150. Select a new

phase-margin frequency, opm = 0.8 wgyy = 0.93. Plot the Bode plots for K = 1926500.
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150
100F~———
m ¥ T
° L
of I
-50
10° 1072 10™ 10°
Frequency (rad/sec)
Gain compensated
-60 [
g 90 =
[
8 -120F \\
T S
N
-150 F N
\\
-180 F i
103 1072 10* 10° 10!

Frequency (rad/sec)

At opmy = 0.93, the phase, ¢ = -177.39. Hence, the phase required from the compensator, ¢c = req -
(180+¢) = 63.15 - (180 - 177.3) = 60.450. Using Eq. (11.11), p = 0.07.
DeSign Iag: Zc|ag = (x)pm/lo =0.093; pdag = Zc|ag* B =0.0065; Kc|ag = B =0.07. ThUS,

5+0.093
Gelag(s) = 0.07 535 0065 -

Design lead compensator: zc|ead=mpm*\/f3 = 0.25; pclead=Zclead/B = 3.57; Kclead=1/p = 14.29. Thus,

s+0.25
Gc|ead(5) =14.29 s+3.57
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The lag-lead compensated Bode plot:

200
\ﬁ‘h-

100 F =
= Hige 8
c ~~ 1
‘© .\\\
© o e

..______~.-.~~.
-100
10+ 10 102 101 10° 10? 102
Frequency (rad/sec)
Lag-lead Compensated
-60

2 N
&-1201 N\ ,/—"~\\\
o \\ / N

-150 | \\ // N

/ \\\—
-180 N~ —
10" 10°® 10 10" 10° 10" 10°
Frequency (rad/sec)

b.
Program:
K=1926500;

numg=4.514e-6;

deng=[1 0.04348 0];
G=tf(numg,deng);
numgclag=0.07*[1 0.093];
dengclag=[1 0.0065];
Geclag=tf(numgclag,dengclag);
numgclead=14_29*[1 0.25];
dengclead=[1 3.57];
Geclead=tf(numgclead,dengclead);
Ge=K*G*Gclag*Gclead;
T=feedback(Ge,1);

step(T)

title("Lag-lead Compensated®)
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217.

Computer response:

Lag-lead Compensated
1.4 T T

Amplitude

13

Time (sec)

From Chapter 8,
0.6488K (s+53.85)

Ge(s) =
(s> +8.119s + 376.3) ("2 + 15.47s + 9283)

Cascading the notch filter,

0.6488K (s+53.85)(s? + 165 + 9200)

Gels) =
(s* +8.119s + 376.3) (s"2 + 15.47s + 9283)(5+60)?

1 K. *53.85*9200
1+K,' 376.3*9283* 60°
K. =0.6488K = 228452. Let us use K, = 30,000 in designing the lead portion and we’ll make up the
rest with the lag. Plotting the Bode plot for K, = 30,000,

9. Thus,

Since €y, (o0) = Ky = 9 yields 10% error. Thus, K =
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Uncompensated

From: L7

Ad4 k- — - — =k — 4 - 4 4+

R EE R

00 f----

C1)s o)
{ap) apnuubiepy (Bap) aseyd

Freguency (radisec)

Design lead: The uncompensated phase margin = 10.29%. Assume a required phase margin of 45°.

The required phase margin, assuming a 30° correction is 75°. The phase contribution required from

the compensator is 75° — 10.29° = 64.71°. Using the inverse of Eq. (11.11), the compensator’s B

1
ﬁ = 4.457 =12.98 dB . The new phase margin

0.05033. Using Eq. (11.12), |G, (j@,z )|

frequency is where the uncompensated system has a magnitude of —12.98 dB, or .y = 44.65 rad/s.

. The plant is

19.87(s+10.02)
(s +199)

Using Egs. (11.6) and (11.9), the compensator is G4 (S)

. Draw the lead-compensated

228452(s + 53.85)(s? +165 + 9200)
(s+60)°(s” +8.119s + 376.3)(s* +15.47s + 9283)

Bode plot.

G(s)
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Lead Compensated

Frarm: LY

A0 f----

[ oL

(an) apnuubey (fap) aseyd

200 F-- - -

=300

10°

10*

10"

10°

Fraquency (radisec)

Design lag: The phase-margin frequency occurs where the phase is —135°, or at the required 45°

phase margin. From the lead-compensated Bode plots, this phase margin occurs at 43.64 rad/s. Let

the upper break of the lag compensator be one decade lower, or 4.364. Since the magnitude is 17.97

dB at the new phase-margin frequency, set the high-frequency asymptote of the lag compensator at —
17.97 dB. Draw a -20 dB/dec slope starting at 0.4364 rad/s and —17.96 dB and moving toward 0 dB.

At 0 dB locate the lag compensator’s low-frequency break, or 0.551. Thus,

~| —~
< |
(oM NTp]
M| W0
< | O©
+| +
L2le
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N
—
o
Il
o ey
o0
m|w
<|o
+| +
(703 BN(2)
~—| ~—
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o| <
Il
—~
w
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g
O

Check bandwidth: Draw the lag-lead compensated Bode diagram for G(s)Giag(S)Giead(S)-
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Lag-lead Compensated

Frarm: LY

==r==a=-=-=-rF-=--
B e 5 S S e S e

A00 f---
200 - - -

(gr) apnuubiepy (Bap) aseyd

Fraquency (radisec)

From the open-loop plot, the magnitude is at -7 dB at 70 rad/s. Hence, the bandwidth is sufficient. Also,

the lag-lead compensated Bode plot shows a phase margin of 40° . The transfer function,

G(S) = G(S)Gag(S)Giead(s) shows K, =9, or an error of 0.1. Thus all requirements have been met.



TWELVE

Design via State Space

SOLUTION TO CASE STUDY CHALLENGE

Antenna Control: Design of Controller and Observer

a. We first draw the signal-flow diagram of the plant using the physical variables of the system

as state variables.

1
18 Uopon 5 %3 g 5 €z g5 Zy nz

Writing the state equations for the physical variables shown in the signal-flow diagram, we

F

obtain
0 1 0 0

z=l0o -132 08 |z+]| o |u;y=[02 o0 0]z
0 0 -100 2000

The characteristic polynomial for this system is s> + 101.32s2 + 132s + 0. Hence, the A and B

matrices of the phase-variable form are

AX Bx
0 1 0 0
0 0 1 0
0 -132 -101.32 1

Writing the controllability matrices and their determinants for both systems yields
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CMz Controllability Matrix of z CMx Controllability Matrix of x
0 0 1600 0 0 1
0 1600 -162112 0 1 -101.32
2000 -200000 20000000 1 -101.32 10133.7424
Det(CMz) -5.12E+09 Det(CMx) -1

1600

where the system is controllable. Using Eq. (12.39), we find the transformation matrix and its

inverse to be

Transformation Matrix z=Px PINV
0 0 0.000625 0 0
1600 0 0 0.000625 0
2640 2000 0 -0.000825 0.0005

The characteristic polynomial of the phase-variable system with state feedback is

3+ (k3 + 101.32)s2 + (ko + 132)s + (k1 + 0)
For 15% overshoot, T = 2 seconds, and a third pole 10 times further from the imaginary axis than
the dominant poles, the characteristic polynomial is

(s +20)(s2 + 4s + 14.969) = s3 + 2452 + 94.969s + 299.38

Equating coefficients, the controller for the phase-variable system is

Kx Controller for x
299.38 -37.031 -77.32

Using Eq. (12.42), the controller for the original system is

Kz Controller for z
0.1871125 0.04064463 -0.03866

b. Using Kz, gain from 0, = - 0.1871125 (including gear train, pot, and operational amplifier); gain

from tachometer = - 0.04064463; and gain from power amplifier output = 0.03866.
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Tachometer
1 +10 %2 - F1
‘ 245 K
gain =1
=10 0. Fower 73 50y
arnp1, zl EU
=100
[(=+100)
T 250
3 M sec frad
-1 I:l n.2 Zl
1 turn %——h 250
— 0.6362Z3 +10
gain = 3.18

¢. Using the original system from part (a) and its characteristic polynomial, we find the observer

canonical form which has the following A and C matrices:

AX
-101.32 1 0
-132 0 1
0 0 0

Cx
1 0 0

Writing the observability matrices and their determinants for both systems yields

OMz Observability Matrix of z OMXx Observability Matrix of x
0.2 0 0 1 0 0
0 0.2 0 -101.32 1 0
0 -0.264 0.16 10133.7424 -101.32 1
Det(OMz) 0.0064 Det(OMXx) 1

where the system is observable. Using Eq. (12.89), we find the transformation matrix and its inverse to be

P Transformation Matrix z=Px PINV

5 0 0 0.20 0.00 0.00
-506.6 5 0 20.26 0.20 0.00
62500 -625 6.25 26.40 20.00 0.16

The characteristic polynomial of the dual phase-variable system with state feedback is
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s34+ (1] + 101.32)s2 + (Ip + 132)s + (13 + 0)

For 10% overshoot, p = 10n/14.969 = 38.69 rad/s, and a third pole 10 times further from the
imaginary axis than the dominant observer poles, the characteristic polynomial is

(s+228.72)(s2 + 45.743s + 1496.916) = s3 + 274.46s2 + 11959s + 3.4237x105

Equating coefficients, the observer for the observer canonical system is

Lx Observer for x
173.14

11827
342370

Using Eq. (12.92), the observer for the original system is

Lz Observer for z
865.7
-28577.724
5569187.5
d.
+10
1 turn
—D§ 2 K
Fower
amipl.
=100
(=+1000
| -1
|
4
.1 turn 250
gain=3 .18 ﬁ=l].3145
-1 +10 -
1
1

-28577.924

a569187.5
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e.

Program:

"Controller*

A=[0 1 0;0 -1.32 0.8;0 0 -100];

B=[0;0;2000];

C=[0.2 0 0];

D=0;

pos=input("Type desired %0S *);
Ts=input("Type desired settling time ");
z=(-10g(pos/100))/(sqgrt(pi~2+log(pos/100)72));

wn=4/(z*Ts); %Calculate required natural
%frequency.
[num,den]=ord2(wn,z); %Produce a second-order system that

%meets the transient response
%requirements.

r=roots(den); %Use denominator to specify dominant
%poles.

poles=[r(1) r(2) 10*real(r(1))];
%Specify pole placement for all
%poles.

K=acker(A,B,poles)

"Observer*

pos=input("Type desired %0S *);

z=(-1og(pos/100))/(sqgrt(pi~2+log(pos/100)"2));

wn=10*wn %Calculate required natural
%Frequency -
[num,den]=ord2(wn,z); %Produce a second-order system that

%meets the transient response
%requirements.

r=roots(den); %Use denominator to specify dominant
%poles.

poles=[r(1) r(2) 10*real(r(1))]1:%Specify pole placement for all
%poles.

I=acker(A",C",poles)”
Computer response:

ans =

Controller

Type desired %0S 15
Type desired settling time 2

K =
0.1871 0.0406 -0.0387
ans =
Observer
Type desired %0S 10
wn =
38.6899
1 =
1.0e+006 *
0.0009

-0.0286
5.5691
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ANSWERS TO REVIEW QUESTIONS

1. Both dominant and non-dominant poles can be specified with state-space design techniques.

2. Feedback all state variables to the plant's input through a variable gain for each. Decide upon a closed-
loop characteristic equation that has a pole configuration to yield a desired response. Write the
characteristic equation of the actual system. Match coefficients and solve for the values of the variable
gains.

3. Phase-variable form

4. The control signal developed by the controller must be able to affect every state variable.

5. If the signal-flow diagram is in the parallel form, which leads to a diagonal system matrix, controllability
can be determined by inspection by seeing that all state variables are fed by the control signal.

6. The system is controllable if the determinant of the controllability matrix is non-zero.

7. An observer is a system that estimates the state variables using information from the output of the actual
plant.

8. If the plant's state-variables are not accessible, or too expensive to monitor

9. An observer is a copy of the plant. The difference between the plant's output and the observer's output is
fed back to each of the derivatives of the observer's state variables through separate variable gains.

10. Dual phase-variable

11. The characteristic equation of the observer is derived and compared to a desired characteristic equation
whose roots are poles that represent the desired transient response. The variable gains of each feedback
path are evaluated to make the coefficients of the observer's characteristic equation equal the coefficients of
the desired characteristic equation.

12. Typically, the transient response of the observer is designed to be much faster than that of the
controller. Since the observer emulates the plant, we want the observer to estimate the plant's states rapidly.
13. Det[A-BK], where A is the system matrix, B is the input coupling matrix, and K is the controller.

14. Det[A-LC], where A is the system matrix, C is the output coupling matrix, and L is the observer.

15. The output signal of the system must be controlled by every state variable.

16. If the signal-flow diagram is in the parallel form, which leads to a diagonal system matrix, observability
can be determined by inspection by seeing that all state variables feed the output.

17. The system is observable if the determinant of the observability matrix is non-zero.
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SOLUTIONS TO PROBLEMS

1.
. _(s+3) 1 N
-G = (s+4)* s*+8s+16 (5+3)
a.
1
b.
C.
. 0 1 0
x:{ }x+{ }r ;y=[3 1]x
—(k, +16) —(k, +8) 1
d.

B S+3
s” +(k, +8)s+(k, +16)

T(s)
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X, = (20— 71.25k,)x, —71.25k,x, —71.25k,X, + 71.25r
X, =27.5K X, + (10X, +27.5K,)X, +27.5K,x, —27.5r

X, = —6.25K X, — 6.25K,%, —6.25k,X, + 6.25r

(=20-71.25k,) ~71.25k, ~71.25k, 71.25
A= 27.5k, (—10x,+27.5k,)  27.5k, |;B=|-275|;C=[1 1 1]
—6.25K, —6.25K, —6.25K, 6.25
200(s* +7s +25)

T(s)=
&=y (120 + 285k, — 110Kk, + 25k, )s> + (800 + 2850k, — 2200k, + 750K, )s -+ 5000K,

Part d. yields same result as i(d).

S 1
(s+5)(s+7) s> +125+35

*

i. G(s) =
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. 0 1 0
x:{ }x+{ }r ;y=[0 1]x
~(k, +35) —(k,+12)|" |1

d.
S
T(s)=—=
s”+(k, +12)s+(k, +35)
€.
T(s)=Cel-Ay'B: A=| ° Poleo%cofo 1
OV =CEI=ABA= L v3s) —a+12) [ P [ =0 1]

which yields the same result as ii(d).

20s(s+7) 1

iii. G(s) = * (20s”+140s)

(5+3)(S+7)(5+9) S +19s” +111s+189
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0 1 0 0
X = 0 0 1 X+[0|r ; y=[0 140 20]x
—(k, +189) —(k, +111) —(k, +19) 1

d.

20s(s+7)

T(S): 3 2
s*+(k; +19)s” +(k, +111)s+(k, +189)

€.

0 1 0 0

T(s)=CGI-A)'B;A=| 0 0 1 ;B=|0[;C=[0 140 20]
—(k, +189) —(k,+111) —(k,+19) 1
which yields the same result as iii(d).
v, G(s) = —As+DE+) ] * (30s” +150s +180)
(s+4)(s+5)(s+6) s +155"+74s+120

a.
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b.
Y
C.
0 1 0 0
x=| 0 0 I |x+0|r; y=[180 150 30]x
—(k, +120) —(k,+74) —(k, +15) 1
d.
T(s) = 30522+1505+180
s”+(k, +15)s™ +(k, + 74)s + (k, +120)
e.
0 1 0 0
T(s)=C(sl-A)'B; A= 0 0 | ; B=10 ;C:[180 150 30]
—(k, +120) —(k,+74) —(k,+15) 1

which yields the same result as iv(d).

s’ +85+15 _ 1
(s +4s+10)(s* +3s+12)  s*+7s’ +34s° +78s+120

v. G(s) = * (s> +8s+15)
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0 1 0 0 0
0 0 1 0 0
X= X+ [r;y=[15 8 1 0]x
0 0 0 1 0
~(k, +120) —(k,+78) —(k,+34) —(k,+7)| |1

s +8s+15

T(s)= 2 3 2
ST+ (k, +7)s” + (ks +34)s” + (k, +78)s+ (k, +120)
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0 1 0 0 0
T(s)=C(sl-A)'B; A= 0 0 ! 0 :B= 0 ;C=[15 8 1 0]

0 0 0 1 0

—(k, +120) —(k, +78) —(k,+34) —(k,+7) 1

which yields the same result as v(d).

i
a. The output is

Since,
y =(30s” +270s +420)x, = 30%, +270%, +420x, = 30X, + 270X, + 420X,
=30(=5X, + X;) +270x, + 420x, = 420X, +120x, + 30X,

0 1 0
T(s)=CsI-A)'B;A=| 0 -5 1 |;B=|0|;C=[420 120 30]
&k, —(k+3) 1
30(s+2)(s+7)

TE)=3 ;
s'(k, +8)s” +(5k, +k, +15)s+k,
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fo0 1 o | [o]
Ts)=C(sl —AY'B; A=l 0 0 1 kB=lolc=[3 1 1]
|k -k, Gk, +2] L5

B 5(s* +3s+7)
5" +(5k, +4)s” + (10k, + k, + 14)s +(50k, +k , +20)

_50(s* +7s+25) 625 275 L7125
s(s+10)(s+20) s s+10 s+20

G(s)
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b. Writing the state equations:

X, = ~20x, +71.25u

X, =—-10x, —27.5u

X, = 6.25U

But, u = -k1x7 - koxp - k3x3 + r. Substituting into the state equations,

X, = (20— 71.25k )X, — 71.25k, %, — 71.25k X, +71.25r
X, = 27.5K X, +(=10%, +27.5k, )X, +27.5k,X, — 27.5¢

X, = —6.25K X, —6.25k,X, —6.25k,X, + 6.25¢

Therefore, T(s) = C(sl - A)"1B, where

(-20-71.25k,) -71.25k, —71.25k, 71.25
A= 27.5k, (—-10x, +27.5k,)  27.5k, |;B=|-27.5|;C=[1 1 1]
—6.25k, —6.25k, —6.25k, 6.25
Hence,
2
T(s) 200(s” +7s+25)

" 45° 1 (120+ 285k, — 110k, + 25k, )s” + (800 + 2850k, — 2200k, + 750k, s + 5000k,
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Gy -0+ 50300 300

= = - +
(S+5)(s+6)(s+7) s+5 s+6 s+7

b. Writing the state equations:

>21 =-5x,+50u
X, = -6, — 300U

X, =—7X, +300u

But,

u=-kx, —Kx, —kKx, +r

Substituting into the state equations, collecting terms, and converting to vector-matrix form yields

[ ~(5+k)) 50k,  —=50k,] [ 50 ]

x=| 300k (300k,—6) 300k, Ix+|-300I
|-(00k +7) 300k, 300k, | | 300 |
y=[1 1 1]

Therefore, T(s) = C(sl - A)"!B, or

T(e)= 50s” +1750s + (6900 — 88200k, )
 §° +(300k; — 300k, +k, + 11)s” + 2(1475k, — 750k, + 3k —7350k,k +7350k,k, + 15)s

+ 300k, (23 —294Kk,)
4.
The plant is given by
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~ 20 ~ 20
(s+1)(s+3)(s+7) s +11s*+31s+21

G(s)

The characteristic polynomial for the plant with phase-variable state feedback is
s+ (k, +11)s” +(k, +31)s+(k, +21)=0
The desired characteristic equation is

(s+53.33)(s” +10.67s +106.45) = s° + 645> + 675.485 + 5676.98

based upon 10% overshoot, Tg = 0.5 second, and a third pole ten times further from the imaginary
axis than the dominant poles. Comparing the two characteristic equations,

K, =5655.98, k, = 644.48,and k, =53.

a. The system in controller canonical form is:

“4h-1 T%p-2 —41 T3 1
A 1 0 e 0 0 B 0 c E ]
oo Poor o [PTleT B 2 93 %
0 0 1 0 0

The characteristic equation of the plant is:
sh+agqsh-l +. . +ajs+ag=0
Forming the closed-loop system by feeding back each state variable and the input to u forming
u=-Kx+r
where
K=[k; ky ... kq]

and substituting u into the state equation, we obtain

X = AX+Bu =(A— BK)X+ Br
Forming A - BK:

r_(an_1+ kl) _(an_2+k2) _(a1+kn—1) _(ao+ kn)—|
| 1 0 0 0 |
A-BK=| : : : : L
[ 0 0 1 0 J

The characteristic equation is:
"+ (a1 +ks™! + (apy T ko). ..+ (a] +knp)s + (ag + kp) =0
Assuming a desired characteristic equation,
sp+ dpst! +dyost 2+ . +dysZ+dys+dg =9

Equating coefficients,
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di=ajt+kpi;1=0,1,2,..n-1
from which
kni =di—aj 1)
b. The desired characteristic equation is
s* +15.95° +136.08s +413.1=0
the characteristic equation of the plant is
s +557+45+0=0
Using Eq. (1) above, ks = d; — a;. Therefore, ks =dy—a;=413.1-0=413.1; k, =d; —a; = 136.08 —
4=132.08;k;=d,—a,=15.9-5=10.9. Hence,
K= [10.9 132.08 413.1]

Using Egs. (4.39) and (4.34) to find £ = 0.5169 and o, = 7.3399, respectively. Factoring the
denominator of Eq. (4.22), the required poles are -3.7942 + j6.2832. We place the third pole at -2 to
cancel the open loop zero. Multiplying the three closed-loop pole terms yields the desired
characteristic equation:

100s2 + 2200s + 4000
$3+8s2+19s+12

s3 +9.5885s2 + 69.0516s + 107.7493 = 0. Since G(s) = , the controller

-8 -19 -12
canonical formis A=| 1 0 0 [;B=|0|;C=[100 2200 4000]. The first row of A
0 1 0 0

contains the coefficients of the characteristic equation. Thus comparing the first row of A to the

desired characteristic equation and using the results of Problem 5, k1 = -(9.5885 - 8) = 1.5885;
ky =-(69.0516 - 19) = 50.0516; and k3 = -(107.7493 - 12) = 95.7493.

The plant is given by

20(s+2) 20s+40
G(s)= =3 2
s(s+4)(s+6) s +10s"+24s+0

The characteristic polynomial for the plant with phase-variable state feedback is
s* +(k, +10)s* + (k, +24)s + (k; +0)
The desired characteristic equation is
(5+20)(s> +45+11.45) =’ +245% +91.455+ 229

based upon 10% overshoot, T =2 seconds, and a third pole ten times further from the imaginary axis
than the dominant poles. Comparing the two characteristic equations,

k =229, k, =67.45,and k, =14.
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Drawing the signal-flow diagram,

n |~

Writing the state equations yields the following A matrix:

1 1 0
d = 0 -4 1
-k —-ka —[2+k3]

|51 - &| = 5+ [kz+ Bl 52+ [dkz+ Ko+ Bl 5+ &y

from which,

The desired characteristic equation is (s + 80)(s2 + 16s + 183.137) = s3 + 96s2 + 1463.1s + 14651

based upon 10% overshoot, T = 0.5 second, and a third pole ten times further from the imaginary
axis than the dominant poles. Comparing the two characteristic equations, , k1 = 14651, ko = 1095.1,

and k3 =90.

Expand G(s) by partial fractions and obtain

B 20 —1'67+ 5 667
S(s+4)(s+6) S s+4 s+6

G(s)

Drawing the signal-flow diagram with state feedback
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Writing the state equations yields the following system matrix:

~1.67k, -1.67k,  -1.67Kk
A=| -5k -Gk, +4) =5k
6.67k,  6.67k,  (6.67k,—6)

Evaluating the characteristic polynomial yields,
|s1—A|=(—6.67k; + 5k, +1.67k, +10)s” +(26.68K, + 30k, +16.7k, +24)s +40.08K,

From Problem 7, the desired characteristic polynomial is
s’ +24s” +91.455+229.

Equating coefficients and solving simultaneously yields

k =5.71, k, =—4.58,and k, =—4.10.

10.
Writing the state equation and the controllability matrix for the system yields
b b, -5b +b
-5 1 1 1 1 2
x:[l 3]X+ b |UiCm[B ABI=T
o 2 2 172

The controllability matrix has a zero determinant if by = b;.

11.
The controllability matrix is given by Eq. (12.26) for each of the following solutions:
a.
2 0 0 0o 1 -5
A=lo0o 2 o01|:;B=]1]:; CM =11 2 4 |;det CM = 0 ; system is uncontrollable
o 0 -3 1 1 3 9
b.
2001 0 0 0 1 -4
A=10 -2 01];B=1]:; CM =11 -2 4 |;det CM =-1; system is controllable
0o -3 1 1 -3
C.
-4 0 0 0o 2 -7
A=l0 0 1 1|:;B=|2]: CM =2 1 3| det CM =7; system is controllable
o o0 -3 1 1 -3 9
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12.

d.
4 1 0
0 0 1
S5 0 3
e.

f.
4 0
0 -5 0
0 0 -6

-4 17
1 -8 | ; det CM = -5; system is controllable

8 44

-2
4 ] ; det CM =0; system is uncontrollable

0 0 |;det C M =0; system is uncontrollable
-6 36

This system can also be determined uncontrollable by inspection.

Program:
I(d).

A=[-4 1 0;0 0 1;-5 0 -3]

B=[1;0;1]
Cm=ctrb(A,B)

Rank=rank(Cm)

pause

“(H"

A=[-4 0 0;0 -5 0;0 0 -6]

B=[1;0;1]
Cm=ctrb(A,B)

Rank=rank(Cm)

Computer response:

ans =
()
A =
-4 1
0 0
-5 0
B =
1
0
1
Cm =
1 -4
0 1
1 -8
Rank =

WkrOo

17

44



13.

14,
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ans =
™
A =
-4 0 0
0 -5 0
0 0 -6
B =
1
0
1
Cm =
1 -4 16
0 0 0
1 -6 36
Rank =
2
-8 -17 -10 1
From Eq. (12.46) we write the controller canonical form: A, =| 1 0 0 |; Be=]0].
0 1 0 0

The controllability matrices are found using Eq. (12.35). For the original system of Eq. (12.44),

0 0 1 1 -8 47
Cmz=/0 1 =3]|. For the controller canonical form, Cpec =|0 1 —8|. The transformation
I -1 1 0 0 1
00
matrix is, P = CMzCMcc! = |0 1 5 |. Comparing the first row of Age with the desired
1 7 10

characteristic equation, Eq. (12.50), Kcc=[-2 -4 10]. Transforming back to the original system,

K;=KgPl=[20 10 -2].

Drawing the signal-flow diagram for the plant in cascade form yields
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0 -8 1 0
0 0 -10 1

Writing the A and B matrices for the x (phase-variable) system,

AX Bx
0 1 0 0
0 0 1 0 Phase-Variable Form
-240 -134 -21 1

From the phase variable from, the characteristic polynomial is s3 + 21s2 + 134s + 240.

Finding the controllability matrices and their determinants for the z and x systems shows that there is

controllability,
CMz Controllability Matrix of z CMx Controllability Matrix of x
0 1 0 0 1
1 -18 0 1 -21
-10 100 1 -21 307
Det(CMz) -1 Det(CMXx) -1

Using Eq. (12.39), the transformation matrix P and its inverse are found to be

P Transformation Matrix z=Px PINV

0 0 1.00 0.00 0.00
3 1 0 -3.00 1.00 0.00
24 11 1 9.00 -11.00 1.00

Using the given transient requirements, and placing the third closed-loop pole over the zero at -6
yields the following desired closed-loop characteristic polynomial:
(s2 + 8s +45.78)(s + 6) = s> + 14s2 + 93.78s + 274.68
Using the phase-variable system with state feedback the characteristic polynomial is
$3 + (k3 + 21)s2 + (ko + 134)s + (k1 + 240)

Equating the two characteristic polynomials yields the state feedback vector for the x system as

Kx Controller for x
34.68 -40.22 -7
Using Eq. (12.42),
Kz Controller for z
92.34 36.78 -7
15.
Program:
A=[-3 1 0;0 -8 1;0 0 -10]; %Generate system matrix A

B=[0;0;1]; %Generate input coupling matrix B



16.

C=[3 1 0];
D=0;
Po=10;
Ts=1;

Solutions to Problems

%Generate output coupling matrix C
%Generate matrix D

%Input desired percent overshoot
%Input desired settling time

z=(-1og(Po/100))/(sqrt(pi~2+log(Po/100)"2));

wn=4/(z*Ts);
[num,den]=ord2(wn,z);
r=roots(den);

poles=[r(1) r(2) -6];

K=acker(A,B,poles)

Anew=A-B*K;

Bnew=B;

Cnew=C;

Dnew=D;
[numt,dent]=ss2tf(Anew,Bnew,Chew,

“T(s)*

T=tf(numt,dent)
poles=pole(T)

Computer response:
K =
92.3531 36.7844 -7.0000
ans =
T(s)
Transfer function:
-3.553e-015 s™2 + s + 6
SM3 + 14 M2 + 93.78 s + 274.7
poles =
-4.0000 + 5.45751

-4.0000 - 5.4575i
-6.0000

Expanding by partial fractions,
(s+6)

%Calculate required damping ratio
%Calculate required natural
%frequency

%Produce a second-order system that
%meets transient requirements
%Use denominator to specify
%dominant poles

%Specify pole placement for all
%poles.

%A few tries at the the third-pole
%value shows T(s) with a closed-
%loop zero at -7.

%Thus, choose the third pole to
%cancel this zero.

%Calculate controller gains in z-
%system

%Form compensated A matrix

%Form compensated B matrix

%Form compensated C matrix

%Form compensated D matrix

Dnew);

%Form T(s)

%Display label

%Display T(s)

%Display poles of T(s)

~0.085714 0.2 0.28571

G(s) =
(s+3)(s+8)(s+

10)  (s+3) (s+8) (s+10)

Writing the A and B matrices for the z system with kj's set to zero,

Az

Bz
0 0.085714

545
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0 -8 0 0.2
0 0 -10 -0.28571

Writing the A and B matrices for the x (phase-variable) system,

AX Bx

0 1 0 0

0 0 1 0 Phase-Variable Form
-240 -134 -21 1

From the phase variable from, the characteristic polynomial is s3 + 21s2 + 134s + 240.

Finding the controllability matrices and their determinants for the z and x systems shows that there is

controllability,
CMz Controllability Matrix of z CMx Controllability Matrix of x
0.085714 -0.257142 0.771426 0 0 1
0.2 -1.6 12.8 0 1 -21
-0.28571 2.8571 -28.571 1 -21 307
Det(CMz) 0.342850857 Det(CMXx) -1

Using Eq. (12.39), the transformation matrix P and its inverse are found to be

P Transformation Matrix z=Px PINV
6.85712 1.542852 0.085714 0.33 -0.50 -0.25
6 2.6 0.2 -1.00 4.00 2.50
-6.85704 -3.14281 -0.28571 3.00 -32.00 -25.00

Using the given transient requirements, and placing the third closed-loop pole over the zero at -6
yields the following desired closed-loop characteristic polynomial:
(s + 8s+45.78)(s + 6) = s> + 14s2 + 93.78s + 274.68
Using the phase-variable system with state feedback the characteristic polynomial is
3+ (k3 + 21)s2 + (kp + 134)s + (k1 + 240)

Equating the two characteristic polynomials yields the state feedback vector for the x system as

Kx Controller for x
34.7062 -40.2156 -7
Using Eq. (12.42),
Kz Controller for z

30.78443595 45.7845 65.78543678
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17.
Draw signal-flow diagram showing state variables, z, at the output of each subsystem and the state

variables, W, at the output of the integrators.

Recognizing that Z, = 6W, — 8W, +W; = —2W, + W,, we can write the state equations for w as

10 -2 17 [o]
w=l 0 -8 1 lw+lol

Lo o -3 [1]
y=[l 0 0w

Writing the relationship between z and W yileds

[1 0 0]
z=l0 2 1lw=P'w

o o 1]

1 0 0 |
P=l0 —05 05|

o o 1]

Converting the state equations in W to state equations in z, we use Eqgs. (5.87) and obtain the A matrix

Thus

and B vector as

Az Bz

-10 1 0 0
0 -8 3 1
0 0 -3 1

Writing the A and B matrices for the x (phase-variable) system,

AX Bx
0 1 0 0
0 0 1 0 Phase-Variable Form
-240 -134 -21 1

From the phase variable from, the characteristic polynomial is s3 + 2152 + 134s + 240

Finding the controllability matrices and their determinants for the z and x systems shows that there is
controllability,
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CMz

M
0
1
1

Det(CMz)

60
80

18.

Controllability Matrix of z CMx Controllability Matrix of x
1 -15 0 0 1
-5 31 0 1 21
-3 9 1 -21 307
-8 Det(CMx) -1

Using Eq. (12.39), the transformation matrix P and its inverse are found to be

Transformation Matrix z=Px PINV
1 0 -0.25 -0.13 0.13
16 1 2.50 0.75 -0.75
18 1 -25.00 -3.50 4,50

Using the given transient requirements, and placing the third closed-loop pole over the zero at -6

yields the following desired closed-loop characteristic polynomial:
(s + 8s +45.78)(s + 6) = 3 + 14s2 + 93.78s + 274.68
Using the phase-variable system with state feedback the characteristic polynomial is
3+ (k3 + 21)s2 + (ko + 134)s + (k1 + 240)

Equating the two characteristic polynomials yields the state feedback vector for the x system as

Kx Controller for x
34.68 -40.22 -7
Using Eq. (12.42),
Kz Controller for z
65.78 -10 3

Using Egs. (4.39) and (4.34) to find { = 0.5169 and ®, = 18.3498 respectively. Factoring the

denominator of Eq. (4.22), the required poles are -9.4856 + j15.708. We place the third pole 10 times
further at -94.856. Multiplying the three closed-loop pole terms yields the desired characteristic

equation: s3 + 114s2 + 2136s + 31940 = 0. Representing the plant in parallel form:

[0 0 0] [3.125]
A =l0 -4 0|, Bpar=|—6-25|;cpar=[1 1 1]. Using Eq. (12.26),
lo 0o -s] [3.125

[3.125 0 0 ]

CMpar = | —-6.25 25 -100 | , which is controllable since the determinant is 7812.5. Since
[3.125 25 200
[-12 =32 0] .

100
3 3 , the controller canonical form is A = 1 0 0 |; Bee =0 |;
S +12s8" +32s L 0 o 0

G(s) =
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rl -12 1 12—|
C=[0 0 100 ]. Using Eq. (12.26), CMcc = | 0 1 -12 |, which is controllable since the
0 O 1

determinant is 1. The first row of A¢c contains the coefficients of the characteristic equation.

Comparing the first row of A to the desired characteristic equation and using the results of Problem

5, (12 + ky) = 114; (32 + kp)=2136; and (0 + k3)=31940. Hence K¢ =[31940 2104 102]. The
[100 37.5 3.125]

| 0 -50 -6.25 |.Transforming back to the
Lo 125 3.125

transformation matrix is, P = CMparCMcc'l =

original system, Kpar = KecP! =[319.396 251.5184 216.2255].

19.
1

Ts(s+3)(5+7) S +108’ +215+0

G(s)

Writing the A and C matrices for the observer canonical system,

Az
-10 1 0
-21 0 1
0 0 0
Cz
1 0 0

The characteristic polynomial is s3 + 10s2 + 21s + 0.

Now check observability by calculating the observability matrix and its determinant.

OMz Observability Matrix of z

1 0 0

-10 1 0

79 -10 1
Det(OMz) 1

Using the given transient requirements, and placing the third closed-loop pole 10 times further from

the imaginary axis than the dominant poles yields the following desired characteristic polynomial:
(s +300)(s* +60s + 5625) = S* +360s” + 236255+ 1687500
Equating this polynomial to Eq. (12.67), yields the observer gains as:

Lz Observer for z
350

23604

1687500
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20.
Using Egs. (4.39) and (4.34) to find { = 0.5912 and o, = 19.4753 respectively. Factoring the

denominator of Eq. (4.22), the required poles are -11.513 £j15.708. We place the third pole 20 times
further at —230.26. Multiplying the three closed-loop pole terms yields the desired characteristic

equation: s3 +253.2852 + 5681.19s + 87334.19 = 0.
[-20 1 O] (0]
Representing the plant in observer canonical form: Aoc = | —-108 0 1 |; BOC :| 0
[-144 0 o] l10]

Coc=[1 0 O0]. The first column of Agc contains the coefficients of the characteristic equation.

E

Comparing the first column of Ag¢ to the desired characteristic equation and using Eq. (12.67), 11 =
253.28 -20=1233.28; 15 = 5681.19 - 108 = 5573.19; and 13 = 87334.19 - 144 = §87190.19. Hence,
Loc =[233.28 5573.19 87190.19]T.

21.

The A, L, and C matrices for the phase-variable system are:

o 1 0]
A=lo o 1|
lo —21 -10]
c=[1 0 0]
[, ]
L=l1, |
N
Hence,
[A+1 -1 0 1
i-a-Lcy=| I, 4 -1 |
I, 21 A+10]
or

|2 —(A-LC) =2 +(10+1)£ +21+10l +1,)A + 21, +101, +1)
From Problem 19, the desired characteristic polynomial is A3 + 36012 + 23625 + 1687500.
Equating coefficients yields:
10 +1, =360; (21+101, +1,)=23625; (21l +101, +1,) =1687500

Solving successively,

|, =350; I, = 20104; I, = 1479110
22.
The A, L, and C matrices for the phase-variable system are:
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0 1
A=L45 _14};(3:[2 1];L={

Hence,

|/1—(A—LC)|=”+2|' | -1 ]

2L +45 L +A+14

or

2+ QL+, +14)4 + (21, — 171, +45)
From the problem statement, the desired characteristic polynomial is A2 + 144A + 14400.

Equating coefficients yields,

@1, +1, +14) =144; (21, — 171, +45) =14400
Solving simultaneously,

|, =—671.2; |, =1472.4

The A matrix for each part is given in the solution to Problem 11. Each observability matrix is

calculated from Eq. (12.79).

a.
a0 1 3 g g

d=|0 -2 0 |:C=[558 Om=|-10 —10 10 | |On| = 0. unobservable
oo =3 a0 oM

b.
-2 1 0 3 ] a

d=ln -2 0 |;c=mos;Oom=|-10 5 -15 J-|C',-rr| =125;u:u|:userval:u]e
0o 0 -3 m -0 45

C.
-4 1 0 1 0o 0

a-la o 1 |se=(Lom;om=|-41 0 |; l:'l'rrl = 1 - observable
0 0 -3 e -4 1

d.
-4 1 0 1 oo

a1 o 1 l;e=(loo;om=l-41 0 [; G.-rr| = 1 . observable
-5 0 -3 e -4 1

e.

o 1 - = . —f10% . =1

"1'[—6 _SJ,E {1,0},Gm_|:D1JJ|DM| 1: observable

-4 0 0 111

A= 0 -5 0 |- C=(LLI:0om=|-4 -5 -6 |;|Onm| =-2;ocbservable
o 0 -6 16 25 3§

Program:

“@" )

A=[-2 0 1;0 -2 0;0 0 -3] %Form compensated A matrix

C=[5 5 5] %Form compensated C matrix

Om=obsv(A,C) %Form observability matrix

Rank=rank(Om) %Find rank of observability

Y%matrix
I(f).

A=[-4 0 0;0 -5 0;0 0 -6] %Form compensated A matrix
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25.

C=[1 1 1]
Om=obsv(A,C)
Rank=rank(0Om)

Computer response:

ans =
@
A =
-2 0 1
0 -2 0
0 0 -3
C =
5 5 5
Om =
5 5 5
-10 -10 -10
20 20 20
Rank =
1
ans =
™
A =
-4 0 0
0 -5 0
0 0 -6
C =
1 1 1
Om =
1 1 1
-4 -5 -6
16 25 36
Rank =
3

Representing the system in state space yields

. 0 1
x = X +
[_1 -2]

Using Eq. (12.79),

C C
1 2

Om

-C

%Form compensated C matrix
%Form observability matrix
%Find rank of observability

2 2
= - =+
and det OM c1 2C1C c2

2

) (c1-2<:2)_

Thus, the system is unobservable if ¢ = c3.
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26.
The A and C matrices for the system represented in cascade form is
Az
-20 1 0
0 -13 1
0 0 -5
Cz
1 0 0
The characteristic polynomial found from the transfer function of the plant is
s3 +38s2 + 425s + 1300
From this characteristic polynomial, we can write observer canonical form of the state equations. The
A and C matrices of the observer canonical form are given below as
AX
-38 1 0
-425 0 1
-1300 0 0
Cx
1 0 0
To test observability, we write the observability matrices for both systems and show that both
observability matrices have non zero determinants. Using Eq. (12.79),
OMz Observability Matrix of z OMx Observability Matrix of x
1 0 0 1 0 0
-20 1 0 -38 1 0
400 -33 1 1019 -38 1
Det(OMz) 1 Det(OMx) 1
Using Eq. (12.89), we obtain the transformation matrix, P, and its inverse as
P Transformation Matrix z=Px PINV
1 0 0 1.00 0.00 0.00
-18 1 0 18.00 1.00 0.00
25 -5 1 65.00 5.00 1.00

Using the characteristic polynomial given in the problem statement, the plant’s characteristic
equation, and Eq. (12.67), the observer for the observer canonical system is

Lx Observer for x
562
39575
1498700
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27.

Using Eq. (12.92), the observer for the cascade system is found to be

Lz Observer for z
562
29459
1314875
Program:
A=[-20 1 0;0 -13 1;0 0 -5]
B=[0;0;1]
C=[1 0 0]
D=0

poles=roots([1 600 40000 1500000])
L=acker (A" ,C",poles);

L

L-

Computer response:
A -

-20 1
0 -13
0 0 -

R o

LR OO

0
poles =
1.0e+002 *
-5.2985

-0.3508 + 0.40011i
-0.3508 - 0.4001i

ans

ans =
1.0e+006 *
0.0006

0.0295
1.3149
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28.
Expanding the plant by partial fractions, we obtain

1 _ 0.008333  0.017857 N 0.0095238
(S+5)(s+13)(s+20) B (s+95) (s+13) (s+20)

G(s)=

The A and C matrices for the system represented in parallel form is

Az

-5 0 0

0 -13 0

0 0 -20
Cz

1 1 1

The characteristic polynomial found from the transfer function of the plant is
s3 + 3852 + 425s + 1300
From this characteristic polynomial, we can write the observer canonical form of the state equations.

The A and C matrices of the observer canonical form are given below as

AX
-38 1 0
-425 0 1
-1300 0 0
Cx
1 0 0

To test observability, we write the observability matrices for both systems and show that both

observability matrices have non zero determinants. Using Eq. (12.79),

OMz Observability Matrix of z OMx Observability Matrix of x
1 1 1 1 0 0
-5 -13 -20 -38 1 0
25 169 400 1019 -38 1
Det(OMz) -840 Det(OMx) 1
Using Eq. (12.89), we obtain the transformation matrix, P, and its inverse as
P Transformation Matrix z=Px PINV
0.2083333 -0.04166667 0.008333333 1.00 1.00 1.00
-3.017857 0.232142857 -0.01785714 33.00 25.00 18.00
3.8095238 -0.19047619 0.00952381 260.00 100.00 65.00

Using the characteristic polynomial given in the problem statement, the plant’s characteristic

equation, and Eq. (12.67), the observer for the observer canonical system is

Lx Observer for x
562
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39575
1498700

Using Eq. (12.92), the observer for the parallel system is found to be

Lz Observer for z
10957.29167
-19271.4821
8876.190476
29.
Use Eqgs. (4.39) and (4.42) to find { = 0.5912 and o, = 135.328 respectively. Factoring the

denominator of Eq. (4.22), the required poles are -80 +j109.15. We place the third pole 10 times
further at -800. Multiplying the three closed-loop pole terms yields the desired characteristic
equation:

$3 +960s2 + 146313.746s + 14650996.915 = 0.

-18 1 0
. _ 50 . . . B )
Since G(s) = 3118521995 1 162 ° the plant in observer canonical form is: A, =| =99 0 1 |;
-162 0 0
1 0 0
Boc=| 0 |;Coc=[1 0 O0].Using Eq. (12.79), Opmoc =|—18 1 0|, which is observable since
50 225 —18 1
the determinant is 1. Since G(s) = 20 the phase-variable form is
' §3+ 1852 +99s + 162 7 PHASEY
0 1 0 0
Ap = 0 0 1 [;Bp=[0;C=[50 0 0].UsingEq. (12.79),
-162 -99 -18 1
50 0 O
Ompv=|0 50 0 |, whichis observable since the determinant is 125000. The first column of
0 0 50

Agc contains the negatives values of the coefficients of the characteristic equation. Comparing the
first column of Ag to the desired characteristic equation and using Eq. (12.67), 11 = 960-18 = 942; I
=146313.746-99 = 146214.746; and 13 = 14650996.915-162= 14650834.915. Hence,

Loc=1[942 146214.746 14650834.915]. The transformation matrix is,

0.02 0 0
P =Ompv1OmMoc=|-0.36 0.02 0
45 -0.36 0.02

Transforming back to the original system, Lpy = PLoc = [18.84 2585.175 244618.39]T.
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s+2

The open-loop transfer function of the plant is T(s) = C(sl-A)"1B = 20

Using Egs. (12.115), the closed-loop state equations with integral control is

1 -1 1 0 A7 o A1
B = -k1 -R2+2 0 Re || w2 +[D]r" ¥ =[1 L0 =2
AN -1 -1 0 aw | o1 e

The characteristic polynomial is
3+ (ko-1)s2 + (kp + k1 + ke - 2)s + 2ke
The desired characteristic polynomial is calculated from the desired transient response stated in the
problem. Also, the third pole will be placed to cancel the zero at -2. Hence, the desired characteristic
polynomial is
(s +2)(s2+ 165+ 183.137) =53 + 1852 + 215.14s + 366.27
Equating coefficients of the characteristic polynomials yields,
ke = 183.135, k2 =19, k1 = 15.005

31.
s+3

_ . . _ _ _1 2 7
The open-loop transfer function of the plant is T(s) = C(sI-A)™'B 2175110 °

Using Egs. (12.115), the closed-loop state equations with integral control is

%1 —a 1 0 A7 o x1
g | = -k1 -[5+k2] ke %3 +[III]:-" oy =L 10 =2
AN -1 -1 0 aw | o1 e

The characteristic polynomial is
3+ (kg + 7)s2 + (2kp + k| + ke + 10)s + 3ke
The desired characteristic polynomial is calculated from the desired transient response stated in the
problem. Also, the third pole will be placed to cancel the zero at -3. Hence, the desired characteristic
polynomial is
[z+ F) (52 + 165+ 183.14) = 57 + 1952+ 231,14 5+ 549,41

Equating coefficients of the characteristic polynomials yields,

ke = 183.137, ko = 12, k| = 14.003
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SOLUTIONS TO DESIGN PROBLEMS

32.

33.

Writing the A and B matrices for (G(s) represented in phase-variables form,

A B

0 1 0 0

0 0 1 0
1.30E+06 4551 -286 10

From the phase-variable from, the characteristic polynomial is s3 + 286s2 - 4551s - 1301586.

Finding the controllability matrix and it’s determinant shows that there is controllability,

CM
0 0 10
0 10 -2860
10 -2860 863470
Det(CM) -1000

Using the given transient requirements, and arbitrarily placing the third closed-loop pole more than 5
times further than the dominant pair at -50 yields the following desired closed-loop characteristic
polynomial:

(s2 + 165 + 134.384)(s + 50) = s3 + 6652 + 934.4s + 6719.2

Using the phase-variable system with state feedback the characteristic polynomial is

s3 + (k3 + 286)s2 + (kp - 4551)s + (ki - 1301586)
Equating the two characteristic polynomials yields the state feedback vector for the phase-variable
system as

K
1308305.2 5485.4 -220

Controller design:

The transfer function for the plant is

5 5
G0 = (570.4)(5H0.8)(515) ~ 534625246325+ 1.6

The characteristic polynomial for the plant with phase-variable state feedback is
$3+ (6.2 +k3)s2 + (6.32 + ko)s + (1.6 + kp)
Using the given transient response of 5% overshoot and Tg = 10 minutes, and placing the third pole

ten times further from the imaginary axis than the dominant pair, the desired characteristic equation is
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(s+4)(s2+0.8s +0.336) = s3 + 4.852 + 3.536s + 1.344.
Comparing the two characteristic equations, k; = - 0.256, ky =-2.784, and k3 = -1.4.

Observer design:

The A and C matrices for the system represented in phase-variable form is

Az
0 1 0
0 0 1
-1.6 -6.32 -6.2
Cz
| 5 | 0 I 0 |

The characteristic polynomial found from the transfer function of the plant is
s34+ 6252+ 6325+ 1.6
From this characteristic polynomial, we can write the dual phase-variable form of the state equations.

The A and C matrices of the dual phase-variable form are given below as

AX
-6.2 1 0
-6.32 0 1
-1.6 0 0

Cx

1 0 0

To test observability, we write the observability matrices for both systems and show that both

observability matrices have nonzero determinants. Using Eq. (12.79),

OMz Observability Matrix of z OMx Observability Matrix of x
5 0 0 1 0 0
0 5 0 -6.2 1 0
0 0 5 32.12 -6.2 1
Det(OMz) 125 Det(OMx) 1

Using Eq. (12.89), we obtain the transformation matrix, P, and its inverse as

P Transformation Matrix z=Px PINV

0.2 0 0 5.00 0.00 0.00
-1.24 0.2 0 31.00 5.00 0.00
6.424 -1.24 0.2 31.60 31.00 5.00

Using the characteristic polynomial given in the problem statement, the observer for the dual phase-

variable system is



560 Chapter 12: Design via State Space

34.

Lx
41.8
347.28
1342.4

Using Eq. (12.92), the observer for the cascade system is found to be

Lz
8.36
17.624
106.376
a. Using the following signal-flow graph,
-1 L L
800 s X3 20000 s x2 1 s X1

u y

the plant is represented in state space with

0 1 0 0
A={0 -100 20000|;B=| 0 [;andC=[1 0 O]
0 0 -800 800
Using Eq. (12.26),
0 0 L.L6EO7

Cuw=| 0 L6E07 -1.44EI10
800 —6.4E05 5.12E08
The system is controllable since the determinant of Cpg = -2.04e!l7. Use Eqgs. (4.39) and (4.42) to find
€= 0.5912 and o, = 135.3283 respectively. Factoring the denominator of Eq. (4.22), the required
poles are -80 +j109.15. Place the third pole 10 times farther at = 800. Multiplying the three closed-
loop pole terms yields the desired characteristic equation
s3 +960s2 + 1.463E05s + 1.4651E07 = 0.

Since the plant's characteristic equation is s> + 900s2 + 80000s, we write the plant in controller

canonical form as

~900 —80000 0 1
Ae=| 1 0 0|;Bg=|0[;andCcc=[0 0 1.6E07]
0 10 0

The controllability matrix for controllable canonical form is

1 -900 730000
Cwvee=|0 1 =900
0 0 1
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Comparing the first row of A to the desired characteristic equation and using the results of Problem
5,k1 =-(900 - 960) = 60; ko = -(80000 - 1.463E05) = 66300; and k3 = -(0 - 1.465E07) = 1.465E07.
Hence.

Kee =[60 66300 1.465E07]
The transformation matrix is,

0 150 1.6E07
P=CMCmcc!=| 0 L6E0O7 0
800 8E04 0

Transforming back to the original system,
K = KccP! =[9.1569E-01 3.7696E-03 7.5E-02]

The controller compensated system is

0 1 0 0
A-BK= 0 -100  20000|;B=| 0 |;C=[1 0 0]
—732.55 -3.0157 -860 800

b. To evaluate the steady-state error, use Eq. (7.89) where

0 1 0
A-BK= 0 -100 20000
—732.55 -3.0157 860

is the system matrix. Thus,

(s1-[A-BK] =

s 21960 s +1.4631 x105 s +860 20000
S > 1 - — 14651040 $ 24860 s 20000 s
§°+960s “+1.4631x107 s +14651040 | _73355 5 —73255 ~3.0157 s —732.55 $2+100 s

The steady-state error is given by
sRES)[1-C (s 1 -[A -B K])"!BJass>0
For a step input, R(s) = 1/s. Since

1-C(s1-[A-BK]!'B=1- 1 -16000000
$34960s 2+1.4631x10° s + 14651040

for a step input e(o0) = -0.092073. Using Eqgs. 12.115, the system with integral control is:

0 1 0 0
0
Al - 0 -100 20000 0 B, |0 |
—800 K 1 —800 K  —800 K 3—800 800 K ¢ 0
-1 0 0 0 1
c =(1,0,0,0)

Assume the following desired characteristic equation:
(s3 +960s2 + 1.463E05s + 1.4651E07)(s + 1000) =
s 4419605 3+1.1063x10°s 2+ 1.6096x108 s +1.4651x1010 =,
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which is the desired characteristic equation from part (a) plus an additional pole at -1000. But the

integral controlled system characteristic equation is

sl - Ajl=s4+100 (8K 3+9)s 3+80000 (K 3+200 K 5+1)s 2+16000000 K 1 s + 16000000 K ¢
Equating coefficients to the desired characteristic equation

100 (8 K 3+9) = 1960; 80000 (K 3+200K 5+1) = 1.1063x10°; 16000000K | = 1.6096x108;
16000000 K ¢ = 1.4651x1010

Solving for the controller gains: K ¢ =915.69; K | =10.06; K 2 =0.05752; and K 3 =1.325.

Substituting into A| yields the integral controlled system.

0 1 0 0 .
N ~100 20000 O B =]%fcy =(1.000)
-8048.2 ~46.016 1860  7.3255 x10° (1)
-1 0 0 0

Finding the characteristic equation as a check yields

s 4+19605 3+1.1063x10% s 2+1.6096x108 s +1.4651x1010
which checks with the desired characteristic equation. Now check the steady-state error using
Eq. (7.89) using the integral controlled system. We find the error is zero.

c
Program:
"Controller Compensated*®
A=[0 1 0;0 -100 20000;-732.55 -3.0157 -860];
B=[0;0;800];
C=[1 0 01;
D=0;
S=ss(A,B,C,D)
step(S)
title("Controller Compensated®)
pause
"Integral Controller-
A=[0 1 0 0;0 -100 20000 0;-8048.2 -46.016 -1860 7.3255e05;-1 0 0 0];
B=[0;0;0;1];
C=[1 0 0 0];
D=0;
S=ss(A,B,C,D)
step(S)
title("Integral Controller®)

Computer response:
ans =

Controller Compensated

a=
x1 x2 X3
x1 0 1 0
x2 0 -100 2et+004
x3 -732.5 -3.016 -860



ul
xl O
x2 0
x3 800

C:
x1 x2 x3
yl 1 00

d=
ul
yl 0
Continuous-time model.

ans =

Integral Controller

x1 x2

x1 0 1
x2 0 -100
x3 -8048  -46.02
x4 -1 0
b=

ul
x1 O
x2 0
x3 0
x4 1
c=

x1 x2 x3 x4
yl. 1000
d=

ul
yl 0

Continuous-time model.

x3 x4
0 0
2e+004 0

0

-1860 7.326e+005
0

Solutions to Design Problems 563
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Controller Compensated
1 4 T T T T T T

4]
=
=
&
0 1 | 1 | | |
1] 0.0 0.0z 0.03 0.04 0.05 0.06 0.07
Time [zec)
Irtegral Contraller
1 4 T T T T T T
121 —
L1k}
=
=
g
|:| 1 1 1 1 1 1
1 0.m .oz 0.0z 0.04 0.05 0.08 0.07

Time (sec)
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Program:

%Enter G(s)

numg=0.072*conv([1 23],[1 0.05 0.04]);
deng=conv([1 0.08 0.04],poly([0.7 -1.71));
IG(S) -

G=tf(numg,deng)

"Plant Zeros~

plantzeros=roots(numg)

%Input transient response specifications
Po=input("Type %0S *);

Ts=input("Type settling time ")

%Determine pole location
z=(-log(Po/100))/(sqrt(pi~2+log(Po/100)"2));
wn=4/(z*Ts);

%wn=pi/(Tp*sqrt(1-z"2));
[num,den]=ord2(wn,z);

r=roots(den);

poles=[r(1) r(2) plantzeros(2) plantzeros(3)]
characteristiceqdesired=poly(poles)

%Find controller canonical form of state-space representation of G(s)
"Controller Canonical Form®
[Ac Bc Cc Dc]=tf2ss(numg,deng)

%Design controller gains

Kc=acker (Ac,Bc,poles)

Acnew=Ac-Bc*Kc

Bcnew=Bc

Ccnew=Cc

Dcnew=Dc
characteristiceqcontroller=poly(eig(Acnew))

%Transform to phase-variable form
P=[0 00 1;0010;0100;100 0];
"Phase-variable form*®
Ap=inv(P)*Ac*P

Bp=inv(P)*Bc

Cp=Cc*P

Dp=Dc

Kp=acker (Ap,Bp,poles)
Apnew=Ap-Bp*Kp

Bpnew=Bp

Cpnew=Cp

Dpnew=Dp
characteristiceqphase=poly(eig(Apnew))
[numt,dent]=ss2tf(Apnew,Bpnew,Cpnew,Dpnew) ;
T=tf(numt,dent);

"T(s)"

T=minreal (T)

step(T)

IT(S) -

Tzpk=zpk(T)

"Poles of T(s)"

p=pole(T

Computer response:
ans =
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G(s)

Transfer function:
0.072 s™"3 + 1.66 s™2 + 0.08568 s + 0.06624

s + 1.08 s”"3 - 1.07 s”2 - 0.0552 s - 0.0476

ans =

Plant Zeros

plantzeros =
-23.0000
-0.0250 + 0.1984i
-0.0250 - 0.1984i

Type %0S 10
Type settling time 0.5

poles =

-8.0000 +10.9150i -8.0000 -10.9150i -0.0250 + 0.1984i -0.0250 -
0.19841
characteristiceqdesired =

1.0000 16.0500 183.9775 9.7969 7.3255

ans =

Controller Canonical Form

Ac =
-1.0800 1.0700 0.0552 0.0476
1.0000 0 0 0
0 1.0000 0 0
0 0 1.0000 0
Bc =
1
0
0
0
Cc =
0.0720 1.6596 0.0857 0.0662
Dc =



14.9700 185.0475 9.8521
Acnew =
-16.0500 -183.9775 -9.7969
1.0000 0 0
0 1.0000 0
0 0 1.0000
Bcnew =
1
0
0
0
Ccnew =
0.0720 1.6596 0.0857
Dcnew =
0

characteristiceqcontroller =

1.0000 16.0500 183.9775

ans =

Phase-variable form

Ap =
0 1.0000 0
0 0 1.0000
0 0 0
0.0476 0.0552 1.0700
Bp =
0
0
0
1
Cp =
0.0662 0.0857 1.6596
Dp =
0

Kp

7.3731

-7.3255

0.0662

9.7969

1.0000
-1.0800

0.0720

Solutions to Design Problems 567

7.3255
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7.3731 9.8521 185.0475 14.9700

Apnew =
0 1.0000 0 0
0 0 1.0000 0]
0] 0] 0] 1.0000
-7.3255 -9.7969 -183.9775 -16.0500
Bpnew =
0
0
0]
1
Cpnew =

0.0662 0.0857 1.6596 0.0720

Dpnew =

characteristiceqphase =

1.0000 16.0500 183.9775 9.7969 7.3255

ans =

T(s)

Transfer function:
0.072 s + 1.656

sN"2 + 16 s + 183.1

ans =

T(s)

Zero/pole/gain:
0.072 (s+23)

(s"2 + 16s + 183.1)

ans =

Poles of T(s)

p:

-8.0000 +10.91501
-8.0000 -10.9150i
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Step Response
ooz T T T T T T

0.m

0.00s

0006

Amplitude

0004

.00z

0 1 1 1 1 1 1
0 0 nz 03 0.4 0.5 05 0.y

Time (zec)

Program:

%Enter G(s)

numg=0.072*conv([1 23],[1 0.05 0.04]);
deng=conv([1 0.08 0.04],poly([0.7 -1.7]));
"Uncompensated Plant Transfer Function*
IG(S) -

G=tf(numg,deng)

"Uncompensated Plant Zeros”
plantzeros=roots(numg)

%Input transient response specifications
Po=input("Type %0S *);

Ts=input("Type settling time ");

%Determine pole location
z=(-1og(Po/100))/(sqrt(pi~2+log(Po/100)"2));
wn=4/(z*Ts);

Ywn=pi/(Tp*sqrt(1-z"2));

[num,den]=ord2(wn,z);

r=roots(den);

"Desired Observer Poles”

poles=[r(1) r(2) plantzeros(2) plantzeros(3)]"
"Desired Characteristic Equation of Observer”

poly(poles)

%Find phase variable form of state-space representation of Estimated Plant
%Find controller canonical form
[Ac Bc Cc Dc]=tf2ss(numg,deng);

%Transform to phase-variable form of Uncompensated Plant
P=[0 00 1;001 0;0100;1000];

"Phase-variable form of Estimated Plant”

Ap=inv(P)*Ac*P
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Bp=inv(P)*Bc
Cp=Cc*P
Dp=Dc

%Design observer gains for phase variables
"Observer gains*
Lp=acker(Ap*®,Cp~",poles)*
"Error System Matrix®
Aep=Ap-Lp*Cp
"Error System Eigenvalues®

eig(Aep)
"Error Characteristic Polynomial*

poly(eig(Aep))

Computer response:
ans =

Uncompensated Plant Transfer Function

ans =

G(s)

Transfer function:
0.072 s™3 + 1.66 s™2 + 0.08568 s + 0.06624

s + 1.08 s”"3 - 1.07 s”2 - 0.0552 s - 0.0476

ans =

Uncompensated Plant Zeros

plantzeros =
-23.0000
-0.0250 + 0.1984i
-0.0250 - 0.1984i

Type %0S 10
Type settling time 0.5/15

ans =

Desired Observer Poles

poles =
1.0e+002 *
-1.2000 - 1.6373i
-1.2000 + 1.63731
-0.0003 - 0.0020i
-0.0003 + 0.0020i
ans =

Desired Characteristic Equation of Observer
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ans =
1.0e+004 *

0.0001 0.0240 4.1218 0.2070 0.1648

ans =

Phase-variable form of Estimated Plant

Ap =
0 1.0000 0 0
0 0 1.0000 0
0 0 0 1.0000
0.0476 0.0552 1.0700 -1.0800
Bp =
0
0
0
1
Cp =

0.0662 0.0857 1.6596 0.0720

ans =

Observer gains

Lp =
1.0e+004 *

-0.0002

Error System Matrix

Aep =
1.0e+004 *

0.0000 0.0001 0.0003 0.0000
-0.0003 -0.0004 -0.0071 -0.0003
0.0065 0.0084 0.1636 0.0072
-0.1722 -0.2227 -4.3139 -0.1873
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ans =

Error System Eigenvalues

ans =
1.0e+002 *
-1.2000 + 1.6373i
-1.2000 - 1.6373i
-0.0003 + 0.00201%
-0.0003 - 0.0020i
ans =

Error Characteristic Polynomial

ans =
1.0e+004 *

0.0001 0.0240 4.1218 0.2070 0.1648

37.
a. Using Eqs. (12.115), the system with integral control is:

0 1 0 0 0

0 0 1 0 0 8]
Ay = 0 0 0 1 0 By =|of;
“K [ +0.0476 —K 2+0.0552 —K3+1.07 K 4-1.08 K e (1)
—0.06624 —0.08568 ~1.6596 ~0.072 0

C =(1,0,0,0,0)
Assume the following desired characteristic equation,

(s +8+10.915i ) (s +8-10.9151 ) (s +0.025+0.1984i ) (s +0.025-0.1984i ) (s +23) =
$°+39.055 4+553.135 3 +4241.35 2+232.65s +168.43

which is the desired characteristic equation from Problem 35 plus an additional pole at -23, the

closed-loop zero. But the integral controlled system characteristic equation is |sl - Aj| =

s 5+ (K 4+1.08) s 4+ (K 340072 K ¢ =1.07) s 3+ (K 2+1.6596 K ¢ —0.0552) s 2+ (K | +0.08568 K ¢ —0.0476)'s
+0.06624 K ¢
Equating coefficients to the desired characteristic equation
K 4+1.08 =39.05; K 3+0.072 K ¢ —1.07 =553.13; K 2 +1.6596 K ¢ —0.0552 =4241.3;
K 1+0.08568 K ¢ —0.0476 =232.65; and 0.06624 K o = 168.43
Solving for the controller gains
K1=14.829; K =21.328; K3 =371.12; K 4 =37.97 and K ¢ =2542.8

Substituting into A| yields the integral controlled system,
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0 1 0 0

0 0
0 0 | 0 0 0

Ay = 0 0 0 1 0 By =|o
_14781 —21272 —370.05 —39.05  2542.8 0
—0.06624 —0.08568 —1.6596 —0.072 0 1

C 1 =1(0.06624,0.08568,1.6596,0.072,0)

Finding the characteristic equation as a check yields

$9+39.055 4+553.135 3+4241.35 2+232.655 +168.43
which checks with the desired. Now check the steady-state error using Eq. (7.89) using the integral
controlled system. We find the error is zero.
b.

Program:
%Design with Integral Control

"State-Space Representation of System with Integral Control*
AIE[01 000;00100;00010;...

-14.781 -21.272 -370.05 -39.05 2542.8;...

-0.06624 -0.08568 -1.6596 -0.072 0]

BI=[0;0;0;0;1]

CI=[0.06624 0.08568 1.6596 0.072 0]

DI=0

%Convert to transfer function
[numt,dent]=ss2tf(Al,BI,Cl1,Dl);

"Integral Control Transfer Function®
“T(s)"

T=tf(numt,dent)

"Integral Control Transfer Function Zeros”
roots(numt)

"Integral Control Transfer Function Poles”
roots(dent)

step(T)

title("Step Response with Integral Controller®)

Computer response:
ans =

State-Space Representation of System with Integral Control

Al =
1.0e+003 *
0 0.0010 0 0 0
0 0 0.0010 0 0
0 0 0 0.0010 0
-0.0148 -0.0213 -0.3700 -0.0390 2.5428
-0.0001 -0.0001 -0.0017 -0.0001 0
Bl =

OO0 O0OOo
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1
Cl =
0.0662 0.0857 1.6596 0.0720 0
DI =
0
ans =

Integral Control Transfer Function

ans =

T(s)

Transfer function:
-1.421e-014 s™4 + 183.1 s™"3 + 4220 s™2 + 217.9 s + 168.4

sN5 + 39.05 s™4 + 553.1 s™"3 + 4241 sN2 + 232.6 s + 168.4

ans =

Integral Control Transfer Function Zeros

ans =
1.0e+016 *

1.2883
-0.0000
-0.0000 + 0.0000i
-0.0000 - 0.0000i

ans =

Integral Control Transfer Function Poles

ans =

-22.9998
-8.0001 +10.9151i
-8.0001 -10.9151i
-0.0250 + 0.19841i
-0.0250 - 0.1984i



Solutions to Design Problems 575

Step Response with Integral Contraller
1 4 T T T T T T

Amplitude

) 1 1 1 1 1 1
1] 04 0z 0.3 0.4 03 0.5 oy

Time (zec)

38.
a

The open-loop block diagram is

Yh-Ycat
Spring

displacement

Desired Input F, '

foree 1 voltage 1 up 0.7883 (s+53.85) Foul
l 100 ’ 1000 P> 52300 —’

(s +15.47s + 9283 )(S'+ 8.119 s+ 376 .3)

Input Actuator Pantograph Spring
transducer dvnamics

From Chapter 3, the state-space representation for [Ypn(s) — Ycad(8)]/Fup(s) is

[0 1 0 o 1 T ]
29353 -14286 76923 14286 | | |

0 0 0 1 KT oo
40698  7.5581 -406.98 -93023| [0.0581]

y=[0.94911 0 0 O0]x

0
0
f

up

4 |
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(Vi ]

1y, |

where y =y, - year and X = | |
Ye

i
Let v; represent the input voltage shown on the diagram. Thus,
fup = vi/1000.
Also, fou = 82300(y} - Year)-

Thus,
fou = 82300y

Substituting f,, and f,,; into the state-equations above yields

[0 1 0 o177 o ]
9353 -14.286 769.23 14.286 | | 0 |
0 0 0 T o I S

40698 7.5581 -406.98 -93023| |0.0581x10° ]

fue =[78,112 0 0 O]x

]
XY=

407 - 0.0000581 k1 , 7.56 - .0000581 k2 , -407 - 0.0000581 k3 , -9.30 - 0.0000581 k4]

Thus,
[ o 1 0 0
| 9353  -14.286 769.23 14.286 |
A=l 0 0 1|
L406.98 7.5581 -406.98 -9.3023J
U
sl 0
)
[ 0.0581x10° |
K=[k k k k]
Hence,
A-BK =
[0,1,0,0
[-9350,-14.3,769,14.3
[0,0,0,1
[
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and

| A-BK|=s" +(0.0000581 k4 + 23.60) s
+(0.00083083 k4 + 0.00083083 k2 + 9781.882 + 0.0000581 k3) s
+(0.00083083 k1 + 81141.36 + 0.543235 k4 + 0.00083083 k3 + 0.0446789 k2) s
+(0.0446789 k1 +0.3492467 107 + 0.543235 k3)
Input transient response specifications,
Po=20
Ts=1
yields poles at
-4.0000 + 7.80791, -4.0000 - 7.8079i, -53.8500, -50.0000
Thus, the desired characteristic equation is
s* + 1125’ +3600s” +29500s + 207000 = 0
We now equate the coefficients of |A-BK| to the coefficients of the desired characteristic equation.

For compactness we solve for the coefficients, K, using the form FK = G, where

F=
0 0 0 0.0000581
0 0.00083083 0.0000581 0.00083083
0.00083083 0.0446789 0.00083083 0.543235
0.0446789 0 0.543235 0
and
G=
88.4
—6181.882
-51641.36
-3285467
Solving for K using K = F'G
K=
-4.8225e8
-0.1131e8
0.3361e8
0.0152e8
b.
Integral Control Design
A=
1.0e+03 *
0 0.0010 0 0
-9.3530 -0.0143  0.7692 0.0143
0 0 0 0.0010
0.4070 0.0076  -0.4070 -0.0093
B=
1.0e-04 *
0
0
0

0.5810
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C=
78112 0 0 0
Aaug = A-BK =
[0,1.,0,0,0
[-9350.,-14.3,769.,14.3,0
[0,0,0,1.,0
[407. - 0.0000581 k1, 7.56 - 0.0000581 k2 , -407. - 0.0000581 k3 ,

-9.30 - 0.0000581 k4 , 0.0000581 Ke
[-78100.,0,0,0,0]
Desired poles
Po=20
Ts=1
Determine pole location

poles =-4.0000 + 7.80791, -4.0000 - 7.8079i, -53.85, -50,-50

Desired characteristic equation
s+ 162s* + 0.919e4s’ + 0.210e6s” + 0.168e7s + 0.104e8
System characteristic equation
[sl-Aaug| =
s> +(23.60 + 0.0000581 k4) s*
+(0.00083083 k4 + 0.00083083 k2 + 0.0000581 k3 + 9781.882) s°
+(0.00083083 k1 + 81141.36 + 0.0446789 k2 + 0.543235 k4 + 0.00083083 k3) s°
+(0.0446789 k1 + 64.887823 Ke + 0.543235 k3 + 0.3492467 10" ) s

+3489.42209 Ke

Solving for Coefficients, K, using FK = G as in (a), where

F

0 0 0 5.8100e-05 0

0
8.3083e-04
4.4679e-02

0

G=
1.3840e+02
-5.9188e+02
1.2886e+05
-1.8125e+06
1.0800e+07
Thus,
K=
-1.0157e+09
-8.6768e+06
7.9827e+07
2.3821e+06

8.3083¢-04
4.4679¢-02
0
0

5.8100e-05
8.3083e-04
5.4324e-01
0

8.3083e-04
5.4324e-01
0
0

0

0
6.4888e+01
3.4894e+03
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Digital Control
Systems

SOLUTIONS TO CASE STUDIES CHALLENGES

Antenna Control: Transient Design via Gain
a. From the answer to the antenna control challenge in Chapter 5, the equivalent forward transfer
function found by neglecting the dynamics of the power amplifier, replacing the pots with unity

gain, and including the integration in the sample-and-hold is

0.16K

But,

— 1 - _p&smazliomsyaoz 1 4 o7s7ee Ll
(54 1.28) E s+ 1,32 2

Gy = - 057392 %+ 057302 = ___ 4075755 L%
=1 P 132 T [z— 1]2

T=0l1
Gz = - 057332 = + D.E?332;+ 0.7e758 0.1z
=1 E_'E_—EI.132 [z— 1)2

(z+ 0.95696) z
[z- 1) [z- 0.87634)

Gz = 00047371

-1
Thus, Ge(2) = 0.16K == G, , o,

_ 7+0.95696
Ge(z) = 7.659x104K 1) (2-0.87634)

b. Draw the root locus and overlay it over the { = 0.5 (i.e. 16.3% overshoot) curve.

06
“-E: 05 \
i 0.4

/ AN
| Lty

|

/

o

-0z

-0.4

/.

-0z Q 0z 0.4 0.6 03 1
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We find that the root locus crosses at approximately 0.93 % j0.11 with 7.659x10-*K = 8.63x10-3.

Hence, K =11.268.
C.

1..
K, = lim(z ~1)G,(2) =

1
g(o0)=—=7.321
()= 1
d.

Program:

T=0.1;

numf=0.16;

denf=[1 1.32 0 0];
"F(s)*

F=tf(numf,denf)

numc=conv([1 0],numf);

denc=denf;

C=tf(numc,denc);
C=minreal (C,1le-10);
D=c2d(C,T,"zoh");
F(2)"
D=minreal (D, 1le-10)
rlocus(D)
pos=(16.3);

(7.659x107*K)(1.95696)

= 0.1366;
0.12366

%Input sampling time

%Numerator of F(s)

%Denominator of F(s)

%Display label

%Display F(s)

wDifferentiate F(s) to compensate
%For c2dm which assumes series zoh
%Denominator of continuous system
%same as denominator of F(s)
%Form continuous system, C(s)
%Cancel common poles and zeros
%Convert to z assuming zoh

%Cancel common poles and zeros and display

z=-log(pos/100)/sqgrt(pi~2+[log(pos/100)]"2);

zgrid(z,0)

title(["Root Locus with *

[K,p]l=rlocfind(D)

Computer response:
ans =

F(s)

Transfer function:
0.16

s”"3 + 1.32 s”2
ans =

F(@

Transfer function:

, hum2str(pos), " Percent Overshoot Line"])
%Allows input by selecting point on
%graphic

0.0007659 z + 0.000733

z"2 - 1.876 z + 0.8763

Sampling time: 0.1
Select a point in the graphics window

selected_point =

9.2969e-001 +1.0219e-0011i

9.8808e+000
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.3439e-001 +1.0250e-001i
.3439e-001 -1.0250e-0011i

o ©

Foot Locus with 16.3 Percent Overshoot Line
2 T T T T T

=
W]
T

Irnag Axis
[}

=
(]
T

2 . . . l

: . -1 i 1 2
Real Axis

Antenna Control: Digital Cascade Compensator Design
0.16

a. Let the compensator be KG(s) and the plant be G (S) = ———————. For 10% overshoot and a
s(s+1.32)

peak time of 1 second, { =0.591 and o, = 3.895, which places the dominant poles at
—2.303 +j3.142. If we place the compensator zero at —1.32 to cancel the plant’s pole, then the

following geometry results.

A
3.142

I
| s-plane
I

AN X !

P -2303

K(s+1.32 0.16K
Hence, p. = 4.606. Thus, G, (S) = Kis+1.32) and G; (5)G(S) =—————— . Using the

(s+4.606) 5(s +4.606)
product of pole lengths to find the gain, 0.16K = (3.896)*, or K = 94.87. Hence,
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 94.87(s +1.32)

G,(s) = (s +4.600) . Using a sampling interval of 0.01 s, the Tustin transformation of G(S)
. 93.35(z—-0.9869) 93.35z—-92.12
1S Gc (2)= = .

(z—-0.955) z—0.955

b. Cross multiplying,
(2 - 0.955)X(2) = (93.352 — 92.12)E(z)
Solving for the highest power of z operating on X(z),
ZX(2) = (93.352 - 92.12)E(z) + 0.955X(z2)
Solving for X(z),
X(2) = (93.35 — 92.1227H)E(z) + 0.955271X(2)

Implementing this equation as a flowchart yields the following diagram

e*(t) » 9335 X
Delay Delay
0.01 second 0.01 second

+
e*(t-0.01) *(t-0.01
[H00D o F - n 12 4>®—>®4— 0955 @001
+ + -
c
Program:
"s-plane lead design for Challenge - Lead Comp*
clf %Clear graph on screen.
"Uncompensated System® %Display label.
numg=0.16; %Generate numerator of G(Ss).
deng=poly([0 -1.32]); %Generate denominator of G(s).
"G(s)" %Display label.
G=tf(numg,deng); %Create G(S)-
Gzpk=zpk(G) %Display G(S)-

pos=input("Type desired percent overshoot ");

%Input desired percent overshoot.
z=-log(pos/100)/sqgrt(pi~2+[log(pos/100)]"2);

%Calculate damping ratio.
Tp=input("Type Desired Peak Time ");

%Input desired peak time.
wn=pi/(Tp*sqrt(1-z"2)); %Evaluate desired natural frequency.
b=input("Type Lead Compensator Zero, (stb). b= 7);

%Input lead compensator zero.

done=1; %Set loop flag-

while done==1 %Start loop for trying lead
%compensator pole.

a=input("Enter a Test Lead Compensator Pole, (s+a). a = ");
%Enter test lead compensator pole.

numge=conv(numg, [1 b]); %Generate numerator of Gc(s)G(S)-

denge=conv([1l a].,deng); %Generate denominator of Gc(s)G(s).

Ge=tf(numge,denge); %Create Ge(s)=Gc(s)G(s)-

clf %Clear graph on screen.
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rlocus(Ge) %Plot compensated root locus with
%test lead compensator pole.

axis([-5 2 -8 8]); %Change axes ranges.

sgrid(z,wn) %Overlay grid on lead-compensated

%root locus.
title(["Lead-Compensated Root Locus with * , num2str(pos),-.-
"% Overshoot Line, Lead Pole at ~, num2str(-a),--.
" and Required Wn="]) %Add title to lead-compensated root
%locus.
done=input(“Are you done? (y=0,n=1) *);
%Set loop flag.

end %End loop for trying compensator
%pole.
[K,p]l=rlocfind(Ge); %Generate gain, K, and closed-loop

%poles, p, for point selected
%interactively on the root locus.

"Ge(s)" %Display label.

Ge=K*tf([1 b],[1 al) %Display lead compensator.
"Ge(s)G(s)" %Display label.

Ge %Display Gc(s)G(s)-

"Closed-loop poles = * %Display label.

p %Display lead-compensated system®s

%closed-loop poles.
f=input("Give pole number that is operating point ");
%Choose lead-compensated system
%dominant pole.
"Summary of estimated specifications for selected point on lead”

"compensated root locus* %Display label.

operatingpoint=p(f) %Display lead-compensated dominant
%pole.

gain=K %Display lead-compensated gain.

estimated_settling_time=4/abs(real (p(f)))
%Display lead-compensated settling
Y%time.
estimated_peak_time=pi/abs(imag(p(f)))
%Display lead-compensated peak time.
estimated_percent_overshoot=pos %Display lead-compensated percent
%overshoot.
estimated_damping_ratio=z %Display lead-compensated damping
%ratio.
estimated_natural_frequency=sqrt(real (p(f))"2+imag(p(F))"2)
%Display lead-compensated natural

%Frequency.
s=tf([1 0].1); %Create transfer function, "s™".
sGe=s*Ge; %Create sGe(s) to evaluate Kv.
sGe=minreal (sGe); %Cancel common poles and zeros.
Kv=dcgain(K*sGe) %Display lead-compensated Kv.
ess=1/Kv %Display lead-compensated steady-
%state error for unit ramp input.
"T(s)" %Display label.
T=Feedback(K*Ge, 1) %Create and display lead-compensated
%T(S) -
"Press any key to continue and obtain the lead-compensated step”
"response” %Display label
pause
step(T) %Plot step response for lead

%compensated system.

title(["Lead-Compensated System with " ,num2str(pos), "% Overshoot"])
%Add title to step response of PD
%compensated system.

pause

"z-plane conversion for Challenge - Lead Comp~

clf %Clear graph.

"Ge(s) in polynomial form® %Print label.

Gecs=Gc %Create Gc(s) in polynomial form.

"Ge(s) in polynomial form® %Print label.
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Geszpk=zpk(Gcs) %Create Gc(s) in factored form.
"Gc(z) in polynomial form via Tustin Transformation®
%Print label.
Gcz=c2d(Gcs,1/100, "tustin®) %Form Gc(z) via Tustin
Y%transformation.
"Gc(z) in factored form via Tustin Transformation®
%Print label.

Geczzpk=zpk(Gcz) %Show Gc(z) in factored form.
"Gp(s) in polynomial form® %Print label.

Gps=G %Create Gp(s) in polynomial form.
"Gp(s) in factored form-® %Print label.

Gpszpk=zpk(Gps) %Create Gp(s) in factored form.
"Gp(z) in polynomial form® %Print label.

Gpz=c2d(Gps,1/100, "zoh") %Form Gp(z) via zoh transformation.
"Gp(z) in factored form-® %Print label.

Gpzzpk=zpk(Gpz) %Form Gp(z) in factored form.
pole(Gpz) %Find poles.

Gez=Gcz*Gpz; %Form Ge(z) = Gec(z)CGp(2)-

"Ge(z) = Gc(z)Gp(z) in factored form*
%Print label.

Gezzpk=zpk(Gez) %Form Ge(z) in factored form.
"z-1" %Print label.

zml=tf([1 -1],1,1/100) %Form z-1.

zmlGez=minreal (zm1*Gez, .00001);

"(z-1)Ge(@)" %Print label.
zmlGezzpk=zpk(zmlGez)

pole(zmlGez)

Kv=300*dcgain(zmlGez)
Tz=feedback(Gez,1)
step(Tz)
title("Closed-Loop Digital Step Response®)
%Add title to step response.

Computer response:
ans =

s-plane lead design for Challenge - Lead Comp

ans =

Uncompensated System

ans =

G(s)

Zero/pole/gain:
0.16

s (s+1.32)

Type desired percent overshoot 10

Type Desired Peak Time 1

Type Lead Compensator Zero, (s+b). b= 1.32

Enter a Test Lead Compensator Pole, (s+ta). a = 4._.606
Are you done? (y=0,n=1) O

Select a point in the graphics window

selected_point =

-2.3045 + 3.10561

ans =

585
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Ge(s)

Transfer function:
93.43 s + 123.3

s + 4.606

ans =
Ge(s)G(s)

Transfer function:
0.16 s + 0.2112

s”N"3 + 5.926 s™2 + 6.08 s

ans =

Closed-loop poles =

p:
-2.3030 + 3.1056i
-2.3030 - 3.1056i
-1.3200
Give pole number that is operating point 1

ans =

Summary of estimated specifications for selected point on lead

ans =

compensated root locus

operatingpoint =

-2.3030 + 3.10561

gain =

93.4281

estimated_settling_time =

1.7369

estimated_peak_time =

1.0116

estimated_percent_overshoot =

10
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estimated_damping_ratio =

0.5912

estimated_natural_frequency =

3.8663

Kv =

3.2454

€ss

0.3081

ans

T(s)

Transfer function:
14.95 s + 19.73

s"3 + 5.926 s™"2 + 21.03 s + 19.73
ans =

Press any key to continue and obtain the lead-compensated step

ans =

response

ans =

z-plane conversion for Challenge - Lead Comp

ans =
Ge(s) in polynomial form

Transfer function:
93.43 s + 123.3

s + 4.606

ans =
Ge(s) in polynomial form

Zero/pole/gain:
93.4281 (s+1.32)
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(s+4.606)

ans =
Gec(z) in polynomial form via Tustin Transformation

Transfer function:
91.93 z - 90.72

Sampling time: 0.01
ans =
Ge(z) in factored form via Tustin Transformation

Zero/pole/gain:
91.9277 (z-0.9869)

Sampling time: 0.01
ans =
Gp(s) in polynomial form

Transfer function:
0.16

sN2 + 1.32 s

ans =
Gp(s) in factored form

Zero/pole/gain:
0.16

s (s+1.32)
ans =
Gp(z) in polynomial form

Transfer function:
7.965e-006 z + 7.93e-006

z"2 - 1.987 z + 0.9869
Sampling time: 0.01
ans =

Gp(z) in factored form

Zero/pole/gain:



7.9649e-006 (z+0.9956)

(z-1) (z-0.9869)
Sampling time: 0.01
ans =
1.0000
0.9869
ans =
Ge(z) = Gec(2)Gp(z) in factored form
Zero/pole/gain:

0.0007322 (z+0.9956) (z-0.9869)

(z-1) (z-0.9869) (z-0.955)

Sampling time: 0.01

ans =

z-1

Transfer function:

z -1

Sampling time: 0.01

ans =

(z-DGe(2)

Zero/pole/gain:
0.0007322 (z+0.9956)

(z-0.955)

Sampling time: 0.01

ans =

0.9550

Kv =

9.

7362

Transfer function:

0.0007322 z"2 + 6.387e-006 z - 0.0007194

zZN3 - 2.941 z"2 + 2.884 z - 0.9432

Sampling time: 0.01
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Lead-Compenszated Root Locus with 10%  Owershoot Line, Lead Pole st -4 606 and Required Yn
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Clozed-Loop Digital Step Response
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ANSWERS TO REVIEW QUESTIONS

1. (1) Supervisory functions external to the loop; (2) controller functions in the loop

2. (1) Control of multiple loops by the same hardware; (2) modifications made with software, not
hardware; (3) more noise immunity (4) large gains usually not required

3. Quantization error; conversion time

4. An ideal sampler followed by a sample-and-hold

5.z=eST

6. The value of the time waveform only at the sampling instants

7. Partial fraction expansion; division to yield power series

8. Partial fraction

9. Division to yield power series

10. The input must be sampled; the output must be either sampled or thought of as sampled.

11. c(t) is c*(t) = c(kT), i.e. the output only at the sampling instants.

12. No; the waveform is only valid at the sampling instants. Instability may be apparent if one could only
see between the sampling instants. The roots of the denominator of G(z) must be checked to see that they
are within the unit circle.

13. A sample-and-hold must be present between the cascaded systems.

14. Inside the unit circle

15. Raible table; Jury's stability test

16. z=+1

17. There is no difference.

18. Map the point back to the s-plane. Since z = eST, s = (1/T) In z. Thus, 6 = (1/T) In (Re z), and
o = (1/T) In (Im z).

19. Determine the point on the s-plane and use z = eST. Thus, Re z = eOT ¢cos o,and Imz = ¢OT sin .

20. Use the techniques described in Chapters 9 and 11 and then convert the design to a digital compensator
using the Tustin transformation.

21. Both compensators yield the same output at the sampling instants.

SOLUTIONS TO PROBLEMS

o0 (o 6]
a. f(t) = eat; () = D e kTS(t-kT) ; F*(s) = D e kT ¢kTs =1 + eaT ¢-Ts 4 ¢-a2T -2Ts | Thys,
k=0 k=0

Fiz)=1+edTz 1+ 2T 7224+ =1+x1+x2+... wherex=e3T 21,
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1 1 z
But, F(z) = 1-x1 " 1- e-aT 41 T z- eal -

0 0
b. f(t) = u(t); £ () = 23(t-kT) ; F(5) =2 ekTs =1 +eTs+e2Ts 4
k=0 k=0

)
=1+z1+22+73, F(z) = Zz‘k = q =

1
Thus, F(z)=1+z!+2z2+.. Since T
1-z
k=0
z

z-1"

o0 o0
c. fit) =2 eat; £ (1) = D (kT)2e3kT(t-kT) ; F*(s) = T2 D k2 ¢-akT ¢-kTs
k=0 k=0

0 (e8]
=T2 Y K2 (erTk = T2 3 k2 xk = T2(x + 4x2+ 9x3 + 16x4 +. .. ), where x = e~ (573)T,
k=0 k=0
Lets) =x +4x2 +9x3 + 16x% + ... Thus, xs| =x2 +4x3 + 9x* + 16x° +. ..
Letsz=s1—xs1=x+3x2+5x3+7x4+...Thus,xs2=x2+4x3+9x4+16x3+...
Let53:sg—xsgzx+2x2+2x3+2x4+... Thusx53:x2+2x3+2x4+2x3+...
LetS4:sg—x53:x+x2.

Solving for s3,

X + x2
377 1-x
and
S3 B X + X2
271-x _(1 —x)2
and
82 x4+ x2
SI91-x T (1-%)3
Thus
F*(s) = T2 =T2 X+ x2 =72 (e-(s+a)T+ e'2(5+a)T) 3
= 1-x)3 (1 e GraTy3

TZ[ZflefaT _{_ZfzefZaT] B T2zefaT[Z+ efaT]

273 (Z— efaT )3 - (Z _ efaT )3

d. f(t) = cos(eXT); (1) = D cos(akT)S(t —KT); F*(s) =Y cos(akT)e ™

k=0 k=0

:i(eja)kT +e—ja)kT)e—kTs li(e-r(s_jw))_k +(eT(s+j(o))—k
= 2 2=
k=0 k=0

But,
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o 1
2k = 1-x1-
k=0
Thus,
B 17 17 1l 2—e el yelil

1[ 2—e™(2cos(aT)

2L1_eqequ+l_e4@ﬂwu: ELl_eqwqu_equﬂm)+eﬁwqmeﬂenw

] 1-z"cos(awT)

B 5L1— R G- e‘”SJ 1-27"cos(wT)+ 2"

Therefore,

Program:
syms T awn

(@
f(kT)*"
f=exp(-a*n*T);
pretty(f)
"F(2)"
F=ztrans(f);
pretty(F)

“(b)"
"f(kT)*"
f=exp(-0*n*T);
pretty(f)
"F(2)"
F=ztrans(f);
pretty(F)

©
"f(kT)"

f=(n*T)"2*exp(-a*n*T);

pretty(f)
"F(2)"
F=ztrans(f);
pretty(F)

()"
"f(kT)*
f=cos(W*n*T);
pretty(f)
"F(2)"
F=ztrans(f);
pretty(F)

Computer response:
ans =

@
ans =

T(KT)

F(z) =

Z(z — cos(wT))
7’ —2zcos(wT)+1

%Construct symbolic objects for

% T", "a","w", and "n".
%Display label.
%Display label.

%Define F(KT).

%Pretty print f(kT)
%Display label.

%Find z-transform, F(z).

%Pretty print F(z2).

%Display label.
%Display label.
%Define F(KT)
%Pretty print f(kT)
%Display label.

%Find z-transform, F(z).

%Pretty print F(2).

%Display label.
%Display label.
%Define F(KT)
%Pretty print f(kT)
%Display label.

%Find z-transform, F(z).

%Pretty print F(2).

%Display label.
%Display label.
%Define F(KT)
%Pretty print f(kT)
%Display label.

%Find z-transform, F(z).

%Pretty print F(z2).

exp(-a n T)

:
J
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ans =

F(@)

exp(-a T) |--------- - 1]
\exp(-a T) /

ans

)

ans

T(KT)

ans =

F(2)

ans

©

ans

T(KT)
2 2

n T exp(-anT)
ans =

F(@

T z exp(-aT) (z + exp(-a T))

(z - exp(-a 1))

ans

@

ans

T(KT)

cos(w n T)
ans =

F(2)
(z - cos(w T)) z

z -2zcos(wT) +1
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3.
a.
F(z) = 2(z+3)(z+)5)
(z-0.4)z-0.6)(z-0.8)
F(z) 2295 504 N 275.5
z 1-04 7-06 z-0.8
F(2) = 229.52 504z N 275.52
z-04 z-0.6 z-0.8
f(KT)=229.5(0.4) — 504(0.6) +275.5(0.8), k=0, 1, 2, 3,. ..
b.
F(2) = (z+0.2)(z+0.4)
(z—0.1)(z-0.5)(z-0.9)
F(z) _ 1778 N 4.6875  7.875 N 4.9653
z  z 1-01 z-05 z-09
F(2) = -1.778 + 4.6875z 7.875z N 4.96532
z-01 z-05 z-09
f(KT) = 4.6875(0.1)" — 7.875(0.5)" +4.9653(0.9), k=1,2, 3,. ..
C.
F(2)= (z+1)(z+0.3)(z+0.4)
2(z-0.2)(z-0.5)(z—-0.7)
F(z) (z+1)(z+0.3)(z+0.4)
z  7°(z-02)(z-0.5)0(z-0.7)
_38.1633 72 N 60  26.1633 1.7143
z2-0.7 z-05 z-02 z 7’
F(z)= 38.1633z 72z N 60z —26.1633—1'7143
z-0.7 z-05 z-0.2 z
F =38.1633(0.7)" —72(0.5)" + 60(0.2)¢ fork =2,3,4,...
=] fork =1
=0 fork =0
4,
Program:
" ()"
syms z k
F=vpa(z*(z+3)*(z+5)/((z-0.4)*(z-0.6)*(z-0.8)),4);
pretty(F)
f=vpa(iztrans(F),4);
pretty(f)
“(b)"
syms z k

F=vpa((z+0.2)*(z+0.4)/((z-0.1)*(z-0.5)*(z-0.9)).,4);
pretty(F)
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f=vpa(iztrans(F),4);

pretty(f)

“(©)"

syms z k
F=vpa((z+1)*(z+0.3)*(z+0.4)/(z*(z-0.2)*(z-0.5)*(z-0.7)),4);
pretty(F)

f=vpa(iztrans(F),4);

pretty(f)

Computer response:

ans =
@
z (z+3.) (z+5)
(z - .4000) (z - .6000) (z - -8000)
n n n
275.5 .8000 - 504.0 .6000 + 229.5 .4000
ans =
(b)
(z + -2000) (z + -.4000)
(z - .1000) (z - .5000) (z - -9000)
n n n
-1.778 charfcn[0]J(n) + 4.965 .9000 - 7.875 .5000 + 4.688 .1000
ans =
©

(z +1.) (z + -3000) (z + .4000)

n

597

n

-1.714 charfcn[1](n) - 26.16 charfcn[0]J(n) + 38.16 .7000 - 72.00 .5000

n
+ 60.00 .2000
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5.
a.
By division By Formula
Instant Value k Value
0 1 0 1
1 9.8 1 9.8
2 31.6 2 31.6
3 46.88 3 46.88
4 53.4016 4 53.4016
5 53.43488 5 53.43488
6 49.64608 6 49.64608
7 44.043776 7 44.043776
8 37.90637056 8 37.90637056
9 31.95798733 9 31.95798733
10 26.5581568 10 26.5581568
11 21.84639857 11  21.84639857
12 17.83896791 12 17.83896791
13 14.48905384 13  14.48905384
14 11.72227881 14  11.72227881
15 9.456567702 15  9.456567702
16 7.612550239 16  7.612550239
17 6.118437551 17  6.118437551
18 4.911796342 18  4.911796342
19 3.939668009 19  3.939668009
20 3.15787423 20 3.15787423
21 2.529983782 21  2.529983782
22 2.026197867 22  2.026197867
23 1.622284879 23  1.622284879
24 1.298623886 24 1.298623886
25 1.039376712 25 1.039376712
26 0.831787937 26 0.831787937
27 0.665602292 27  0.665602292
28 0.532584999 28  0.532584999
29 0.4261299 29 0.4261299
30 0.34094106 30 0.34094106
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b.
By division By Formula
Instant Value k Value

1 1 1 1.00002
2 21 2 2.100018
3 2.64 3 2.6400162
4 2.766 4 2.76601458
5 2.6859 5 2.685913122
6 2.51571 6 2.51572181
7 2.313354 7 2.313364629
8 2.1066276 8 2.106637166
9 1.90826949 9 1.908278099
10 1.723594881 10 1.723602629
11 1.554311564 11 1.554318538
12 1.400418494 12 1.40042477
13 1.261145687 13 1.261151336
14 1.13541564 14  1.135420724
15 1.022066337 15 1.022070912
16 0.919955834 16  0.919959951
17 0.828008315 17  0.828012021
18 0.745231516 18 0.745234852
19 0.670720381 19 0.670723383
20 0.603654351 20 0.603657053
21 0.54329192 21  0.543294352
22 0.48896423 22 0.488966419
23 0.440068558 23 0.440070528
24 0.396062078 24 0.39606385
25 0.356456058 25  0.356457653
26 0.320810546 26  0.320811982
27 0.288729538 27 0.28873083
28 0.259856608 28  0.259857771
29 0.233870959 29  0.233872006
30 0.210483869 30 0.210484811

w
g

0.189435485

w
s

0.189436333
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Instant via Division via Closed Form Expression
0 0
1 1 1
2 3.1 3.100017
3 4.57 4 5700119
4 4759 475900833
5 4.1833 4183305831
4] 3.36571 3.3687 14082
7 2581177 2581179857
g 191893599 1.9189418
9 1.39943113 1.39943253
10 1.007711431 1.007712411
M 071945743 0719458116
12 0.510650536 05106851317
13 0.36027 1088 0.360371424
14 0254437549 0.254437785
15 0.173935186 0.173985351
168 0.125729082 0125729198
17 0.083230084 0.083230165
18 0.061870922 0.061870978
19 0.043364577 0.043364617
20 003038267 0.030382697
21 0.021281602 0.021281621
22 0.014203988 0.014304001
23 0.010436225 0.010436234
24 0.007307074 0.00730708

a.
6©) = (s+4) _0.6667 0.3333
(s+2)(s+5) s+2 S+5
0.6667z 0.3333z
G(9)= o7 T ST
Z—¢ Z—¢
ForT=05s,
) 0.66672  _ 0.3333z 2(z —0.1774)
7-0.3679 z-0.082085 (z—-0.3679)(z— 0.082085)
G(s) = (s+D(s+2) _ 0.1667  0.6667 N 1.5
S(s+3)(s+4) S s+3 s+4
G(2)= 0.1667z 0.666;2 N I.SiT
z-1 Z—-¢ zZ-¢
ForT=05s,
0.1667z 0.66672 1.5z 2(z - 0.29675)(z — 0.8408)

G(2)=

z—-1

+ =
2-022313 z-0.13534 (z—1)(z— 0.22313)(z—0.13534)
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6(5)= 20 125 1.255+43.57 125 1.25(s+3)
(S+3)(s°+65+25) S+3 S +65+25 s+3 (s+3) +4°
z 7> —zae™ coswT
G(z)=-1.25 -1.25
2) z—e™ 7> —27e™ coswTl +e%
Fora=3, w=4;,T=0.5,
2
G(z)=-125— - 125 L *+0.092%2
z-0.2231 Z2°+0.18572+0.0498
B 5 2(z+0.2232)
(2-0.2231)(z* +0.1857z +0.0498)
d.
G(s)= 215 _ 0.1852  0.2083 £ 0.02314 §+0.9978
s(s+1)(s” +10s+81) S s+1 s*+10s+81
_0.1852_0.2083 a1, (S +5)—0.2'5348J%
S s+1 (s+5)"+56
z z 7> —zae ™ cos T 76 sin @T
G(2)=0.1852——-0.2083 0.02314 -0.0124
@ z-1 Z—eﬁT+ 22 -2 coswl +e 2% 72 -2z coswT +e7"

For a=35; f=1; a)=x/%; T=0.5,

2
G(2)=0.1852— % 020832 40023142 006782 4005748 :
z-1 z2-0.6065 z2°+0.13552+0.006738 z2°+0.13552+0.006738
B 0.00004z* +0.057812° +0.02344z° +0.0019462 - 0.057812° +0.023442% +0.001946z

(z=1)(2—0.6065)( 2 +0.13552+0.006738) h (z=1)(2—0.6065)(2* +0.13552+0.006738)

3 2
~ 005781 z +il405§z +0.0337z ~ 005781 Z(Z+%l288§)(z+411167)
(z-1)(2—0.6065)(2* +0.13552 +0.006738) (z-1)(2—0.6065)(2* +0.13552 +0.006738)
7.
Program:
O% ) ]
syms s znT %Construct symbolic objects for
%*"s®, "z", "n",and "T".
Gs=(s+4)/((s+2)*(s+5)); %Form G(s)-
"G(s)- %Display label.
pretty(Gs) %Pretty print G(s).
% g(t)" %Display label.
gt=ilaplace(Gs); %Find g(t).-
Y%pretty(gt) %Pretty print g(t).
gnT=compose(gt,n*T); %Find g(nT).
% "g(kT)" %Display label.
Y%pretty(gnT) %Pretty print g(nT).
Gz=ztrans(gnT); %Find G(2)-

Gz=simplify(Gz); %wSimplify G(z2).
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%"G(z)”

Y%pretty(Gz)
Gz=subs(Gz,T,0.5);
Gz=vpa(simplify(Gz),6);

Gz=vpa(factor(Gz),6);

"G(z) evaluated for T=0.5"
pretty(Gz)

- (b)*

%Display label.

%Pretty print G(z)-

%Let T = 0.5 in G(2)-

%Simplify G(z) and evaluate numerical
%values to 6 places.

%Factor G(z2)-

%Display label.
%Pretty print G(z) with numerical
%values.

Gs=(st1)*(s+2)/(s*(s+3)*(st4));

IG(S)I

pretty(Gs)

% g(t)”
gt=ilaplace(Gs);
Y%pretty(gt)
gnT=compose(gt,n*T);
% g(kT)”
%pretty(gnT)
Gz=ztrans(gnT);
Gz=simplify(Gz);
%"G(z)”

%pretty(Gz)
Gz=subs(Gz,T,0.5);
Gz=vpa(simplify(Gz),6);

Gz=vpa(factor(Gz),6);
"G(z) evaluated for T=0.5"
pretty(Gz)

I(C)I
Gs=20/((s+3)*(s"N2+6*s+25));
"G(s)"

pretty(Gs)

%*g(t)”

gt=ilaplace(Gs);
%pretty(gt)
gnT=compose(gt,n*T);

% g(kT)”

%pretty(gnT)
Gz=ztrans(gnT);
Gz=simplify(Gz);

%"G(z)”

%pretty(Gz)
Gz=subs(Gz,T,0.5);
Gz=vpa(simplify(Gz),6);
Gz=vpa(factor(Gz),6);
"G(z) evaluated for T=0.5"
pretty(Gz)

()"

%Form G(s) = G(s).

%Display label.

%Pretty print G(s)-

%Display label.

%Find g(t).

%Pretty print g(t).

%Find g(nT).

%Display label.

%Pretty print g(nT).

%Find G(2) -

%Simplify G(z2).-

%Display label.

%Pretty print G(z).

%Let T = 0.5 in G(2)-

%Simplify G(z) and evaluate numerical
%values to 6 places.

%Factor G(z2).-

%Display label.

%Pretty print G(z) with numerical
%values.

%Form G(s) = G(s)-

%Display label.

%Pretty print G(s).

%Display label.

%Find g(t).

%Pretty print g(t).

%Find g(nT).

%Display label.

%Pretty print g(nT).

%Find G(2)-

%Simplify G(z2).

%Display label.

%Pretty print G(z)-

%Let T = 0.5 in G(2)-

%Simplify G(z) and evaluate numerical
%values to 6 places.

%Factor G(z2)-

%Display label.

%Pretty print G(z) with numerical
%values.

Gs=15/(s*(s+1)*(s"N2+10*s+81));

IG(S)I
pretty(Gs)

% g(t)”
gt=ilaplace(Gs);
%pretty(gt)
gnT=compose(gt,n*T);
% g(kT)”
%pretty(gnT)
Gz=ztrans(gnT);
Gz=simplify(Gz);
%"G(z)"

%Form G(s) = G(s)-
%Display label.
%Pretty print G(s).
%Display label.
%Find g(t).

%Pretty print g(t).
%Find g(nT).
%Display label.
%Pretty print g(nT).
%Find G(z).
%Simplify G(z).
%Display label.



%pretty(Gz)
Gz=subs(Gz,T,0.5);
Gz=vpa(simplify(Gz),6);
Gz=vpa(factor(Gz),6);

"G(z) evaluated for T=0.5"
pretty(Gz)

Computer response:
ans =
@

ans =

G(s)

ans =

G(z) evaluated for T=0.5

ans

C))

ans

G(s)

ans =

G(z) evaluated for T=0.5

1.00000 ---

Solutions to Problems 603

%Pretty print G(z).

%Let T = 0.5 in G(2)-

%Simplify G(z) and evaluate numerical
%values to 6 places.

%Factor G(z).-

%Display label.

%Pretty print G(z) with numerical
%values.

(s +2) (s +5)

z (z - .177350)

(z - .0820850) (z - .367880)

(s +1) (s +2)

(z - .135335) (z - .223130) (z - 1.)

ans

ans

©

ans

G(s)

ans =

G(z) evaluated for T=0.5

(s + 3 (s

+6 s + 25)
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(z + .223130) z

2394980 ———mm oo
(z - -223135) (z2 + .185705 z + .0497861)
ans =
@
ans =
G(s)
15

____________ 5_____________

s (s+1) (s +10s + 81)
ans =

G(z) evaluated for T=0.5

(z + .289175) (z + .116364) z

0578297 ——————
2
(z - .606535) (z - -999995) (z + .135489 z + .00673794)
8.
a.
20 4 1
G2(3] = G(s)/5 = ——--————-- = --—- - 4/5 1/3 + 4/5 --——-
2 2 3+ 5
3 (3 + &) 3
Thus,
gzt =4 kT - 475 + 475 expi-5 k T)
Hence,
a T = z z Y
izl = (1 - 1lfz) |d ———————- - 445 - + df5 - I
I 2 z -1 £ Z Y
iz - 1) ErlCERN NS - 11
Y Yexpi(-5 T) i

Letting T= 0.3,

£.482 z + 3.964
Giz)= 4000 ————-—mmmmmmmmmmmm e
{z - 1.) {4.482 z - 1.}
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20 1 32 1 1
GZia) = Gis)fg =————————————-—-—-——- = 443 ---- - -- li=s + 1049 —---- - 245 -
2 z 45 3+ 3 3+ 5
3 (3 + 5 (3 + 3 3
Thus,
32
g2t = 4/53 Kk T - -- + 1079 exp(-3 kK T) - 2/5 exp(-5 kE T}
45
Hence,
£ T = 32 Z Z
Giz)= {1 - 1/z) [4/3 ———-—=== = —= ————- 4 1049 ——mmmmmmmmmmmee
| 2 45 = - 1 £ Z i
I [z - 1] exp (-3 T) |[-=--====—- - 1]
Y Yexp (-3 T) !
E Y
= Z/E mmmmm e |
/ z Y
expi-5 T) |---—------ - 111
Yvexp (-5 T i
Letting T=0.3,
2

12.82 z + 29.1 z + 3.84
Blz)= «04ddd ——m oo m e
{z - 1. (2.460 z - 1.} (4.482 z - 1.)

G, (2) =G,(2)G(2)

where G, (Z) is the answer to part (a) and G(Z), the pulse transfer function for in cascade

S+3
with a zero-order-hold will now be found:

GZiz) = Gis)/fs = -——-—-—--- = 1/ - 1/3 ————

Thus,
g2t = 143 - 1/3 expi(-3 k T)

Hence,
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£ = = |
Gizl= {1 - l/=) |1/3 —-——-- L T |
| z -1 _."l = 1'|||
' exp (-3 T) |--------- -1
b vexp(-3 T) Y.
Letting T=0.3,
45366
G(E] = —————— o
2.460 = - 1.
Thus,
6.482z+3.964
G,(2) =G,(2)G(z) =0.19464

(2—1)(4.4822 —1)(2.462 —1)

a. Add phantom samplers at the input, output, and feedback path after H(s). Push G (s) and its input
sampler to the right past the pickoff point. Add a phantom sampler after G1(s). Hence,

C
R(S) , &+ N y (s)

- G,(s) e [

—

H(s) G(s)
2

. . G1(2)G2(z)
From this block diagram, T(z) = m .

b. Add phantom samplers to the input, output, and the output of H(s). Push G1(s)G(s) and its input
sampler to the right past the pickoff point. Add a phantom sampler at the output.

R(s) " C(s)
—/—*@% /—>Gl(s) G (s) L
2

N_ H(s) ‘_\_ Gl(s) G (s) J
2




10.

Solutions to Problems 607

. : G1G2(2)
From this block diagram, T(z) = m .

Add phantom samplers after G,(S), G(S), G4(s), Hi(s), and H,(s).

| .

T T T
ﬁ' GI(S)/‘ﬁ—/T_’ GZ(S)_—GS':S)__/._.@_/
™ N .LL
T T

Converting to z transforms,

RGy{z)

+

+

@_ -

T T T ' T
6 ()| wl6 () i/ 6 (| /S
— 2 5 = 3 j' 4 5 -
N—— H (s)|+— L ~—{ H(s)[=
T 1 T T
H.(s)
Push G1(s) and its sampler to the left past the summing junction. Also, push G4(S) and its input
sampler to the right past the pickoff point. The resulting block diagram is,
T T T T
C
> —/-—m 64(5) —iS]
H (s) T H(s) -*G,,(s)-‘—T
G, (s) Hg(s)-ﬂﬁﬂ(s)-‘—\
T
L
+ Ciz)
GEES{Z]' (i L LX) E——
H,iz) L H 254': z)
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G,G;(2) * 1
C(s) = RG,(2)G,(2) (IG+ ngzs)(zml(z)) (lT H,G,(2))
X * H,G,G,(2)

T(1+6,6,)H,(2) (1+H,6,(2))

- RG,(2)G,(2)G,G,(2)
 (1+G,G,()H, (2)(1+ H,G,(2)) + G,G, (2)H,G,G, ()

11.
Push gain of 2 to the left past the summing junction and add phantom samplers as shown.
T T
Ris) + Crs)
—M 0 —.-{1;9_/ | Zoh (= 1 l =
T - s(s+1) .
T
™ 2 a—
R

Push the z.0.h. and to the right past the pickoff point. Also, add a phantom sampler at the

s(st1)
output.
) ] 2.0.h o] I -
+ ~ £ (=+1)
T T
- 2 e 700 e
S(=+1)
e

Add phantom samplers after the gain of 2 at the input and in the feedback. Also, represent the z.0.h.

as Laplace transforms.
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Fis) U U + U (s U
Ve o 1 Cis
—-_;(p—/ B —f— (1 2 T:ISZ(S_'_D f"fh

T 5 T
\\,_ (l—é_sr)m o

Push the last block to the right past the pickoff point and get,

Ris) U U + U ) U
- o 1 Cis
_':‘ig'/ i AR -

T T
g 2

L(lér)m—l—\\_

T T
~ "

R

Find the z transform for each transfer function.
G,(s)=2
transforms into

G,(2)=2.

Hi=0-e )2 mme) 2o 2

sz(s+1): s> s s+l

transforms into

H(z)—z_l , Tz sz, 2 _2Tz—Te‘T+ze‘T—z—e‘T+1
: z | (z-1)* Tz-1 Tz-e7 (z-1)(z-e)

H©=-e ) 2 me ) 2 22 2

S(5+1)

transforms into

_ 2
H,(2)= 2 1{22 27 2z T z(z+l)}

2 |z2-1 z-e7 (-1 (z-1)
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(T>—2e 7 +2-2T)2* +(4e" —4+2Te " +2T+T°-T’e )z+(2-2e" —2Te " -T% ")

(z-1)*(z—-e™)
1
GG)=(1-e")——
,(8)=( )53(S+1)
transforms into
1

EHz(Z)

Thus, the closed-loop transfer function is

T(z)=G]<z>Gz<z){1+ ] (Z)l+ - (ZJ

12.

z-1 1
C@="7" 2 {SZ(S + 1)} '
Using Eq. (13.49)

G(2) - T (1-¢h) (@-1+eDz+ (- T-TeT)
z-1 " z.¢T (z-1)(z-eT)

But,

G(z)  (T-1+e D) z+ (1-eT-TeT)

1+G(z)  2+(T-2)z+(1-TeT)

T(2) =

The roots of the denominator are inside the unit circle for 0<T<3.923.
13.

Program:

numgl=10*[1 7];

dengl=poly([-1 -3 -4 -5]);

Gl=tf(numgl,dengl);

for T=5:-.01:0;

Gz=c2d(G1,T,"zoh");

Tz=feedback(Gz,1);

r=pole(Tz);

rm=max(abs(r));

if rms=1;

break;

end;

end;

T

r

rm

Computer response:
T f—

3.3600

-0.9990
-0.0461
-0.0001



14.

-0.0000

rm

0.9990

3.3600

rm =

52[5+3:|
Ge=ll-e 9 )pfl 1 __11;1
f ( T:I [35+3 iz 2
-1 = = 2=
[z [3 zoe- 302 3z01 [z 1]2]]
Gg = E|D.04080g T+ OE19LT
[z- 1][z- 0.5a821]

The oot locus for this function shows it crossing the nnit
cicle at 60,06 degrees at a gain of 55078, Thus.
E=05507810.049604 = 11104 and 0<FK-=11.104.

Solutions to Problems 611
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15.

Unit circle

=2.00 -1.00 .on 1.00
Real
a. r
Ge=(1-e"*9F) L1 _
d { :Isl::+-::]

G_;:lil—e' T":I[——l + -1 ]

-1

Gz

=

Gz=

o =82
T=05

Gy = 0,31608

as+a] as

-1
oz

1
@|Z- =
)

-0

First, check to see that the system is stable.

Tz

Tz

Gz
1+ Gz
0.21e0E

z L1 =
e~ az-1

1

SETEE

— 1
z- 0051819

.aa

a0

.aa

.20

.aa

=1n]

.aa

a0

.aa
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Since the closed-loop poles are inside the unit circle, the system is stable. Next, evaluate the static

error constants and the steady-state error.

. 2
K, =1imG(z)=0.5 e ()= ==
21 1+K, 3
K ——llim(z—l)G(z)—O e*(oo)—i—oo
VT 251 a a K, -
K, = ——lim(z— 1Y G@)= 0 € (0)=—= o
= limE- /6@ =0 € ()=
b.
Ge=l1-e"T7
d { ]52[5+-:s]
From Equation 13.45
G, _K-.z:Tli:-: & "‘T:I [z—l]lil & "‘:T:I
a[Z- 1]|:z & 'IT:I
K =10
o =2
T=01
Gy =5 0012731 |:z+ D.EIEEEE]
(z- 1] (z- 081873
Firat, teat atahilits
Gz
Ty =
2T 1v
Z+ 0.93653

Ty = 0.033554

I::-:— 026254 + D.4DEEE:’] [z— 0265254 - III.=1IIIEEIEE]
The awatem i3 stable. The clozed-loop poles are inside the

it circle. How find the static emmor constants and the

atead vw-atate errors.

K, =1imG(z) = e () = ! =0
71 1+ Kp
K =—11im(z—1)G(z)=10 e*(oo)=i=o.1
Vo T 21 Kv
K, = ilim(z— 1)G(z)=0 e'(x)= 1
& T2 151 K



614 Chapter 13: Digital Control Systems

16.

G, = 125
z- 037
First, teat stability |

Tz = Gz
1+Gz
Tz =leg—1
Z+ 0.4l

The swstem iz stable. The closed-loop pole iz inside the
it circle. HMow find the static ermror constants and the
stead w-state eryors.

K, =1imG(z)=2.03 e"(00) =
P Zlil’]l () (OO) 1+ K

p

“ :?lliﬂ?@ -DG(2)=0 e*(OO)ZKi: ”

=0.33

1 . ) N 1
Ka__l_2 1212}(2—1) G(@2)=0 e(w)= < =0
d.
0.13(z+ 1)
2 T Z- Dz 0.7d)
First, teat stability
Ez
Ty =
2T TG,
z+1
Tz =0.13
‘ - 1Blz+0.87
Ty = 0,13 Z+ 1
z (z+[- 0,805+ 0.47114{]) [z + [- 0.805- 0.47114{])
The swstem iz stable. The closed-loop pole iz inside the
ot civcle. Mow find the static error constants and the
atead vw-atate errors.
. . 1
K, = yE?CB(Z)__oo e (oo)__1 K =0
K 11' z-1D)G(2)=10 (oo) ! 0.1
= — 1M — = = —_—=
Voo T o1 Kv
K. = lim(z— 1PG@) =0 & (c0)=—= =
=77 limE-)’6@) =0 € ()=
Program:
T=0.1;

numgz=[0.04406 -0.03624 -0.03284 0.02857];
dengz=[1 -3.394 +4.29 -2.393 +0.4966];
"G(2)"

Gz=tf(numgz,dengz,0.1)

"Zeros of G(2)"

zeros=roots(nhumgz)

"Poles of G(2)"
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poles=roots(dengz)

%Check stability

Tz=feedback(Gz,1);

"Closed-Loop Poles™

r=pole(Tz)

M=abs(r)

pause

"Find Kp~

Gz=minreal (Gz, .00001);

Kp=dcgain(Gz)

"Find Kv*

factorkv=tf([1 -1],[1 0],0.1); %Makes transfer function
%proper and yields same Kv

Gzkv=factorkv*Gz;

Gzkv=minreal (Gzkv, .00001); %Cancel common poles and
%zeros

Kv=(1/T)*dcgain(Gzkv)

"Find Ka*

factorka=tf([1 -2 1],[1 0 0],0.1);%Makes transfer function
%proper and yields same Ka

Gzka=factorka*Gz;

Gzka=minreal (Gzka, .00001); %Cancel common poles and

%zeros
Ka=(1/T)"2*dcgain(Gzka)

Computer response:
ans =

G(2)

Transfer function:
0.04406 z"3 - 0.03624 z~2 - 0.03284 z + 0.02857

z™M - 3.394 z"3 + 4.29 z”"2 - 2.393 z + 0.4966
Sampling time: 0.1

ans =

Zeros of G(2)

Zeros =

-0.8753
0.8489 + 0.1419i
0.8489 - 0.1419i

ans =

Poles of G(z2)

poles =

1.0392
0.8496 + 0.0839i
0.8496 - 0.0839i
0.6557

ans =

615
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Closed-Loop Poles

0.9176
0.9176
0.7573
0.7573

0.1699i
0.1699i
0.1716i
0.1716i

I+ 1 +

0.9332
0.9332
0.7765
0.7765
ans

Find Kp

ans

Find Kv

Kv =

ans

Find Ka

Ka

17.
First find G(z)

Ge=(E[1-e=7T])

1
=+ 11 [z + 3
1

=
Gy =IlE[1-277 111 11
d { [ T]:I[ +3 2541 3
T =01
z-114 z i 4 1 =
iEz =K = -= + =
= [5 - e-37 2__.-T 33_1]
K[E' :] = l = l =
a. - Tz-1 2z-0.90454 £ z- 0.74082
z =
G = 0.0043543 K=+ 0.87519)
[Z- 0.74085) [z- 0.90484)
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Next, plot the root locus.

1.00
s
=1
.23
00 jw
i i i -.25
=100 —.30 a0 .20 1.00
Real
Root locus intersects 0.5 damping ratio for
0.0043843FK.=0.042444. Thus, K=9.658 for 16.3%
overshoot
K =9E2
Gy = 004244 Z+ 087519
7! - 16457 =+ 067032
Root locus intersects 0 damping ratio for
0.0043843K.=0.37642. Thus, 0<K <8586 for stability.
18.
—>[+ 1 ]
J_ N —pj'-‘_ 9.68 > — >
Step S<+4s+3
Sum Zero-Order Gain Transfer Een Scope

Hold
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19.
Program:
numgz=0.13*[1 1];
dengz=poly([1 0.74]);
Gz=tf(numgz,dengz,0.1)
Gzpkz=zpk(Gz)
Tz=Feedback(Gz,1)
Ltiview

Computer response:
Transfer function:
0.13 z + 0.13

z"2 - 1.74 z + 0.74

Sampling time: 0.1

Zero/pole/gain:
0.13 (z+1)

(z-1) (z-0.74)
Sampling time: 0.1

Transfer function:
0.13 z + 0.13

z"2 - 1.61 z + 0.87

Sampling time: 0.1



20.

System; Tz
Peak amplitude: 1 66 Step Responze

1.8

Overshoot (96 661 . .

Solutions to Problems 619

At time (zec). 06

16

14

121

0ar

Amplitude

04 r

System: Tz
Zettling Time (sec) 5.5

Time (zec)

Program:

%Digitize G1(s) preceded by a sample and hold
numgl=1;

dengl=poly([-1 -31):

"G1(s)"

Gls=tf(numgl,dengl)

"G(2)"

Gz=c2d(Gls,0.1,"zoh")

%Input transient response specifications
Po=input("Type %0S *);

%Determine damping ratio
z=(-1og(Po/100))/(sqrt(pi~2+log(Po/100)"2));
%Plot root locus

rlocus(Gz)

zgrid(z,0)

title(["Root Locus™])

[K,pl=rlocfind(Gz) %Allows input by selecting point on graphic

pause
"T(2)"
Tz=feedback(K*Gz,1)
step(Tz)

Computer response:
ans =

G1(s)

Transfer function:
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s"2 +4 s + 3

ans =

G(2)

Transfer function:
0.004384 z + 0.003837

z"2 - 1.646 z + 0.6703

Sampling time: 0.1

Type %0S 16.3

Select a point in the graphics window
selected_point =

0.8016 + 0.2553i

K =
9.7200
p =
0.8015 + 0.2553i
0.8015 - 0.2553i
ans =
T(2)

Transfer function:
0.04262 z + 0.0373

z"2 - 1.603 z + 0.7076

Sampling time: 0.1



Amplitude

Imaginary Axis

04

R

Root Locus

Solutions to Problems 621

Real Axiz

Step Responze

1 15 2
Time (=ec)

24
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21.

Jzing the result from Problem 13.12
Gz=[T—1+E_Ijz+(1—e_T—Te_TjK
(z-1){z-2"T)
Letting T=0.1,
_ [0.0043374 (z+ 0.96722)) K
© T [z-1][z- 0.90484)
For Tp = 2 seconds,
To

= =20
T
Hence,
T -z
&

o,

g =

25.46 deg ———
i]....9deg

oo
Real

oo 1.00

The oot locus intersects the Tl T curve at 0.955<9 deg.
witha gain of 0.0129. Hence, 4. 837E-Z L =0.0129, ar
F=2.67.

To determine stability, e see that e oot locus intersects

the 0 damping rafio curee at 1<25.4 deg. with a gain of
0.0933. Hence, 4.837E-3 K = 0.0953, or K=20.32.

.aa

LT3

a0

L3

.aa

L2T

a0

LT3

—=1.00

jm
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23.

Solutions to Problems 623

i o R SN )
First find Glz). Glz) =K~ Z{sz(s+1)(5+3) Y
11 411 _ﬂl-yli}
18s+3 2s+1 9s 342
For T=0.1, G(z) = K 18 + 2 9 30

7 —0.74082 7 —090484 7 -1 [z — 1]
(z +0.24204) (z +3.3828)

@ —1)(z —0.74082) (z —0.90484)

the 20% overshoot curve, we select the point of intersection and calculate the gain: 0.00015103K =

1.789. Thus, K = 11845.33. Finding the intersection with the unit circle yields 0.00015103K = 9.85.

Thus, 0 <K < 65218.83 for stability.

=0.00015103K

. Plotting the root locus and overlaying

Aoot Locus with 20 Percent Overshoot Line
0.4 g T r T =
0.3
0.2
['R1d
0
]
<m B D GRSt L. IR EEE TR L
E
0.1l 1
02}
-0.3]
47 0.75 0.8 0.85 0.9 0.95 1.1
Real Axis
. z-1 (s+2) z-1
First find G(z). G(z) =K =~ z{3 p=K- z{Ll 4 1 1 _sly21h=
s=(s+1)(s+3) 8543 2541 %9g 32

7 -1 Lz 1z 27
For T=1, G(z) =K 18 + 2 -2
z (2-0.049787 2-0.36788 z-1 [z 1]

(z —0.13774) (z +0.55935)
(z -1)(z —0.049787) (z —0.36788)
second circle, we select the point of intersection (0.4 + j0.63) and calculate the gain: 0.29782K =
1.6881. Thus, K = 5.668. Finding the intersection with the unit circle yields 0.29782K = 4.4. Thus, 0
<K < 14.77 for stability.

Lo o
N

=0.29782K . Plotting the root locus and overlaying the Tg = 15
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24,

25.

Root Locus

05

Iriag Axis
o

-1 05 o 05 1
Real Axis

Substituting Eq. (13.88) into G¢(S) and letting T = 0.01 yields

1180z% —1839z + 661.1 z—0.9959)(z — 0.5625
G.(2) = - - 11804 X )
-1 (z+1)(z-1)
%0S
-In (o0 4
Since %0S = 10%, € = = =0.591. Since T¢ =7 =2 seconds,
72 + In2 (/100008) =0

op = 3.383 rad/s. Hence, the location of the closed-loop poles must be —2 + j2.729. The summation of

angles from open-loop poles to —2 £ j2.729 is —192.99°. Therefore, the design point is not on the root
locus. A compensator whose angular contribution is 192.99° - 180° = 12.999 is required. Assume a
compensator zero at -5 canceling the pole at -5. Adding the compensator zero at —5 to the plant’s
poles yields —150.69° at to —2 = j2.729. Thus, the compensator’s pole must contribute 180° — 150.69
=29.31°. The following geometry results.

jw
j2.729
=-plane
#2931 )
o
- I::: _2
Thus,
2.729

= tan(29.31°
o2 ( )
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Hence, p. = 6.86.Adding the compensator pole and zero to the system poles, the gain at the design

- . 124.3(s +5) .
point is found to be 124.3. Summarizing the results: G, (S) = ———————". Substituting
(s+6.86)

Eq. (13.88) into G(S) and letting T = 0.01 yields

123.2z —117.2  123.2(z —0.9512)

G.(2)= =
z-0.9337 (z—0.9337)
26.
Program:
"Design of digital lead compensation”
clf %Clear graph on screen.
"Uncompensated System® %Display label.
numg=1; %Generate numerator of G(S).
deng=poly([0 -5 -8]); %Generate denominator of G(s).
"G(s)" %Display label.
G=tf(numg,deng) %Create and display G(s)-

pos=input("Type desired percent overshoot °);

%Input desired percent overshoot.
z=-log(pos/100)/sqrt(pi~2+[log(pos/100)]"2);

%Calculate damping ratio.

rlocus(G) %Plot uncompensated root locus.

sgrid(z,0) %Overlay desired percent overshoot
%line.

title(["Uncompensated Root Locus with * , num2str(pos),--.

"% Overshoot Line"]) %Title uncompensated root locus.

[K,p]=rlocfind(G); %Generate gain, K, and closed-loop

%poles, p, for point selected
%interactively on the root locus.
"Closed-loop poles = * %Display label.
p %Display closed-loop poles.
f=input("Give pole number that is operating point ");
%Choose uncompensated system
%dominant pole.
"Summary of estimated specifications for selected point on”

"uncompensated root locus* %Display label.

operatingpoint=p(f) %Display uncompensated dominant
%pole.

gain=K %Display uncompensated gain.

estimated_settling_time=4/abs(real (p(f)))
%Display uncompensated settling
Y%time.
estimated_peak_time=pi/abs(imag(p(¥)))
%Display uncompensated peak time.

estimated_percent_overshoot=pos %Display uncompensated percent
%overshoot.

estimated_damping_ratio=z %Display uncompensated damping
Y%ratio.

estimated_natural_frequency=sqrt(real (p(f))"2+imag(p(F))"2)
%Display uncompensated natural

%Frequency.

numkv=conv([1 0],numg); %Set up numerator to evaluate Kv.

denkv=deng; %Set up denominator to evaluate Kv.

sG=tf(numkv,denkv) ; %Create sG(S)-

sG=minreal (sG); %Cancel common poles and zeros.

Kv=dcgain(K*sG) %Display uncompensated Kv.

ess=1/Kv %Display uncompensated steady-state
%error for unit ramp input.

"T(s)" %Display label.

T=Feedback(K*G, 1) %Create and display T(s).

step(T) %Plot step response of uncompensated
%system.

title(["Uncompensated System with * ,num2str(pos), "% Overshoot™])
%Add title to uncompensated step
%response.
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“Press any key to go to lead compensation”

pause

%Display label.

Ts=input("Type Desired Settling Time *);

b=input("Type Lead Compensator Zero,

done=1;
while done==1

a=input("Enter a Test Lead Compensator Pole, (s+a). a

numge=conv(numg, [1 b])
denge=conv([1 a],deng)
Ge=tf(numge,denge);
wn=4/(Ts*z);

clf

rlocus(Ge)

axis([-10,10,-10,10])

sgrid(z,wn)
title(["Lead-Compensated Root Locus
"% Overshoot Line, Lead Pole at =,
" and Required Wn*"])
done=input(“Are you done? (y=0,n=1)

end

[K,pl=rlocfind(Ge);

"Ge(s)"

Ge=tf([1 b],[1 a])
"Ge(s)G(s)"

Ge

"Closed-loop poles = *
p

f=input("Give pole number that is operating point

%Input desired settling time.
(sth). b= ");
%Input lead compensator zero.
%Set loop flag.
%Start loop for trying lead
%compensator pole.
")

%Enter test lead compensator pole.

%Generate numerator of Gc(s)G(s).

%Generate denominator of Gc(s)G(S)-

%Create Ge(s)=Gc(s)G(s)-

%Evaluate desired natural frequency.

%Clear graph on screen.

%Plot compensated root locus with

%test lead compensator pole.

%Change lead-compensated root locus

%axes.

%Overlay grid on lead-compensated

%root locus.

with * , num2str(pos), ...
num2str(-a), - ..

%Add title to lead-compensated root

%locus.

):
%Set loop flag.
%End loop for trying compensator
%pole.
%Generate gain, K, and closed-loop
%poles, p, for point selected
%interactively on the root locus.
%Display label.
%Display lead compensator.
%Display label.
%Display Gc(s)G(s)-
%Display label.
%Display lead-compensated system®s
%closed-loop poles.
'),
%Choose lead-compensated system
%dominant pole.

"Summary of estimated specifications for selected point on lead”

"compensated root locus”
operatingpoint=p(f)

gain=K

label.
lead-compensated

%Display
%Display
%pole.

%Display

dominant

lead-compensated gain.

estimated_settling_time=4/abs(real (p(f)))

%Display
%time.

lead-compensated settling

estimated_peak_time=pi/abs(imag(p(¥)))

estimated_percent_overshoot=pos

estimated_damping_ratio=z

%Display lead-compensated
%Display lead-compensated
%overshoot.

%Display lead-compensated
Y%ratio.

peak time.
percent

damping

estimated_natural_frequency=sqrt(real (p(f))"2+imag(p(f))"2)

s=tf([1 0],1);
sGe=s*Ge;
sGe=minreal (sGe);
Kv=dcgain(K*sGe)
ess=1/Kv

%Display lead-compensated natural
%Frequency.

%Create transfer function, "s'".
%Create sGe(s) to evaluate Kv.
%Cancel common poles and zeros.
%Display lead-compensated Kv.
%Display lead-compensated steady-

%state error for unit ramp input.
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"T(s)" %Display label.

T=Feedback(K*Ge, 1) %Create and display lead-compensated
%T(S) -

"Press any key to continue and obtain the lead-compensated step”

"response” %Display label

pause

step(T) %Plot step response for lead

%compensated system.

title(["Lead-Compensated System with " ,num2str(pos), "% Overshoot"])
%Add title to step response of PD
%compensated system.

pause
"Digital design” %Print label.

T=0.01 %Define sampling interval.

clf %Clear graph.

"Ge(s) in polynomial form® %Print label.

Ges=K*Gc %Create Gc(s) in polynomial form.
"Ge(s) in polynomial form*® %Print label.

Geszpk=zpk(Gcs) %Create Gc(s) in factored form.

"Gc(z) in polynomial form via Tustin Transformation®

%Print label.
Gcz=c2d(Ges, T, "tustin®) %Form Gc(z) via Tustin transformation.
"Gc(z) in factored form via Tustin Transformation*®

%Print label.

Geczzpk=zpk(Gcz) %Show Gc(z) in factored form.
"Gp(s) in polynomial form*® %Print label.

Gps=G %Create Gp(s) in polynomial form.
"Gp(s) in factored form*® %Print label.

Gpszpk=zpk(Gps) %Create Gp(s) in factored form.
"Gp(z) in polynomial form*® %Print label.

Gpz=c2d(Gps,T, "zoh") %Form Gp(z) via zoh transformation.
"Gp(z) in factored form-" %Print label.

Gpzzpk=zpk(Gpz) %Form Gp(z) in faactored form.
pole(Gpz) %Find poles of Gp(z)-
Gez=Gcz*Gpz; %Form Ge(z) = Gc(z)CGp(2)-

"Ge(z) = Gc(z)Gp(z) in factored form™
%Print label.

Gezzpk=zpk(Gez) %Form Ge(z) in factored form.
"z-1" %Print label.
zml=tf([1 -1],1,T) %Form z-1.
zmlGez=minreal (zm1*Gez, .00001); %Cancel common factors.
"(z-1)Ge(2)" %Print label.
zmlGezzpk=zpk(zmlGez) %Form & display (z-1)Ge(z) in
%factored form.
pole(zmlGez) %Find poles of (z-1)Ge(2)-
Kv=10*dcgain(zmlGez) %Find Kv.
Tz=feedback(Gez,1) %Find closed-loop
%transfer function, T(z2)
step(Tz) %Find step reponse.

title("Closed-Loop Digital Step Response®)
%Add title to step response.

Computer response:
ans =

Design of digital lead compensation

ans =

Uncompensated System

ans =

G(s)

627
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Transfer function:

s"3 + 13 s™2 + 40 s

Type desired percent overshoot 10
Select a point in the graphics window

selected_point =

-1.6435 + 2.2437i

ans =

Closed-loop poles =

p:
-9.6740
-1.6630 + 2.2492i
-1.6630 - 2.2492i
Give pole number that is operating point 2

ans =

Summary of estimated specifications for selected point on

ans =

uncompensated root locus

operatingpoint =

-1.6630 + 2.2492i

gain =

75.6925

estimated_settling_time =

2.4053

estimated_peak_time =

1.3968

estimated_percent_overshoot

10

estimated_damping_ratio =

0.5912

estimated_natural_frequency



2.7972

Kv =

1.8923

€ss

0.5285

ans

T(s)

Transfer function:
75.69

sN"3 + 13 s™2 + 40 s + 75.69

ans =

Press any key to go to lead compensation

Type Desired Settling Time 2

Type Lead Compensator Zero, (stb). b=
Enter a Test Lead Compensator Pole, (sta). a
Are you done? (y=0,n=1) O

Select a point in the graphics window

selected_point =

-1.9709 + 2.6692i

ans =

Ge(s)

Transfer function:
s + 5

Ge(s)G(s)

Transfer function:
s +5

s™M + 19.8 s”"3 + 128.4 s™2 + 272 s

ans =

Closed-loop poles =

Solutions to Problems 629

6.8
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p:
-10.7971
-5.0000
-2.0015 + 2.6785i
-2.0015 - 2.6785i
Give pole number that is operating point 3
ans =

Summary of estimated specifications for selected point on lead

ans =

compensated root locus

operatingpoint =

-2.0015 + 2.6785i

gain =

120.7142

estimated_settling_time =

1.9985

estimated_peak_time =

1.1729

estimated_percent_overshoot

10

estimated_damping_ratio =

0.5912

estimated_natural_frequency

3.3437

2.2190

ess

0.4507

ans

T(s)



Transfer function:
120.7 s + 603.6

s™M + 19.8 s”3 + 128.4 s”2 + 392.7 s + 603.6

ans =

Solutions to Problems 631

Press any key to continue and obtain the lead-compensated step

ans =

response

ans =

Digital design

ans =
Ge(s) in polynomial form

Transfer function:
120.7 s + 603.6

Ge(s) in polynomial form

Zero/pole/gain:
120.7142 (s+5)

Gec(z) in polynomial form via Tustin Transformation

Transfer function:
119.7 z - 113.8

z - 0.9342
Sampling time: 0.01

ans =

Gc(z) in factored form via Tustin Transformation
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Zero/pole/gain:
119.6635 (z-0.9512)

(z-0.9342)
Sampling time: 0.01

ans =

Gp(s) in polynomial form

Transfer function:

s"3 + 13 s”™2 + 40 s
ans =

Gp(s) in factored form

Zero/pole/gain:
1
s (s+8) (s+5)
ans =
Gp(z) in polynomial form

Transfer function:
1.614e-007 z"2 + 6.249e-007 z + 1.512e-007

203 - 287422 +2.752 7 - 0.8781
Sampling time: 0.01

ans =

Gp(z) in factored form

Zero/pole/gain:
1.6136e-007 (z+3.613) (z+0.2593)

(z-1) (z-0.9512) (z-0.9231)

Sampling time: 0.01

ans =
1.0000
0.9512
0.9231
ans =

Ge(z) = Gc(z2)Gp(z) in factored form

Zero/pole/gain



1.9308e-005 (z+3.613) (z-0.9512) (z+0.2593)

(z-1) (z-0.9512) (z-0.9342) (z-0.9231)

Sampling time: 0.01
ans =

z-1

Transfer function:
z -1

Sampling time: 0.01
ans =

(z-1)Ge(2)

Zero/pole/gain:
1.9308e-005 (z+3.613) (z+0.2593)

 (z-0.9342) (2-0.9231)
Sampling time: 0.01
ans =

0.9342

0.9231

Kv =

0.2219

Transfer function:

Solutions to Problems 633

1.931e-005 z"3 + 5.641e-005 z~2 - 5.303e-005 z - 1.721e-005

Sampling time: 0.01

z™ - 3.809 z"3 + 5.438 z"2 - 3.45 z + 0.8203
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Imaginary Axis

Amplitude

Uncompensated Root Locus with 10% Cwershoot Line

20 T ™ T T
0531, :
15 F el 0 i
10 ! .
S . ‘ -
) Koo -
sl R E 4
Aot 5 -
A5 b R ' -
nsgt” :
-0 | |- | |
-29 =20 -3 -0 -5 0 10
Real Axis
Uncompenzated System with 10% Cwershoot
1 4 T T T T T
121 s
D 1 1 1 1 1
1 05 1 15 2 25 35

Time (zec)



Imaginary Axis

Amplitude

Solutions to Problems 635

Lead-Compensated Root Locus with 10% Overshoot Line, Lead Pole at -6.8 and Reqguired YWn
10 T T T

-0 - 6 -4

Feal Axiz

Lead-Compensated System with 10% Overzhoot
1.4 T T T T T

121 -

0 1 1 1 1 1
1] 0.5 1 1.3 2 25 3

Time (zec)
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Clozed-Loop Digital Step Response
1.4 T T T T T

Amplitude

04} .

nz2r .

) 1 1 1 1 1
1] (1] 1 1.2 2 23 3

Time (zec)

SOLUTIONS TO DESIGN PROBLEMS

27.
a. Push negative sign from vehicle dynamics to the left past the summing junction. The computer will be

the area inside the large box with the inputs and outputs shown sampled. G(s) is the combined rudder
actuator and vehicle dynamics. Also, the yaw rate sensor is shown equivalently before the integrator with

unity feedback.

Ris) E{SE_

_//—- Hold | G{s) - 1 -

here G(s) — 0.25(s+0.437)
where (s)—(S+2)(s+1.29)(s+0.193) :
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b. Add a phantom sampler at the output and push G(s) along with its sample and hold to the right past

the pickoff point.
R Cis) .~
) —tef oo | 605 —-
g

f |

Hold [=—

e Gla)

G(s)

S and write the z transforms of the transfer functions.

Move the outer-loop sampler to the output of

Ciz)
- > iz) -
G (2 lea
where
i 0.25(s+0.437)
Gi(s)=(1-¢T9) s(s+2)(s+1.29)(s+0.193)
and

0.25(s+0.437)
2)(s+1.29)(s+0.193)

Now find the z transforms of G1(s) and Gy(s). For G(z).
Bince

Ga) = (1-¢T9) 5

0.25 [+ 0.437) —olgeee 1 _niEga4a 1 _polosa_ 1 ypoioal
[+ ) [r+ 1.29) [r+ 0,193 5+ 2 s+ 0,182 £+ 1.29 =

Gy(z) = %l[n.lﬁzza;”- 015944 — = - 0.21224ﬁ+ 0.21594 ﬁ]
- ' -

Z-g z-~MI%T z

T=0l

0,0011205 22 - §,0812:1077 z— 0,00097 764
Gylz) =

[z- 081673 (z- 087847 [z - 0.98054)

For G(2):
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Sinee
0.28 (s + 0.437) = _o07eldz Ll _yosse1z_ 1 yn0ledsz_ L
s[5+ 2) (54 1.29) (5+ 0.193) s+ 2 5+0.133 s+ 123
-n091452 1 + 02194 L
5 2
-1 = T =
G =2 " |-oovE142 = s0BEEElS S y0E4ER T
28 == [ _.-it’ o .-0imT .17
091452 % +0.2194 1%
z-1 [z- 1]2
T =0.1
G (2] = 3,8645:1079 2% 4+ 0,00010636 =2 — 0,00010404 = — 3,1 76510

(z- 1) [z- 081873 [z- 087897 (z- 0.95085)

Now find the closed-loop transfer function. First find the equivalent forward transfer function.

Thus,

Ge (=) =K%

2 .

Ge(2)
T@) =17 Z}e(z)

Substituting values,

T = 396424105 (z+0.24507) (= - 0.95724) (z+ 34616) K

=1+ (28642107 K - 2.8786) 2% + (0.00010636 K + 5.054E) 22
- [0.00010404 & + 2.0905) z+ { - 2.176%:107 & + 0.70427)

c. Using G¢(z), plot the root locus and see where it crosses the unit circle.

G. = 2.8645:107 [=+ 0.24807) (z- 0.95724) (z+ 34616 ¥
e =

[2- 1] [[z- 0.753&7] [= - U.96266 + 0.0960081] [z - 096266 — 0.0950081]]
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1.30

]

50 jw

23

.ao

alu] =N 1.00 1.50 2.00
Real

The root locus crosses the unit circle when 3.8642x10-K = 5.797x10‘4, or K=15.
28.
a. First find G(z).

z-1
G =K 2l
s (s?+7s +1220)

7(s +3.5)-34.4.J1207.8

~7d+1220-L )3

1
=K== 2{6.7186x10°7(

(s +3.5)°+1207.8 S s
For T=0.1,
2
:Kﬂ {6.7186x107(7 z_+0.665827 +7.8472 > Z 7L st 5 )}
z 7 °+1.3316 z +0.49659 z°+1.3316z +0.49659 Z -1 (z-1)

(z +0.63582+0.49355 i ) (z +0.63582—-0.49355 i )

G(z) =K 7.9405x107° : :
(z-1) ([z +0.66582+0.2308 i ][z +0.66582-0.2308 i ])
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Foot Locus

04+ b

|:|2 B |r

Imaginary Lxis
=
— ¥

L R O e e

Feal Axiz

1 1.5

¢. The root locus intersects the unit circle at -1 with a gain, 7.9405x10-5K = 10866, or

0 <K < 136.84x10°.

d.

Program:

%Digitize G1(s) preceded by a sample and hold
numgl=1;

dengl=[1 7 1220 0];

"G1(s)"

Gls=tf(numgl,dengl)

"G(2)"

Gz=c2d(Gls,0.1,"zoh")

[nhumgz ,dengz]=tfdata(Gz, "v");
"Zeros of G(2)"

roots(numgz)

"Poles of G(2)"

roots(dengz)

%Plot root locus

rlocus(Gz)

title(["Root Locus™])
[K,pl=rlocfind(Gz)

Computer response:
ans =

G1(s)



Solutions to Design Problems 641

Transfer function:

sN"3 + 7 s™2 + 1220 s
ans =
G(2)

Transfer function:
7.947e-005 z~2 + 0.0001008 z + 5.15e-005

z"3 + 0.3316 z”"2 - 0.8351 z - 0.4966
Sampling time: 0.1

ans =

Zeros of G(2)

ans =
-0.6345 + 0.4955i
-0.6345 - 0.4955i
ans =

Poles of G(2)

ans =
1.0000
-0.6658 + 0.2308i
-0.6658 - 0.2308i

Select a point in the graphics window

selected_point =

-0.9977

1.0885e+004

p:

-0.9977
-0.0995 + 0.2330i
-0.0995 - 0.2330i

See part (b) for root locus plot.

z-1 20000 z-1
a. First find G(z). G(z) =K — z{5— —— }=K=— z{o—L -2 L4200 L
st find G(2). G(2) = K72 283 6+100) z "2 100 %% sz}
For T=0.01, G(z) = KZ—L |2 242 2 Z
z

+2
z-1 [z-1]7 2-036788
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z +0.71828

=0.73576K .
(z -1)(z -0.36788)

b. Plotting the root locus. Finding the intersection with the unit circle yields 0.73576K = 1.178. Thus, 0

<K <1.601 for stability.

Root tocus

4 T y T

Imag Axis

2 -1.5 -1 -0.5 ] 0.5 1 1.5 2
Real Axis

c. Using the root locus, we find the intersection with the 15% overshoot curve (€ =0.517) at
0.5955 +j0.3747 with 0.73576K = 0.24. Thus K = 0.326.

d.
Program:

%Digitize G1(s) preceded by a sample and hold
numg1=20000;

dengl=[1 100 0];

"G1(s)"

Gls=tf(numgl,dengl)

IG(Z)I

Gz=c2d(G1ls,0.01,"zoh")
[numgz,dengz]=tfdata(Gz,"v");

"Zeros of G(2)"

roots(numgz)

"Poles of G(2)"

roots(dengz)

%Input transient response specifications
Po=input("Type %0S *);

%Determine damping ratio
z=(-log(P0/100))/(sqrt(pi~2+1og(Po/100)"2))
%Plot root locus

rlocus(Gz)

zgrid(z,0)

title(["Root Locus™])

[K,pl=rlocfind(Gz) %Allows input by selecting point on graphic.

Computer response:
ans =

G1(s)
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Transfer function:
20000

s”"2 + 100 s

ans =
G(2)

Transfer function:
0.7358 z + 0.5285

z"2 - 1.368 z + 0.3679
Sampling time: 0.01
ans =

Zeros of G(2)

ans

-0.7183

ans

Poles of G(z2)

ans =

1.0000
0.3679

Type %0S 15
z =
0.5169
Select a point in the graphics window
selected_point =

0.5949 + 0.3888i

0.2509

0.5917 + 0.3878i
0.5917 - 0.3878
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Foot Locus
1 5 T 1 1 1 1 1

05

Imaginary Axis
(o)

05 -

Feal Axiz

30.
0.5857(s + 0.19)(s + 0.01)

S

GPID(S):

Substituting Eq. (13.88) with T = 1/3 second,

3.6327° —7.028z2 +3.397 ~3.632(z —0.9967)(z — 0.9386)

C:@)= 21 @ +1)(z-1)

Drawing the flow diagram yields
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()

|

Delay
T seconds

x*(t—T)

+ - i

Delay
T seconds

_ xx(t—2T)

) ™ 3632
]
Delay
T seconds
=1 .1 7008
Delay
T seconds
ex(t—2T) 3397
31.

T =1/3 second

a. From Chapter 9, the plant without the pots and unity gain power amplifier is

64.88 (5+53.85)

Gy(s) =

(s> +8.119s + 376.3) (s"2 + 15.47s + 9283)

The PID controller and notch filter with gain adjusted for replacement of pots (i.e. divided by 100) was

Ge(s) =

26.82 (s+24.1) (s+0.1) (s"2 + 16.5 + 9200)

Thus, Ge(s) = Gp(s)G(s) is

s (s+60)"2

1740.0816 (s+53.85)(s> + 165 + 9200)(s+24.09)(s+0.1)

Gels) =

s (s*+ 8.119s + 376.3) ("2 + 15.47s + 9283)(s+60)>

A Bode magnitude plot of G(s) shows o, = 36.375 rad/s. Thus, the maximum T should be in the range
0.15/w, to 0.5/w, or 4.1237e-03 to 1.3746e-02. Let us select T = 0.001.

Performing a Tustin transformation on G(s) yields

G(z) =

5.166e04 z* - 2.041e05 Z° + 3.029e05 7 - 2.001e05 z + 4.963e04

b. Drawing the flowchart

Z*-1.8837°-0.1131 2>+ 1.883 z - 0.8869
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* x*(t)
e i' > 516604 l >
Delay Delay
T seconds T seconds

+

— %71 -2.041e5 <+— -1.883 |@——

\ 4 4
Delay Delay
T seconds T seconds

————— 1 3.029¢5

y

Delay
T seconds

—1 -0.1131 ‘—i

Delay
T seconds

- - » .2.001le5

] . -
1.883 i

'

Delay
T seconds

Delay
T seconds

— -0.8869 |[*

———» 4.963¢4

T=0.001

C.

Program:

syms s

"Compensator from Chapter 9°
T=.001
GCc=26.82*(s"N2+16*s+9200)*(s+24.09)*(s+.1)/(s*((s+60)"2));
Ge=vpa(Gc,4);
[numgc,dengc]=numden(Gc);
numgc=sym2poly(numgc) ;
dengc=sym2poly(dengc);
Ge=tf(numgc,dengc);

"Ge(s)"

Gezpk=zpk(Gc)

"Ge(2)"
Gcz=c2d(Gc, T, "tustin®)
"Ge(2)"

Gczzpk=zpk(Gcz)

"Plant from Chapter 9°
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Gp=64.88*(s+53.85)/[(s"2+15.47*s+9283)*(s"2+8.119*s+376.3)] ;

Gp=vpa(Gp.4);
[numgp,dengp]=numden(Gp) ;
numgp=sym2po ly(numgp) ;
dengp=sym2poly(dengp);
"Gp(s)”
Gp=tf(numgp,dengp)
"Gp(s)”

Gpzpk=zpk(Gp)

"Gp(2)”

Gpz=c2d(Gp,T, "zoh")
"Gez=Gcz*Gpz*
Gez=Gcz*Gpz
Tz=feedback(Gez,1);
t=0:T:1;

step(Tz,t)

pause

t=0:T:50;

step(Tz,t)

Computer response:
ans =

Compensator from Chapter 9

ans =

Ge(s)

Zero/pole/gain:
26.82 (s+24.09) (s+0.1) (s™2 + 16s + 9198)

s (s+60)"2

Ge(2)

Transfer function:

5.17e004 z"4 - 2.043e005 z"3 + 3.031e005 z"2 - 2.002e005 z + 4.966e004

z"4 - 1.883 z~3 - 0.1131 z~2 + 1.883 z - 0.8869

Sampling time: 0.001
ans =

Ge(2)

Zero/pole/gain:

51699.4442 (z-1) (z-0.9762) (z"2 - 1.975z + 0.9842)

(z+1) (z-1) (z-0.9417)"2
Sampling time: 0.001

ans =
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Plant from Chapter 9

ans =
Gp(s)

Transfer function:
64.88 s + 3494

s + 23.59 s”3 + 9785 s”2 + 8.119e004 s + 3.493e006

ans =
Gp(s)

Zero/pole/gain:
64.88 (s+53.85)

(s"2 + 8.119s + 376.3) (s"™2 + 15.47s + 9283)
ans =
Gp(2)

Transfer function:
1.089e-008 z~3 + 3.355e-008 z"2 - 3.051e-008 z - 1.048e-008

z™M - 3.967 z"3 + 5.911 z~2 - 3.92 z + 0.9767
Sampling time: 0.001

ans =

Gez=Gcz*Gpz

Transfer function:
0.000563 z~7 - 0.0004901 z”"6 - 0.005129 z~5 + 0.01368 z™4 - 0.01328 z"3

+ 0.004599 z~2 + 0.0005822 z - 0.0005203

z"8 - 5.85 z~7 + 13.27 z76 - 12.72 z5 - 0.6664 z"4 + 13.25 z"3

- 12.74 z~2 + 5.317 z - 0.8662

Sampling time: 0.001
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01

0.z

0.3

0.4

05
Time (zec)

0.5

Step Responze

0.r

0.3
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25

Time (zec)
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